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THE APPROXIMATE DERIVATION OF PARTIAL "SLIDING" 
PERIODIC MODES IN RELAY SYSTEMS® 


Yu. V. Dolgolenko 


(Leningrad) 


An automatic control system in which a relay link with a symmetric characteristic is 
the control element for an amplifier is considered; an internal feedback loop which includes 
the relay is also present, It is shown that in order to detect symmetric partially sliding 
periodic modes (i.e., modes in which the relay system oscillates during part of a half-period) 
in such a system we must apply an approximate harmonic balance method, while the non- 
linear link is taken to be the amplifier unit made up of amplifier, relay and internal feed- 
back loop, Simple partially sliding periodic modes are classified, formulas are derived 
and hodographs presented for the harmonic transfer coefficient of the amplifier unit, 


Examples of determining partially sliding periodic modes by harmonic balance methods 
are given, 


1. The Equation of Motion for the Relay System, Sliding Mode 





Let us consider an automatic control system in which a relay link having the characteristic shown in 
Fig. 1 is the control element for an amplifier. Three types of internal feedback encompassing the relay are in 











eu 





£() 


Fig. 1 Fig, 2, 1) linear part; 2) amplifier; 3) relay, 


practice found in such systems: a) strong feedback from amplifier output to relay input, the transfer function 
being K(p)= 1; b) weak feedback from amplifier output to relay input, the transfer function being K (p) = 


; ¢) a static delay between relay output and input K (p) = —f . It has been shown [1] that in 


~ x 
Tp+1 Tp+1 


USSR, 
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all three cases the system can be referred to the.block diagram shown in Fig, 2, while the equation of motion 
can be written in the following form: 


Te = Dy Oke Ne + mE + hn Q owt, 3, .2+ 0m, 


a=] 


o= SY) jam — rk, § = (2), (1.1) 


k=] 


where b, n, h, j, andr are constants, and Q is the external disturbance applied to the linear part, 


The motion of the system described by (1.1) may be considered as that of the image point in the (n + 1) 
dimensional phase space of the variables n;,,(k= 1, 2,...,Mm) amd €. -The threshold values of the variables 
at the relay input, o = + 09 define the surfaces, 


n 

= > kM — 7. (1.2) 
k=1 

The surfaces of (1.2) divide the phase space into three regions,* In region S. ¢ = const; the amplifier 


is here dead, In the G‘*) and G(~) regions we have E = fy and E = —f,, respectively, these being regions 
of relay motion, 


The motion may be termed “sliding® if the image point moves over one of the surfaces defined by (1.2). 
The sliding mode areas are those areas on the surfaces o = +0 9 in which the image point trajectories lie in 
the surfaces and do not pass through them, unlike what occurs in the other areas of the (1.2) surfaces, We shall 
denote these regions by R(+) and R(-), respectively. The R regions exist if r# 0 in the relay system equa- 
tions when these are given in the form of (1.1). 


It has been shown [1) that for a sliding mode to exist in a relay automatic control system the necessary 
and sufficient conditions that have to be fulfilled are 


n 


+ % = Ds Ter — 7%, 


k=l 
Y 
l (1.3) 
Thot+ —%> +13 Ne z Tk ra +mo|> > > %» 
a=] k=1 
where the symbols used are 
n n 
= , ‘ (1.4) 
Vea == Oa’ + > Medes m = > Jehy, Le z= TM. 


If (1.3) is fulfilled with the positive sign where an alternative exists the sliding mode falls in region R‘+), 
being accompanied by a monotonic increase in the — coordinate of the amplifier, When the minus sign applies 
the sliding occurs in R‘) and £ decreases monotonically, 


Another formula, equivalent to (1.3), has been given [1], It is as follows; 


fy>rt>0 (1.5) 


. See Figs, 6-10. 








(1.5) was derived by G, N, Nikolsky (2), 





The boundary g(') to the region R OY (on attaining which the image point passes into the G (') region) 
is defined by the equations 





n n n 
1. . z= l 

SN) ete — rb = op, >) 2. Dd) faPee = Tf + -- % — mQ, 

k=. a=) k=} (1.6) 


while the boundary s‘*) to the region R&) (on attaining which the image point passes into the S region) is 
defined by the equations 





n n n 
. - a . l 
>) jet — 7F = op, >) % Dd) ikea = — % — mQ. 
k=1 a=] k=l (1.7) 
The R@) region has a boundary g‘~) which is defined by the equations 
n 
b Tk — r§ = — Gp, 
k=1 
n n ! 
dN > TP ka = — fy — = % — mQ, (1.8) 
a=] k=1 
and the boundary s‘~) is defined by the equations 
n n n l 
. ~. . 
> jem — ri = — 04, D Ne > Trea = — = % — mQ. (1.9) 


k~=1 a=] k=} 


With a relay characteristic such as is shown in Fig, 3 
the surface of (1.2), when og = 0, divides the phase space 
into G (+) and G(-) regions,* The sliding mode region 
i ane R on the surface o = 0 has boundaries g‘t) and g‘~) 
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f(6) 


which are defined by (1.6) and (1.8), respectively, with 
69 =0. s(t) and s(-) combine into one boundary s , 
which divides the area within R into a part where the 
motion occurs as € increases and another where the 
motion involves € decreasing, s is defined by (1.7) 
or (1.9) with o9 = 0. 
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With a relay characteristic such as is shown in 


Fig. 3 Fig, 3, the first form of the condition for sliding to exist 
becomes 
n n n 
Dd ive —r8=0, rfo> Dd) Dd) jxree +mQ>—rfo, (1,10) 
k=1 . aon] ke=l 


while the second becomes 


f>t>—ho. (1,11) 





See Figs, 4 and 5, 





2. Classification of Symmetric Periodic Modes 





A periodic mode is one in which there is a steady-state oscillation, When a periodic mode is symmetric 
(1,11) has a solution which satisfies the following conditions; 


M(t) = — Mm (t+T) (k= 1,2,...,2), 

e(t)=—E(t+T7), 

o(t) = —a(t +7), (2.1) 
Q(t) =—Q(t+T), 


where T is the half-period of oscillation, 


When Q(t) = 0, self-oscillation occurs, while forced oscillation occurs if there is a periodic external 





disturbance, In future we will suppose that any external disturbance is sinusoidal: 
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Fig, 4, Phase trajectory for the SR periodic mode. 
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Pig. 5. Phase trajectory for the R periodic mode, 
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Fig. 6. Phase trajectory for the SD periodic mode, 





Q = Asin (wt + 9). (2.2) 


We shall term periodic modes simple 
if the image point in the phase space passes 
once through the S region (dead region) or 
once through G (region of relay motion) during 
a half-period, 


A periodic mode is termed partially 
sliding if a sliding action occurs during part 
of a half-period, 


With a relay characteristic as shown in 
Fig, 3 two simple periodic modes can exist, 


a) A partially sliding periodic mode, 
SR (sliding - relay), A typical phase tra- 
jectory for this mode is shown in Fig, 4, In 
the SR mode the image point moves in the R 
region along the trajectory 1-2, and on 
reaching position 2 on the g‘*) boundary the 
relay motion alters, the wee point then 
moving along 2-3 in the G‘*) region, T is 
then equal to the time for the point to follow 
the track 1-2-3, 


b) R periodic mode (relay), A typical 
phase trajectory for this mode is shown in 
Fig. 5, T is then equal to the time for the 
point to follow the track 1-2, 


With a relay characteristic as shown in 
Fig. 1, five simple symmetric periodic modes 
can exist, 


a) A partially sliding periodic mode 
SD (sliding - dead), The trajectory for this is 
shown in Fig, 6, Figure 6 shows that here the 
sliding mode which is represented by the, motion 
of the image point in the R ‘+) region along 
the area 1-2 later changes to a “dead*® mode 
in which the image point moves along 2-3 in the 
S region, The time taken for the image point to 
move from 1-3 is equal to T, 























b) A partially sliding periodic mode SRSD (sliding- relay - sliding - dead), The phase trajectory for 
this is shown in Fig, 7, The time taken for the image point to move from 1-5 is equal to T, 
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Fig. 7, Phase trajectory for the SRSD periodic mode, Fig. 8. Phase traiectory for the SDR periodic mode, 


c) A partially sliding periodic mode SDR, The phase trajectory for this is shown in Fig, 8, The time 
taken for the image point to move from 1-4 is equal to T, 


d) A partially sliding periodic mode SRD with a phase trajectory as shown in Fig. 9, and having T equal 
to the time taken for the image point to move from 1-4, 


e) A periodic mode RD with a phase trajectory as shown in Fig, 10, and having T equal to the time 
taken for the image point to move along the arcs 1-2-3, 
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» Fig. 9, Phase trajectory for the SRD periodic mode, Fig. 10, Phase trajectory for the RD periodic mode, 


Yu, I, Neimark [3] and the present writer [4] have considered the exact determination of certain partially 
sliding periodic modes, Great computational difficulties are encountered in applying exact methods to partially 
sliding periodic modes in real control systems, since systems of transcendental equations have to be solved, 
These methods are therefore of no practical value in engineering problems, 





3. Determination of Periodic Regimes by Harmonic Balance Methods 





The following symbolism will be used: 





E=rt, m= 2, 7 (0) = rf (0). (3.1) 


Then the system of equations in (1,1) goes over to the following form when the sinusoidal external action 
of (2,2) is applied: 


Ty = Dy Ona Me + mE + hey Asin (wt +9) (k= 1.2,.. 2,2), 


a=] " 
v= > > Tk (3.2) 
k=l m 
o=yv—é, §E=f(). (3.3) 


(3.2) is the equation for the linear part of the control system, while (3.3) is that for the amplifier unit 
consisting of relay, amplifier plus integrating link, and strong over-all feedback loop, The block diagram of 
the system corresponding to (3,2) and (3.3) is shown in Fig. 11, b. 
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Fig, 11. 1) Linear part; 2) amplifier; 3) relay, 


In the sliding mode the input and output variables v and — from the amplifier unit are related in the 
following way: 


¥=v—aysigny, rfy >|}, 


(3.4) 
since in the sliding mode E =v. 
In the relay mode 
a& ~ ~ 
§==rfysign(s9-+v —§), |y—§&| >. 
(3.5) 
In the dead mode 
F=0, o>|v—l. (3.6) 


(3.4) and (3,6) show that the amplifier unit may be considered on the whole as a linear link, the output 
coordinate € being related to the input by the nonlinear equation 


== F\y, 9). 6.7) 























Assuming that the control system described by (3,2) and (3.7) is operating in a forced oscillatory mode of 
frequency w, we can use the harmonic balance method [5-8] to derive the periodic mode, 


We shall assume that the linear part of the system acts as a low-frequency filter, and that w is such that 
the higher harmonics of the variables n,,(k = 1,2,...,m) amd € have frequencies falling outside the filter 
pass-band, 


Then, neglecting the higher harmonics in the expressions for n, and v we put 


v= Ssinwt, yy, = a, cost + cy, Sin wt. 


(3.8) 
Substituting (3,8) into (3.7), expanding as a Fourier series, and cutting out the higher harmonics, we get 
§ =F (Ssinwt, Sw cos wt) = S [g (S, w) sin wt + b(S, @) cos wt], (3.9) 
where 
1 
g (5,0) = > \ F (S sin }, Sw cos ¥) sin $d, 
0 
(3.10) 


Qn 
b(S,0) => ( F (S sin ¥, Swcos 9) cos $a. 
0 


We now substitute (3.8) and (3.9) into (3.2). After equating the coefficients to sin wt and cos wt on the 
left and right we get 


— a0 => pe Drala a n,pSg (S, @) +: h,A cos 9, 
a=} 


(k= 1,2,...,8), 


n 
cx) = >) Drade + fixSb (S, @) + hyA sin 9, (3.11) 
a=usj] 
S= Dy incr, O= Dd) irae. 
sie —* (3.12) 


Multiplying the second equations in (3,11) and (3.12) by i and combining these with the first equations 
we get 


n - (3.13) 
iORy= DY) byaRe+ MSS (S, 0) + hyAeie? (kh =1,2,...,0), 
a=] . 
S= Dd ich, (3.14) 
ke 
where Ry = Cy + tay, (S,o) = g(S,@) + ib (S, o).. 
The system in (3,13) is rewritten as 

n 

= (One _— Spat) R, = nySd (S, w) —/ h, Aes? (k _ 1, r ’ n), (3.15) 


a=] 








and hence we find Ry 


N, (ie) H, (ie) 
Re = ~~ ay 59 (S.4) — Feiay Ae (Ho (3.16) 


In( 3.16) D( iw) is the determinant of the left-hand side of (3.15), while Ni, ( iw) and Hy (iw) are obtained 
from D( iw) by replacing k by Ty, Ny, ..., Ny and hy, hg, ..., hy, respectively. 


By substituting (3.16) into (3.14) and using the symbols 











2 inp (i) D ix (éo) 
° -1] . me 
K (iw) = — —: R (iw) = — + “Dile) , (3.17) 
we have 
K"(i 9(8 A tg K (ie) 
(iw) = 9 (S, o) +e Ea (3.18) 


where K (iw) is the frequency function (amplitude — phase characteristic) for the linear part, K (iw) is the fre- 
quency function for the linear part of the system between the point at which the external signal is applied and 
the output, and 9(S, w) is the harmonic transfer for the amplifier unit. 


A and w are given in( 3.18); S$ andg have to be determined. In the self-oscillation mode A = 0; then 
from (3.18) we have 


K-' (iw) = $(S, @), (3.19) 


where S and w are to be determined, 
To solve (3.18) and( 3.19) we must expand the formulas and construct hodographs for the harmonic transfer 


coefficient of the amplifier unit for the various types of symmetric periodic mode. 


4. Determination of the Harmonic Transfer Coefficient of the Amplifier Unit. 
Relay Without An Insensitive Zone 








a. Harmonic transfer coefficient of the amplifier unit for the SR mode. Figure 12 shows v and ¢ for the 
amplifier unit as functions of y = wt, when 





y= Ssin, y = Sw cos tp. 
(4.1) 


When -1 +B<y<-a, Bsy <1-Q, T+B< Ys 20 — a a Sliding mode occurs, and whena<y< 68, 
™-a<ys 1+ 8 relay operation occurs. 


When y =- a, v =rf,, and so, from (4.1) 





oi. 
cosa = Se (4.2) 
and from Fig. 12 it is clear that a <0. 
We now find — when -a < »<B: 
E=v| + rfp tt* = Sb +) cosa—sinal. (4.3) 













8 is found from the conditidn vp = 7 when y = 6. From (4.1) and (4.3) we get 


sina + sinB = (« + B)cos«, 


and Fig, 12 shows that 0=6B= 17- a, 
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Fig, 12, Determination of the harmonic transfer coefficient of the amplifier 
unit for the SR periodic mode, 
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Fig. 13, Determination of the harmonic transfer coefficient of the amplifier 
unit for the R periodic mode, 








When 6 = 7 —a the SR periodic mode goes over to the R mode, (4.4) gives 


tga = — ee 
_— ~ So” Vaya 


Thus, the SR mode can only occur when 








rho. come « 
> Sa a Vxi+4 
Since the periodic mode is symmetric 
nm—a aia 2 6 " ; 
g (S,0) = \ Esin gdp, b(S,o) = -— \ Ecos } dd, 















(4.4) 


(4.5) 





(4.6) 


where 





on S{(p+a)cosa—sina] if —ach<f, (4.7) 
== Ssing if B<y<n—p. 


Substituting (4,7) into (4.6), integrating, and using (4.4), weget (after certain simple manipulations) 


2 (x—a—8 a us Yr . 
g(S, 0) = = (73 + Gsin2a—F sin 28 + cos « sin 8), oe 


b(S, ow) = — 2 (J+ 700s 2a + 7 cos 2B — cos « cos 8). 


When @ = 8 = 0 the SR mode is purely a sliding one, Then from (4.8) we get 
g(S, o)=1, b(S, o) =0 (4.9) 
When 6 = 1 — , cos @ = 7 the SR mode goes over to the R mode, Then from (4.8) we get 


g(s, @) = biS, ®) = se 


8 
m4? (x? + 4) * (4.10) 


b. Determination of the harmonic transfer coefficient of the amplifier unit for the R mode, The periodic 





R mode can be determined by harmonic balance methods as usually interpreted (5), But we shall undertake the 
determination of the harmonic transfer coefficient for the amplifier unit for the R mode, since by constructing 
the hoddgraphs of 3(Sw) for the SR and R periodic modes for one quadrant we can at once find all types of 
simple periodic mode in the system without resort to further calculations or constructions when the relay has no 
insensitive zone, 
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Fig, 14, Hodograph for the harmonic transfer coefficient of the amplifier 
unit when the relay has no insensitive zone, 
1) SR periodic mode; 2) R periodic mode, 


Figure 13 shows vy and — as functions of y = wt when (4,1) is complied with, 


If the R periodic mode is to exist we must have p=rf,y when » = —@, Hence 

















rho 
cos a >> Se 


We now find E when ~Q=ytn- a; 





Eaev —_ + rf, Ts ce =5|(y + a) ‘le. sin «| . 


(4.12) 


« is found from the condition v = — when y- m- a, Using this, we get 


. as rf, 
ee a a (4,13) 


At the boundary of the SR mode we get, from (4.11) and (4.13), that 


Re 
So Vr+4- 


On the other hand when a = 0, — =0 and so this condition also gives the boundary of the R mode, We 
have from (4,13) 


rfo/Sa= 0. 


Thus, the R mode can only occur when 


2 


0.4 Tt. < anime. 
Se n+ 4 (4,14) 


Substituting (4,12) into (4.6), integrating and using (4,13) we have 
— rf, \2 ~_ ms 
g (S,0) =2 (22), b(S,) = — — sin 2a. (4.15) 


rf 
When @ = 0, _— = 0 and from (4.15) we will have 


g(S,o)=0, b(S,) =0. (4.16) 


When g(S,w) and b(S,w) have been determined numerically [from (4,8) for the SR mode and from 
(4.15) for the R mode) the hodograph for § (S,w) can be drawn up as in Fig, 14, Figure 14 shows that 9(S,w) 


, ; rf 
is a function of the parameter = . 
wW 


5. Determination of the Harmonic Transfer Coefficient for the Amplifier Unit, 





Relay With an Insensitive Zone 





a. Harmonic transfer coefficient for the amplifier unit in the SD mode, Figure 15 shows v and E 
as functions of y = wt when 


y= Ssin, ¥ = Swcos'). (5.1) 
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nT or | e4 
When aK Y<S-j, F—-A2R VS > the sliding mode occurs;and when — 5- GP< —a, 


T _ on 
> SPQr—e, zy SPY<Ke2r—a we get the dead mode. 
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Fig, 15. Determination of the harmonic transfer coefficient for the 
amplifier unit in the SD mode, 


When ~=m1- &, v = S— 20,4 and from (5,1) 





i = — A = “a —_ a= 
(5.2) 


Figure 15 shows that =§—-.<a< >: 


In the case shown in Fig, 15,a, i.e., when 220, 0= sin a = 1, if a sliding mode is to exist we must 
have D max = Swcos0<=rf,. Hence we have, taking into account (5.2), that a necessary condition for the 
SD mode to exist is 

Tho Ss Sy 1 
aa? a, eK <z- ~~ 


In the case shown in Fig. 15,b, ie., when &©=0, —1= sina <0, if a sliding mode is to exist we must 
have ¥|y--q = Swcos(—a) =rfy, Hence we have, that a necessary condition for the SD mode to exist 
is 
Tho / s 1 So 
aa, 2° Tit when ><> <i. 


(5.4) 
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Figure 15 shows that 












































_ {Ssinp—o, when —agy< > 
$= 
S — a, when >< ¥<r— a (5.5) 
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Fig, 16, Division of the plane of _. and — for the amplifier 
0 


unit harmonic transfer coefficient into regions where different types 
of periodic mode exist; b) 0.5, 2.0; and d) 0.155, 4.67. 


Substituting (5.5) into (4.6), integrating and using (5.2) we have (after certain simple manipulations) 
. 1 
g (S,0) = 5 (x + 2a + sin 2a), b(S,@) = — 5 (1 + c08 22). am 


It is clear from (5,6) and (5.2) that g(S,w) and b(S,w) do not depend directly on w, But these formulas 
are applicable only if (5.3) and (5.4) are fulfilled, and these latter depend on w, and so g(S,w) and b(S,w) 
are not only functions of S but also of w, 


The calculation shows that the amplifier unit harmonic transfer coefficient for the SD mode is a function 


f 
of _. and <n. . The following curves have been drawn in the plane of these parameters in Fig, 16: 
0 


ab from the equation 


tlh  S Sy 1 
oo, Se when 0<f<z: (5.7) 











be from the equation 


(5.8) 





1 o 


Tho _« S ame 
= ys —1 when 3S Ky 1. 


MN 


The SD region lies between (5.7) and (5.8) and the straight line _. -1, Within these limits the 


f 
harmonic coefficient is independent of —- ‘ 
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Fig, 17. Determination of the amplifier unit harmonic transfer coefficient for 


the SRSD mode, 


b. Harmonic transfer coefficient for the amplifier unit in the SRSD mode, Figure 17 shows v and t 





as functions of » = wt when (5,1) is fulfilled, 


When —agb<—B, 1<¥<S, n—ach<u—B, rt 1<P< > we gave a sliding 





mode, when -BNY<7, T—BCYCr—_T— a felay mode, and when — <<, 
>< <r—a a dead mode, 
a is found from the condition that v = S— 209 when y= — @: 
° sina=1—22, cos @ = fei, (5.9) 
whence 05 a= = , 0= sina = 1, Using (5.9) we get 
0<3<z. 
(5.10) 


6 is found from the condition v=rfg when » =—6. From (5,1) we get 


14 











whence we must have 0 = 6 S @, 


The above limits for 6 show that 1 = cos B= cos a, Substituting (5.9) and (5,11) into this inequality 
we have 





> ihe ( im 
_>4 Vz = 1. (5.12) 
We now find € when - 6 = ¥ = y, i.e., the equation of the straight line 1-2 in Fig, 17, 
ne S .. rf 
F=v|,_g— % + rfp ttt 25|— =, inB—1 + Se + p)|. (5.13) 


y is found from the condition — = v— og when y = y. From these conditions we get from (5.13) and 
(5.1) [allowing for (5.11) ]: 


sin B + sin 1 = (B + 7) cosf, (5.14) 


where y must satisfy 0= ys ry ° 


In Fig, 17 we produce the straight line 1-3, and, denoting its ordinate by x, we find its equation to be: 


1+ sing , 
z= S——— (+ B) —SsinB — o,. (5.15) 
B+ z 
- ~ 
y: will be less than 7 if 
de dz 


dd L-e<ocr ? ap 


Substituting (5.13) and (5.15) into this, and allowing for (5.11) we have 


cosB >2 1 +sinB 1 +sinB 
B+ (5,16) 


Calculations show that (5,16) is satisfied when 6 = 0.76, cos 8B = 0.725, Substituting (5,11) into the 
latter inequality we have 


rf S 
fg > 0.725 =" 


(5.17) 
(5.10), (5.12), and (5.17) define the SRSD region in the plane of “2 and a in Fig. 16, 
0 
The upper boundary of this region — curve ab — is defined by 
te an 2. 4 
@%) «So when O< $<: (5.18) 
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The lower ones are defined by: 





curve bec 
2 = a? Vy =-1 when 0,155< 3 <4; 
(5.19) 
curve cd 
x = 0.725 5 0< % < 0,155. 
= wher VS S< (5.20) 
The harmonic transfer coefficient is determined by (4.6), where 
(Ssinp—a, when —acy<c —Bf, 
_ | 0o[—s-sinp—1+ 22 y+) when —B<o<y, 
~ S sin ) — % when 1<9<3, (5.21) 
| S— a, when > Sb<0—«. 
Substituting (5.2) into (4.6), integrating and using (5.9), (5.11), and (5.14), manipulation gives 
g (S,«) = (w+ 2x — 28 — 2y + sin 2x + sin 2B — sin 2y + 4cosB sin 7), 
(5.22) 


b(S, «) = —~ (3 + cos 2a + cos 28 + cos 2y — 4 cos f cos 1). 


The SRSD mode reaches the boundary of the SD mode when 6 and y = 0, Under these conditions (5,'22) 
gives (5.6). 
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Fig. 18, Determination of the harmonic transfer coefficient for the amplifier 
in the SDR mode, 


The SRSD mode reaches the boundary of the SDR mode when 6 = &, and (5,22) takes the form: 


g (S,o) = 5 (n— 27 + 2sin 2a — sin 27 + 4 cosasin 1)» 


5.23 
b (S,w) = — 4 (3 + 2cos 2x + cos 2y — 4 cos «0s 7). — 


16 











7 
The SRSD mode reaches the boundary of the SRD mode when y 2° and (5,22) takes the form: 


g(S,o) = — — 28 + sin 2a + sin 28 + 4cos 8), 


b(S,) = — 5 a (2 + cos 2a -+- cos 28). (5.24) 


c. The harmonic transfer coefficient of the amplifier unit in the SDR mode, Figure 18 shows v and £ 
as functions of y wt when (5,1) is fulfilled, 





. 
When <<) T+ 1~<}- > sliding occurs, when —acgypcy, F—e2#@QPcrt+y 


we get relay action, and when — — <¢<—«, << —a-,adead mode, 


c is defined by (5.9), and Fig, 18 shows that — = <act, 


We now find 3 when — a < y < y, i.e., the equation of the straight line 1-2 in Fig, 18: 


LAM | 





=y| a —% + rhe tt = o,|——- + 14 Zhe (y 4 a) |. 
’ 7 (5.25) 


y is found from the condition E vy — dg when y ~ y. Under these conditions (5,25) and (5,1), taking 
into account (5,9) gives 


in ¢ on oe 
sina + sin y= -¢ aa, & + 1), (5,26) 


, , ane T 
vere y lies within the range -~a< y< . m 


Figure 18 shows the straight line 1-3, and denoting the ordinate by x the equation of the straight line is 
found to be: 


x= STS (y+ @) —Ssina— op. 


a + (5.27) 


If the SDR mode is to exist we must have 








d (09) & ., de 
dy ge—a~ dp |-acy<r ~ dh’ 


Hence substituting (5.1), (5.25), and (5.27) we get, incorporating (5.9): 











1> a 
a=» Game >" ; 
009 +2 sin” (1 —24) (5.28) 


f 
(5.28) defined the SDR region in the plane of —. and ony in Fig, 16, Curve cbd (the upper boundary) 
0 


is defined by 
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re =2y = “4 when 0,155 <3 <1, (5.29) 


while cfd (lower boundary) is defined by 





5 
Zant 
. So hen 0,155 < % <1. 
oo +2 sin” (1-2) was Fz (5.30 ) 


The harmonic transfer coefficient is determined by (4.6) where 


S 
oo[1— + 2 (p-+a)] when —a<$<7, 
Ea} Ssinv—o, when 1<P<, 6.51) 
| — ey when oe ee 





Substituting (5.31) into (4.6), integrating and using (5.26), we have 


6 (S,) = 5 [x — 2; — sin 2y + 4% (sina + in p, 


{ ~ 2 (5.32) 
b(S,o) = —>,|! + cos 27+ 4- > a4, (cosa — cos 0] , 


When “a a - = cos & we come to the upper boundary of the SDR mode, If «> 0 here,then the 
6 


SDR region adjoins that of the SRSD region, Under these conditions we get (5.23) from (5,32), On the other 
hand, if a< 0,we get y=— at the same time, and then the SDR region adjoins the SD region, Under these 
conditions we get (5.6) from (5.32), Finally, when y = 1/2, the SDR mode adjoins the RD mode, Under 
these conditions,(5.32) gives 


2 o rf 
g(S,o) = ———e 9. me +sina), &(S,)= ST a (5.33) 


d. The harmonic transfer coefficient for the amplifier unit in the SRD mode, Figure 19 shows py and 
E as functions of y» = wt when (5,1) is fulfilled, 





When —acpc—B, r—acpcnr—B, 2n—acp<2n—8 sliding occurs, when 


Baby, r—BRKY<cer+y we have relay action, and when —nr+1<9Q—-% 


Y<b<cr—a, r+74<CP<2n—-«a ,a dead mode, 


B is defined by (5,11) being such that 0 < B< a, 
The straight line 1-2 in Fig, 19 is described by (5.13), and 1-3 by (5.15), 


If the SRD mode is to exist we must have that 
dz > 
ae dy |-p<u<yr (5.34) 
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wee ers 


















Substituting (5,13) and (5.15) into (5,44) and allowing for (5.11) we get 


1 +-sinB 
cos B <2 +25 ° (5.35) 


(5.35) is satisfied when B > 0.76, cos B < 0,725, Substituting (5.11) into the latter inequality we have 


S 
ale. < 0,725. 6.96) 


Qo 


y is determined from (5.14) whence = = y< 4%, 


- 


\ 















































Fig, 19. Determination of the harmonic transfer coefficient for the amplifier 
unit in the SRD mode, 


a is determined from the condition vy + ag Ssin y ~og when » m— &, Using (5.1) we get 


: , 7 
sina = siny—2-*, aati 


1 
whence B=a < ry and hence cos § = cos @, 


Substituting cos 6 from (5,11) we get 





Tha .>s ene (5.38) 


Wdy So 


f 
(5.36) and (5,38) define the SRD reyion in the = and a plane in Fig, 16, The upper boundary — 
. 0 
curve dc — is defined by 


rho 





Ss 
= 0,725 when 0< B< 0,155. (5.39) 


The lower boundary — curve dy — is determined from (5.38) when the inequality becomes an equality, 
ice., when 


a = 8. (5.40) 


Substituting (5,40) into (5.37) we get, together with (5.11) and (5.14), a system of equations which define 
the lower boundary of the SRD region: 


sin B + sin 7 = (B + 7) cosB, 
sinB—siny=—2-2, 


Tho So (5.41) 


cos B = =o 5 


or 











Gy rfx G\2__ 1 Phy ¥ Tho So 
et —(= oy = 2 ao, 8 antes os, S + 


+ arcsin [2 2 +t V1 _ (= sh ‘ 





(5.42) 


rf 
It is easy to perceive that when — 0.155 and aa - 4,67, (5,42) is satisfied, i.e, the lower boundary 
So 
to the SRD region passes through point d in Fig, 16, 


The harmonic transfer coefficient is defined by (4.16) where 





S sin ) — a when —acb<—B, 
F={2(—-2 —1+ 2 (y+B)] when —B<¥<1, 
S sin 7 — o when YC YQe—a, (5.43) 


Substituting (5.43) into (4,16), integrating and using (5.11), (5.14), and (5,37) we obtain, after certain 
transformations, 


g(S, to) = — (2a — 28 + sin 2a + sin 28 + 4cos$siny7), 


(5.44) 
b(S, w) = + (2 + cos 2« + cos 28 — 4cos cos 4). 
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ui het , 
When y = > the SRD mode adjoins the SRSD mode, Under these conditions (5,44) gives (5,24), 












































Fig, 20, Determination of the harmonic transfer coefficient for the amplifier unit in 
the RD mode, 


When 6 = &,the SRD mode adjoins the RD mode, Then, using (5.11), (5.44) gives 





g(S, @) = aie “o (sina + sin 7), 
5.45 
b(S, @) = — +l ° (cos « — cos). ini 
0 


e. The harmonic transfer coefficient for the amplifier unit in the RD mode, Figure 20 shows v and E 
as functions of y = wt when (5,1) is fulfilled, 





When —2N9<CY, F—A<C)Cr+ 7° a relay mode occurs, and when —® + TGP —&, 
TLYCt—a, K+ 7~Cd< 2% —-a | we get a dead mode, 


When ~a = y= y, — is defined by (5.25), © and y are related by the following conditions: 
a) v— Og9= — when y = y; b) Ssiny— og= vtog when » = t— &, By using these conditions we 
get (5.26) and (5.37) from (5.1) and (5.5), 


The harmonic transfer coefficient is defined by (4,16), where 


[ f—-S —1+ ale. (y +-2)) when —a cb<y, 


gx (5.46) 
|s sin y— 0, when 7 YQ r—a. 


Substituting (5,46) into (4,16), integrating and using (5.26) and (5.37),we get (5.45), 





T 
When y = ry .the RD mode adjoins the SRD mode, We then get (5.33) from (5.45), 


lhe boundary dg in the plane of rom and Es. in Fig, 16 is defined by (5.42) when 0= — = 0.155, 
‘ W049 N 
while the boundary cfd is defined by (5.30), 


When g(S,w) and b(S,w) have been determined numerically from (5,6) for the SD mode, from (5,23) 
for the SRSD mode, (5.32) for the SDR mode, (5.44) for the SRD mode and (545) for the RD mode, (5,32) 
for the SDR mode, (5,44) for the SRD mode and (5.45) for the RD mode, the family of hodographs for 9 (S,w) 


O rf 
given in Fig, 21 can be constructed.* Each hodograph is constructed for 0 = _ =1 and p —— const, 
. 0 


Figure 21 shows that each hodograph is a loop having points with the values - 0 and re 1 at the origin. 
The family of hodographs 9(S,w) need only be drawn once and for all, and can then be used to deal with all 


partictilar problems in which the equations of motion for the relay system can be given in the form of (1.1). 


6. Examples of Determining Self-Oscillation Modes 





1, Let us consider a relay system with the following equation of motion; 


Tigt+o=—hf, Top+p =k, o=p—F, E = f (9) (6.1) 


the relay characteristics being as in Fig, 3, 


The transfer function of the linear part is determined from the first two equations in (6,1) 


k 





K(p) = — : (6.2) 
() = — Fp FFD 
where k = k, kg is the over-all gain of the linear part, 
The inverse amplitude-phase characteristic of the linear part is 
K+ (iw) = — (14 iT) (1+ iT) (6.3) 


this being a parabola with its apex in the real axis at the point, — 


le 


. the real axis being its axis of symmetry, 


T, + T. 
the parabola intersecting the positive imaginary axis at the point, — i At ™ 


It is quite obvious that when k is sufficiently large the parabola intersects the hodograph of the harmonic 
transfer coefficient shown in Fig, 14, twice, If T; - 4 T, then when k > 1.336 one intersection will lie in the 
R mede region, while the other will fall in the SR mode region, as shown in Fig, 22, 


Let the intersections on K~ (iw) have frequency values w, and w2, and those on 9$(S,w), values p, and 


f 
Pp, inthe parameter p = i . Figure 22 shows that uw, < We, py < Pz, and hence 


5,= 5, = bo. 


P1 1 . P2 We 








Hence when T, = 4 T, and k > 1.336 two modes occur, the R mode of low uw, and large amplitude S, (at 
the amplifier unit input), and the SR mode with high uw, and low amplitude 5, 


The numerical calculations used to draw up Figs, 14, 16, and 17 were carried out by N, N, Vinogradov 
and A, A, Karymov, 
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Their stabilities may be determined from Goldfarb's conditions [5] which have been formulated for 
K"'(w), 9 (S,w) by Smirnov [9]; the self-oscillation is stable if at the point where K"(iw) and 9(S, w) 
intersect, the angle & between the tangent Tto 9$(S,w), directed toward increasing S values, and the normal 
N to kK"! (iw), directed within the region enclosed by the hodograph, is less than 1/2, and unstable if a is 


u 
greater than . -° 
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The constructions given in Fig, 22 show that the R mode is stable and the SR mode unstable, 


t 


2, Determine the SD self-oscillation modes in a control system having the following equation of motion 


T4r=—2, S=zr—y, Ty=f(s), Tez+z=y 








(6,4) 
and a relay characteristic as in Fig, 23. 
The following new variables will be used: 
Tz we i. _ Ty — Ts ei t 
Ss" UF,’ =" WF,’ 7, aT,’ TT, ° 
(6.5) 
then (6.4) takes the following form: 
7 ’ » e 6 
h=—N = —oete, c=m—f, §=f(9), 6.6) 
where 
8T, TS, 
u) = 2 ’ So = 8ST, ’ (6.7) 
the dots denoting the derivatives with respect to T , 
a a 
(?) P(p +) 





Aizerman [10 ] has shown that this condition is sufficient for systems in which the linear pa-*> satisfy the 
autoresonance condition, In systems with linear parts which satisfy the filter condition the condition is a 
necessary one; no simple formulation of the necessary and sufficient conditions is at present known, 






























and hence 


K~' (io) = —i 3 () + iw) = <~ ie. 





(6.8) 
Substituting (6.8) into (3,19) we get 
@? , ‘ 
T= g(S, w) + ib(S, w) 
and hence 
FT =8s, wo), o = — b(S, @). (6.9) 
Elimination of w from (6.9) gives 
py = 20S, ©) 
g(S,@) ~ (6.10) 
Substituting (5.6) into (6.10) we get 
_ 1) (1+ cos2a) 
~ 2 w+ 2a+ sin 2a =f («), (6,11) 


where 
Tg 


Tt 
—7asey: 


The right hand side of (6,11) is shown in Fig, 24, whence it is clear that (6,11) only applies when »% = 
= 0.293, Thus the SD self-oscillation modes exist when y = 0,293. Then the line » = const intersects the 
curve f(a) of Fig, 24 twice: when -0.5 9 < a < —0,18 7, and when —0,18 9 <p < 0.57, 
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The approximate solution gives two periodic SD solutions, 


(5.2) gives an expression for the amplitude of the coordinate v at the amplifier unit input 





_ 20, (6.12) 
~ 4{—sinag’ 


S 





which shows that the solution for -0,.51 < & < -0,18 9 gives a value of S less than that for —0,18 m < 
<y< 0.57, 


The problem of self-oscillation stability is solved by showing in Fig. 25 the relative dispositions of 
K“*(iw) and 9(S,w),Fig. 25 makes it clear that the self-oscillations of large amplitude are stable, the 
other being unstable, 


a, 
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Fig. 26. 1) Region of SD self-oscillation modes, Il) 
Region where SD self-oscillation modes are absent, 


An exact solution to this problem has been obtained [4], It shows that when y = 0,33, there is one self- 
oscillatory SD mode, The approximate value » <= 0,293 obtained here is 11% different from the accurate 
one, The unstable SD mode is absent from the exact solution, so it would appear false and should be rejected, 


The self-oscillatory mode which occurs when —0,18 7 < & < 0.5m exist, though, when (5,3) and (5.4) 
are complied with, These conditions take the following form in our case (r= 1, fp = 1» 


mee f 0<a<0,5n, 
0 


Qo 


ees 
sa 22V 1 fF —018@ <a <0. 





(6.13) 


S 
By substituting the value of a from (6,12) and w (6,9) into (6,13), and taking into account (5.6), and 
0 


replacing og by its value, found from (6.7), we get 


874s, 2 costa 


T's, “ tf 1i—sinae 


when 0<a< 0,5n, 
eT, 2 T+sina 
a. ea 2 quscoemanesee 
Ts, > = ose i—sina 
when — 018%&§ ca <0. 
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In Fig. 26 we show the right hand sides of (6.14) as functions of y, the relation between & and y being 
taken from Fig, 24, Figure 26 shows that the SD self-oscillation mode can be eliminated by increasing the 
6 Ta 





width of the relay‘s insensitive zone or by increasing the amplifier constant T, The limiting value of : 
So 
(here derived approximately) differs by 10-12% from the exact values found for the range 0 < y < 0.27 by 


the present author [4], This must be considered satisfactory for an approximate solution, 
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OSCILLATORY PROCESSES (RAMP. ACTION) IN RELAY AUTOMATIC 


CONTROL SYSTEMS 


Yu, I. Neimark 


(Gorky) 


The conditions under which self-oscillation starts and stops and under which it is stable 
and independent of external forces are derived for relay systems, using the integral form of 
the equations of motion, Considerable attention is devoted to physical interpretation of the 
simplifying assumptions made in deriving an idealized conception of this type of behavior, 


Many papers have already appeared on self-maintained oscillations in automatic control systems, The 
phase-space interpretation given by Andronov and Bautin [1] has latterly been generalized for an arbitrary dis- 


crete relay system [2-4], 


A new method of dealing with the phenomenon is given here in which the concept of the transition con- 
ductivity in the linear link and the integral form of the equations of motion are used, This approach enables 


Mout 








+8 





baie 





Fig. 1 


n 


one to eliminate the assumption that the relay system 
is discrete, and elucidates the character and permissi- 
bility of the simplifying assumptions which lead to an 
idealized conception of the phenomenon, * 


Discontinuities in nonlinear circuit elements in- 
corporated in automatic control systems may cause 
peculiar modes of operation which have latterly been 
called jump or “sliding action," If we include constant 
speed servomotor systems with relay systems this 
phenomenon can be divided into two types, The first 
occurs particularly in relay systems in which (we assume) 
the relay output can only take the values +1 and —1, 
while the second occurs in constant-speed servomotor 
systems where the output coordinate can have any value 
lying between the limits of + 1 and — 1, although this 
occurs only over a very narrow range of input coordinates 


25 (Fig. 1). In the first case the “sliding action” occurs via fairly rapid (in theory,infinitely rapid) relay switch- 
over, In the second case the servomotor output coordinate changes between its extreme values while the input 
varies within the given limits (— 6, 6), the range being taken as infinitely small in the idealized picture, De- 
lays are either neglected or taken as very small, since time-constants confuse the clear idealized picture, All 
the same it is of interest to give preliminary consideration to each of these types of behaviors, 


-_-_ 


several relays can be found in [4]. 


A more detailed discussion of certain questions discussed here, and a generalization for a system with 





Consider the operation of the relay system (Fig, 2) which has the characteristic shown in Fig, 3, Let the 
input coordinate y be zero at some instant tg, The output coordinate x can as of tg take the values either 
+1 or —1, Now suppose that when x= +1, y=y, (t, t)) amd that when x= —1, y = y_(t, to), and that 
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Fig, 2 Fig. 3 


y = y. goes upward, while y = y, goes downward as shown in Fig. 4, What will the subsequent behavior of the 
system be ? When the relay switches over to + 1, y will at once become negative, and so the relay output 
must be — 1, while on switching to — 1, y at once becomes positive, the corresponding value of x being 
+1, Hence the relay can switch neither to + 1 nor to —1, To discover what occurs we assume that there is 

a very small backlash 26 corresponding to the relay characteristic shown in Fig. 5, or else a very short time- 
constant T , 
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Fig. 4 Fig. 5 


In the first case x will be either + 1 or — 1 when y=0, Suppose that x=+1, The changesiny will 
follow the curve y= y, (t, tg), and on reaching the straight line y= —6 at time ty, the relay will switch 
overto ~ 1, y will then follow y= y_ (t, t,), and if ty — tg is small this curve will be close to y = y_(t, to) 
for time tg. So y begins to fall and at some time t, attains the value +5, Continuing in this fashion we find 
that y will alternate between — 5 and + 6, as shown in Fig. 6, and this will continue, the alternate movements 
being along the initial sections of the y = y. and y= y, curves respectively at each switchover, If now 6 
tends to zero we afrive at an Oscillatory motion with y = 0 and infinitely rapid relay operation, This will con- 
tinue until either y = y. no longer proceeds downward or y = y, upward, after which the relay will switch to 
either + 1 or — 1 as appropriate, 


When 1 is finite we suppose that when the relay switches over to +1 at time t the linear link output 
y does not at once begin to alter, but does so only after a time 17, then following the curve y= y,. Upto 
this time y is rising to some positive value, after which it begins to fall, passing through zero at time t,. The 
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relay switches over to — 1, but y continues to fall along y = y, for atime 7, then commencing to rise, 
attaining y = 0 at time ty», etc, Thus, here again y oscillates about zero (Fig. 7), As the delay is reduced 
without limit we arrive at the same result, namely a limiting infinitely rapid oscillatory motion of the relay. 














Fig. 6 Fig. 7 


Thus when y= y. andy = y, are as described and § and 7 are sufficiently small, we find that the 
behavior is such as to maintain the output x, thanks to relay oscillation around the zero region, This gives the 
so-called “ramp (or sliding) action® when 6 —> 0 andt~> 0. 


In any real system the “ramp action® is a somewhat idealized and simplified concept which is more 
realistic the less the time delay and backlash, We must here specify how small 6 and tT have to be, 
The restrictions on 6 and 7 arise firstly from the requirement that the excursions in y be negligibly small, and 
secondly that changes occurring during the transit in y= y, and y = y_ are extremely slight, To specify these 
demands quantitatively we shall estimate the excursions of y around zero and the time between successive relay 
operations, 











Fig. 8 


If we denote the slopes of the initial sections of y = y, and y= y. by k, and k-. , respectively, in 
accordance with Fig, 8, the swings in y are approximately equalto —k,7 + 26 +k.7T = A, while the total 


time of one oscillation is about (— k, T +2 6 + k.T) (4 - 7) =T. A must, onthe one hand, be 
- + 


negligibly small, and on the other,the main time constants of the linear link must be much greater than T, 


If y(t) is the so-called transition conductance of the linear element, x(t) its input and y(t) the output 
coordinate, then 


t 


y(t)= § ots) x (2) dr. 


—c 








When x(t) and y(t) are considered as from some time t,, we may put this in the form 


g’ (t —*) x(t) dt, 


e—" 


y(t) = yo (t) + 


where y9(t) is the linear link output caused by the so-called initial perturbation in this link. 


Then the equations of motion for our relay systems may be written in the form 


t 
y(t) = yo(t) + \ o @—s) (2) de + /(0), 
t 


x(t) = Q[y(t)], (1) 


where ©(y) is the nonlinear element characteristic and f(t) is the component of the linear link output corre- 
sponding to the external perturbation applied to the link, 


From the earlier discussion for “ramp action® starting at a time tg we must have that the function 
t 
ys (ts to) =4olt) +) o(t—Dae + (0) - 
te 


has a negative derivative at t = tg, i.e., that 


Yo (to) + 9’ (0) + Ff’ (to) < 9, (3) 


and that 
y_(t, td) = vol) —\ 9" (t — 1) de + /(t) (4) 


has a positive derivative at t = tg, i.e., that 
Yo (to) — 2’ (0) + #' (to) > Y. (5) 
(3) and (5) in particular show that for “ramp action® to arise the inequality 
’ (6 
9’ (0) <0. ) 
must be complied with, 
When (3) and (5) are fulfilled, since y = 0 in “ramp action,” (1) takes the form * 


° We note (although this condition will never be used) that x(t) must be considered as the relay output 
coordinate averaged over a time interval which is extremely small compared with the time-constant of the 
linear link in the relay system. 
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(7) 


t 
Yo(t) +) e' (¢—*) z(t) de + f(t) =0. 
t 


If the solution to this equation, x(t), is known, the conditions for "ramp action® to start, (3) and (5), may 
be written as 


|x (to) |<< 1. 
(8) 


Thus, “ramp action" will occur at to, if firstly, (6) is fulfilled for the linear part of the circuit, and 
secondly if (8) applies to the solution to (7), x(t), In fact, by replacing yg (t)+ f(t) in (3) and (5) by 


at \ y’ (t—t)x(t)dt, in accordance with (7) we arrive at 9*(0) [1— x (tg)) < 0, 9*(0)[—1— xg(t)] > 0 
t. 


or in accordance with (6) at | x(t») | «< i, 


The oscillations once set up will continue while the modulus of x(t) remains less than 1, If only this 
condition is violated the relay will switch over to +1 or — 1 depending on whether x(t) passes through +1 
or — 1 when (8) is violated, 


With constant-speed servomotors the picture of how the oscillation is set up is in a certain sense simpler, 
i.e., if the solution to a system of equations such as 


y=L(z), t=Q(y) (9) 


is x(t), and this has a modulus less than unity during a certain time interval, then it is implied that y then 
falls between — 6 and + 6, and oscillation occurs, In the limit when 6 —> 0 the oscillatory motion corre- 
sponds to the solution of L(x) = 0 satisfying the condition |x (t) |< 1. As previously, if y is to lie between 
+6 and — § we must have that the y = y, and y = y. curves satisfy the conditions y*, < 0 and y*. > 0 at 
any moment, which implies, as before, that (0) is negative, 


Thus “ramp action" is formally described by the same equations in both cases, and the conditions for it 
to arise are the same, 


In order that oscillatory motion should not only always be possible in the system but that the system should 
actually operate in this way (i,e., that the motion of the system should at all times be oscillatory in spite of 
external disturbances) we must have a solution to (7) such that at all times | x (t) | < 1. This requirement 
primarily implies that the equilibrium state x = 0 of the linear system is described by the equation 


t 


{(t)+ \ ¢ (¢ —*)x(*) dt = 0, 


(10) 
0 
and must be stable against sufficiently small external disturbances, Rewriting (10) in the form 
K(p)x= —-F or x=—K7'(p)F, (11) 


we have directly that the poles of K~(p) or, which is the same thing, that the zeros of K (p) must lie in the 
left half-plane, _In particular, if the linear link is of itself stable, this means that the transfer coefficient 
hodograph w = K (iw) must not enclose the point w= 0, The requirement that the equilibrium state should of 
itself be stable is still not sufficient for a continuous oscillatory regime to exist in the system, It is further 
Necessary that the external forces acting on a real system do not upset this regime, To discuss this problem we 
resort to Bulgakov's perturbation accumulation method [5]. 


Let D(p), the transfer coefficient from the input (to which the action g(t) is applied) to the output of 
the linear link, be such that 





F = D(p)G. (12) 


After substituting (12) into (11) we get in image terms 





= D (p) G (13) 
KG) 
or alternatively in the original terms 
t 
z(t) = —|¥—De (ae, (14) 
0 


D 
where y (t) is the original of - , (14) shows that 


1 (t) |< 1 9¢@) | max | g(x) |dc. 
3 t<Il 
Hence for the system to be at all times oscillatory it is sufficient for the inequality 


Co) “3s 
max | ¢()1<((i eid) . 
0 


(15) 


to be complied with, 
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As an example we will consider an automatic control system in which a relay controller with strong feed- 
back indirectly controls the temperature of a furnace, The block diagram of such a system is shown in Fig, 9. 
The transfer coefficient of the linear part is 


aa _ K,K; e 
Zi) = — (hh + £0) = — pot" — Fe (16) 


where K,, Kg, Kg, and Kg are the transfer coefficients for the controlled object, measuring element, servomotor 
and feedback respectively, being as follows: 





SS 


SRE 








K 1 
K, => K,= Ki, K,= Tp 
8 


Tp +1 ; 





Let the equation for the relay element of input y and output x be 


r=Ssigny. 





An oscillatory mode can occur in this system if * (0) is negative for the linear part of the system, Using 


known relationships we have 


2 (0) = lim pK (p) = — = 
p+ 8 


and hence for oscillation to begin we must have that 


’ r. 
¢ (0) =— 7 <0. 


(17) 


When (17) is fulfilled the state of equilibrium in the relay system will be stable only if the zeros of K (p) 


lie to the left of the imaginary axis, i.e., if the quasipolynomial 


Kika +e (Tap + 1)e"* 


has no roots in the right half-plane, 


Let us introduce the fresh parameters 





and rewrite (18) in the form 


1+u(i+z)e, 


(18) 


The corresponding D-scheme in the parameters } and v, and the equilibrium state stability region, are 


shown in Fig, 10. 
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STUDY OF PULSED CONTACTOR AUTOMATIC CONTROL SYSTEM DYNAMICS 


V. P. Kazakov 


(Moscow) 


Methods of defining self-oscillation and transient processes in pulsed contactor systems 
are described which are based on the frequency and time characteristics of the continuous 
section in the system, 


An approximate method of defining self-oscillation which is based on the first harmonic 
of the output from the pulsed contactor is also described, and a method of allowing for higher 
harmonics is also given, The calculated results are compared with experiment, 


INTRODUCTION 


Control systems using a pulsed relay to transform the input variable into a train of pulses of constant 
magnitude and duration and of polarity defined by the input polarity at the instant of connection have been 
considered by several workers [1-4]. This was first dealt with in [1] in relation to dynamics studies on a multi- 
channel controller for a boiler assembly, A simple pulsed relay control system was analyzed using difference 
equation equipment, A similar method was used in [2], in which transient processes were analyzed for the dis- 
continuous control systems used on cutting machines and coal combines which had auxiliary constant-speed 
mechanisms; nonlinear difference equations of orders one and two were studied, 


A method of analyzing self-oscillation in pulsed relay systems was proposed in [3], in which pulse circuit 
theory was used [5], The solutions, which were obtained in a closed form, required that the poles of the trans- 
fer function for the linear part of the system be found, and hence the difficulty of determining the self-oscilla- 
tion parameters increased rapidly with the order of the equations describing the linear part, Harmonic balance 
methods [4] have been used to deal with similar systems, By constructing a nonlinear complex gain for the 
pulsed relay element, which has an insensitive zone and y equal to 1, the frequency and amplitude of the first 
self-oscillation harmonic were derived, 


The present paper deals with a method of studying pulsed relay automatic control systems which provides 
the self-oscillation parameters to the desired degree of accuracy independent of the complexity in the linear 
part, and also with a graphic method of considering transients in such systems, 


1. Determination of Self-Oscillation 





A pulsed-relay control system is represented schematically as a circuit consisting of the pulsed element 
and the linear part, all the elements other than the relay being included in the latter (Fig. 1). 


The external disturbance f(t), which may in general act at any point in the system, is supposed applied 


- t 
to tie pulsed element input, and all quantities are taken as functions of the dimensionless time t = T° where 
P 


Tp is the repetition period of the pulsed element, 








By reptesenting the pulsed relay element as a series combination of a two-position relay with a Z-type 
characteristic and an amplitude-modulated pulsed element (Fig. 2), we can apply the method of studying self- 


oscillation given in [6]. 



































wig) We shall suppose that a self-ocsillation of 
near relative half-period N (a whole number) occurs in 
section the automatic control system, and that f(t)=0. 
Then all the quantities specifying the state of the 
z,(i) zl) system x, (t), xq (t) and xg (t), will change periodi- 
cally, with half-period N, The desired periodic 
"4 yt) solution will exist if the conditions that the instant 
= Z(t) and direction of switchover are appropriate, are 











fulfilled: 1) Xq (N- 1) > 0; 2) x4 (N) <0 and 
also if the condition that no switching occurs within 
ahalf-periodN;3) x,(n)> 0 when 0< n=N or, 
since the condition of closure implies x, (t) = — x3 (t: 





Fig. 1 


z,(N)>0, , 
2g (n)< O when 0OGn VN. 








L(t) Zw) Iflt) 


























Fig, 2 


A periodic pulse series acts on the linear part during self-oscillation, as shown in Fig. 3 (for N= 3), The 
Fourier series for the periodic series of cross-hatched pulses x, (t) takes the form 


= iam—1)— 7 
m= Dy. Cmie” NS, 


M=_—Co. 


where 
v4) k 


” —i(am—1) Y] 
vam—1 = ie (am— nl! “8 . 


where Kp is the pulsed element gain and y is the relative pulse length, 
The signal to the linear part is found as the sum of analogous pulse series displaced relative to the first 
along the time axis by k whole intervals of time Tf, where k = 1, 2,3,...,(N—1), Then 


- "ae ~ i(am—1) — — of 
a(t)= Dd) m(t—k)= Dd) Comrie N' x Se j(am—1) © 


and finally 


y(t) = > Come"? ye 


M=—co ' 
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— j(am—1) ~ y 
- 2k o_o N 
Com-1 





jm (2m —1) j r 
_— (2m—1) an 
4am @ N 


Xg (f) is found as the sum of the responses from the linear part to each harmonic in the expansion of 


X9 (t ) If W(jw)=K (we 5 Ow) is the frequency characteristic of the linear part, then 


Zz (t) = ps nail [(2m rw 1) x| d {(am—1) = 7+0[ am —1) wl) 


bf 
Here y = wTp = x is the relative oscillation frequency, Elementary operations transform this to the 


following form: 
‘t 4h Sa ® I a ey bid 
x5 (t).= 2 >) MK | (2m —1) 5 | sin {(2m—1) 5 €+ 946 [(2m—1)5]}, 
m=] 
where 


Tv 
iu = 4 sin (2m — 1) sy ¥ 





=— = 1 Y= (2m— 1) 55 (1 —). 
sin (2m — 1) sy 


The linear part frequently acts as a low-frequency filter, i.e., it practically rejects harmonic componeuts 


with relative frequencies equal to or greater than Xo = We can thus restrict ourselves to a finite number 


aie 
No ° 
of terms in the expression for x3 (t), But even then major computational difficulties are encountered in applying 
Xg (t) directly. 























Fig. 3 


Periodic solutions can easily be found by considering only the first harmonic in xg(T), Hence a method 
of solution in a first approximation is given below (i.e., one for the main harmonic) and the way to allow for 
the effects of higher harmonics on the self-oscillation parameters is then indicated, 


Let us consider the first harmonic of the output from the linear part: 


nT 


z(t) = —P—_ x) sin {yt + ay (1 —1) + 0(F)}- 


— 
4k Sin on Y 
2N K( 
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x) is always greater than zero when N > 1, By subjecting 


X3(T)y to the conditions in (1) at tT - N—1 and T= N, we get 





—2(k + 1)e<0(5) <—a [(2e +1) — HY], 
—s [2k +1) + nt] < (5) <—2nk (k=0,1,2,...,00). (2) 


Thus if a point on the frequency characteristic of the linear part at some value x = xX, = = has a 
1 


phase “(x ) , which satisfies the above inequalities the system will have a periodic solution of relative half- 
1 


period N= N,. Geometrically,(2) define a sector of the complex plane bounded by straight lines passing 
through the origin for each value of x. 


The position of each sector on the complex 


2N 
j formed by the bisectrix of the sector and the positive 
direction of the real semiaxis, while the sector 
angle 6 is numerically equal to the relative fre- 
quency s/N for which it is drawn (Fig. 4), The 
amplitude of the first harmonic is found by multi- 
plying the frequency characteristic modulus 
K(a/N) by kp? where 


plane is specified by the angle % 9 = —1T ( - 1) 


a= “(sin swt /sin in): 


a_ has been calculated for various N and y 
and is given in Table 1, which latter shows that 
when N > 6 we may, to a sufficient accuracy, 


. = 
Fig. 4 assume a= = 








If more than one point on W (j = ) falls 
within the corresponding sectors, more than one periodic solution can exist for the system, 


X3(N— 1); and xg(N); can be found for any value of N from the frequency characteristic of the linear 
part, In fact when kp = 1 


r3(N —1); = — aK (5) sin {— $7 +0(5)} 
amd 


%3(N); = — aK (Fr) sin iv t+ 0(F). 
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and the projection on the imaginary axis of the radius vector for W (j = ) (for some N), turned through the 


n 1 
angle by, - Wy te in a negative sense and multiplied by a, is —xs (N- 1), (section OA* in Fig, 5), 














TABLE 1 
in-*.7 
h sin 2N 
iInmsms— vm = 

staged eer 
ONG ea 
0.05 0. 483|—0.292]0.34310.341|0. 216/0.0134/0.099/0 .0706/0. 0665/0 .0653/0.0645|0.0635 
0.1 0.897|—0 .571|0. 686/0.660)0. 41910.267 10.198/0.139 }0.133 }0.131 |0.129 |0.127 
0.2 1.27 |—1.03 |1.27 [1.27 |0.813/0.521 |0.392/0.281 10.264 |0.260 |0.258 |0.254 
0.3 0.897|—1.26 [1.66 [1.79 |1.168/0.749 10.576/0.418 10.396 10.391 10.386 |0. 381 
0.4 0 —1.21 [1.79 |2.209]/1.46 10.978 |0.747/0.555 10.528 |0.517 |0.513 |0.£08 
05 0.897|—0.897/1.66 |2.43 11.65 |1.14 10.897/0.688 [0.658 [0.646 |0.641 [0.631 
0.6 —1.27 |—0.391]1.27 |2.54 [1.78 |1.27 |4.027/0.815 10.785 |0.772 |0.768 |0.762 
0.7 —0.897| 0.203:0.686)2.43 |1.78 14.35 [1.13 10.937 10.909 |0.897 |0.895 |0.889 
0.8 0 0.749} O {2.24 14.74 14.37 |4.21 11.056 11.03 [4.02 [1.023 |1.016 
0.9 0.897) 4.130/0.686]1.79 11.52 11.35 14.25 14.16 [1.15 11.14 |1.14 |1.14 
1 1.27 1.27 }0 897/0.63 [4.27 [4.27 [1.27 |1.27 {4.27 [4.27 [4.27 [1.27 









































The projection of this same vector, ak(—) , when turned in the positive direction by an angle b, = 7 —L 
is —X (N); (section OB* in Fig, 5), 


By representing xg3(N~ 1); and xs (N),; as pro- 
jections on the imaginary axis we are able to derive a 
simple expression for the necessary condition for self- 
oscillation to occur, 


N Since the effector unit in a pulsed relay system 

6, is usually a mechanism without feedback, i.e., an inte- 
grating element, the self-oscillation amplitude increases 
with N, 





=--—-—-4 a’ 


Hence, a self-oscillation of half-period N,;, must 
comply with the following relations; 





Xg [Nj] > 0 


Fig, 5 and 
Xs [Nyy] < 0, 
where Nyy = Ny — 1, i.e., the stepwise curve xg [N] = f[N] intersects the N axis from below upwards at Ny. 


Then any deviation from the N axis causes the system to react in such a way that the self-oscillation returns to 


Nj. Figure 5 shows that the periodic solution with half-period Nx will be stable if the point on the frequency 
characteristic at which N = Nyy has a phase 


\e « a7 
6 (w) <— (2k +1)5 (1+ a5 
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By drawing xg(N- 1) amd xg(N); as graphs we may check up on the effect of higher harmonics on the 
self-oscillation frequency, Any component in the expressions 


z,(N—1)=— “<P 3) MK[(@m—1)*] x 
m=) 


x sin {— (2m —1) 5 +$* + 0f[(2m—1) = ]} 


and 


%(N) = — ~P y MK |(2m—1) | x 


m=!) 


X sin {(2m — 1) 5~>* + 0[(2m—1) 5] 


can be found if we know the values of 


M, b, = (2m—1) = **% anab, = (2m —1) = >" 





for the (2m — 1)-th harmonic, These can be found from the respective coefficients a, by and by in xg(N- 1); 
and xs(N) by simply reducing the N axis scale by a factor (2m—1) and M_ by doing the same with the a 


axis, Tables 2a and 2b give by and by for various N and y. Figures 6, a and 6, b show graphs of a, by 
and be e 
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Fig. 6, a 


Hence to check up on the influence of higher harmonics on the accuracy with which N is determined we 


N 
need to find xg (N— 1); and xg(N) for points on the frequency characteristic with N - y Psy as well as 
these same functions at N = Ny. By summing these values of x3(N— 1) and xg(N), we get values of xg (N~— 1) 
and xg(N) which allow for the requisite number of higher harmonics, 


In most practical cases there is no need to determine xg(N— 1); and xg(N) for m > 3, i,e., to consider 
harmonics above the fifth, Only in systems where the frequency characteristics of the linear part has a fairly 
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large modulus in the first and fourth quadrants can high self-oscillation harmonic corrections alter the value 


of N found in the first approximation, 
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The highest self-oscillation frequency possible in a pulsed relay system is one-half the pulse repetition 
frequency, Since the self-oscillation period T - 2NTp, we have to determine the minimum possible control 
interval T,, at which N = Ny. We may see from the expression for %» that, as y changes from zero to unity, 


ul 
each sector rotates through an angle oN in the positive sense, and so increasing y can only reduce the self- 


oscillation frequency, Since x = wT» we can, by appropriate choice of T,, at any point on the frequency 
characteristic, obtain the desired value for yx (or N), We shall show how to choose Tp such that the system 


self-oscillates at N = Ny, and with the minimum period T = 2N Tp. Then the point at which x, = = must 


1 


be found in the appropriate sector in the complex plane with sector angle 6 = — - At the selected value 
1 


Y = ¥, we determine the sector position, i.e., 9. Within the sector lies an arc of the frequency characteristic 


with frequencies from wy, to Wk, (Fig. 4), The required value of Tp is found from Tp = Xi , where 


Wj 


Wke > Wi> Wy. If the self-oscillation period at a given N is to be minimal, wj must be chosen as close as 


possible to wy, i.e., the control period is determined from Tp = 


— ae 
N;Wx2 


2. Drawing Out Transients and Self-Oscillation Forms 





The special feature of pulsed relay control systems is that the linear part is always fed witl trains of 
rectangular pulses identical in amplitude and duration, the pulses succeeding one another at closely defined 
































Fig. 7 


time intervals; this enables one to draw out 
processes occurring in such systems by simple 
graphical methods, At each instant when the 
contacts Close the linear part responds in the 
same way if the error signal at the pulsed unit 
input falls outside the insensitive zone, The 
polarity is determined by the error signal 
polarity, Hence if the way the linear part 
responds to a rectangular pulse of given height 
and duration is known any process in the system 
can be drawn out by summing the responses 
according to sign, 


The response to a rectangular pulse is 
simply determined by the time characteristic 
of the linear part, which can be derived in any 
of the usual ways, When the linear part is 
complex this determination is best done ex- 
perimentally if the system actually exists, or 
by the tapezoidal characteristic method if the 
frequency characteristic of the linear part is 
known, The proposed method of drawing out 
the transient processes and self-oscillation 
wave shapes for pulsed relay systems is illustrated 
in Fig, 7. 


Figure 7, a shows the pulse characteristic 


of the linear part in some system (dashed curve), this being approximated by trapezia for simplicity and clarity, 
Figure 7,b shows how the closed-loop response to a stepwise change of external action can be found for an 
arbitrarily chosen Tp- This construction involves the assumption that xg (t) (linear part output) at the instant 

of contact is equal to the external signal f(t), It is further supposed that minute fluctuations at the input or 

in the pulse unit amplifier cause this latter to emit a control pulse of a given sign at this instant, and hence the 
stable periodic motion about the set equilibrium position is initiated, 
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An external stepwise signal arising at some instant is only perceived at the next instant of contact, The 
sign of the error signal at the pulse unit input is determined by the relative positions of x(t) and f(t) (Fig. 7,b), 
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Fig. 8 


If there is an insensitive zone it can alter the character of an oscillation setup in the system, and can 
even prevent oscillation, If the system is initially at rest a definite impetus is required to disturb it, The self- 
oscillations which then occur after the transient has died away will depend on the relative magnitudes of the 
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insensitive zone and step stimulus, Figure 8 shows that a system of this type which has the same values of T 
and y will show quite a different self-oscillation picture, We show here a case where the oscillation period is 
an odd multiple of the pulse repetition period and thus cannot be specified by N since this is an even number, 
equal to the half-period of self-oscillation, 


This way of drawing out processes in relay pulse systems can be used to determine self-oscillation para- 
meters when the oscillations become established after relatively few pulse repetition periods, 














This method has also been applied to study the dynamics of an experimental three-channel relay control 
system, Each channel has an independent pulsed relay system, the linear part containing the constant-speed 
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chain of RC links; the number of n_ links Ce 0% O32 052) OMS 17 757 i 
may be changed from one to five as de- 
sired, Figures 9,a andb show K (w) 

and 9 (w) for each channel, Figure 10 
shows oscillograms for the first channel, 
and Fig, 11 shows K(x) and 96 (x) for 
the linear part when Tp = 1,17 sec and n = 3, Figure 12 shows W (j x) for the linear part and the sectors in the 

complex plane for N = 1, 2, 3,4, and 5. The values of N corresponding to the frequencies are given in brackets, 















































Fig, 11 




















The relative disposition of W (jx) and the sectors shows that two periodic modes can exist with half-periods 
N= 3 and N - 4, Checks on the stability showed that the periodic mode with N - 3 is the only one that can 
exist, as. the oscillograms confirm, 
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Fig, 13 


Figure 13 illustrates the process occurring in the system on a stepwise change of input, The crosses on 
Fig. 10 show the calculated points for the process, The differences between the experimental and calculated 
amplitudes was due to the system having a narrow insensitive zone of magnitude changing randomly from zero 
up to a Certain value; this could not be allowed for in the construction, 


SUMMARY 


1. A way of deriving the first harmonic of periodic modes is considered in relation to pulsed relay 
systems with any pulse repetition frequency and any mark-space ratio which only requires a knowledge of the 
frequency characteristics for the linear part of the system. 


2, It is shown that simple constructions can be used to check the effect of higher harmonics on the self- 
Oscillation period determined in a first approximation, 


3. A simple graphic method of deriving transients and self-oscillation wave shapes in pulsed relay 
systems is given; this can also be used to determine the self-oscillation parameters, This latter feature is 
particularly important in systems where the pulse element has an insensitive zone, since other methods of 
studying periodic modes becomes very laborious and inefficient. 
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GENERALIZATION OF THE DYNAMIC EQUATIONS FOR A COMPLEX POWER 
SYSTEM AND A STABILITY ANALYSIS BY ELECTRONIC COMPUTER 


L. V. Tsukernik 


(Kiev) 


The equations for a perturbed complex power system are generalized in matrix form 
(the automatic excitation control applied to parallel-operated synchronous machines being 
also allowed for) with a view to applying them to the analysis of the stability of units, 
Algorithms are derived which facilitate programming the computation of the coefficients 
in the characteristic equation, 


The logical scheme of the program for computing the boundaries of the stability 
region in the parameter plane electronically is given for the parameters appearing in the 
coefficients of the characteristic equation, The program may with advantage be used with 
any dynamic system for which the perturbation equation can be derived, 


Current computing and mathematical analog techniques enable one to study the stabilities (vide Lyapunov) 
of dynamic systems with many degrees of freedom, such as complex power systems, 


By power system we imply some system of synchronous machines (station equivalents) operated in parallel 
and connected by a grid of arbitrary form in which automatic excitation control (AEC) is applied for certain 
parameters and their derivatives (automatic speed control applied to the prime movers can also be allowed for), 


Linearized differential equations for the perturbed motion must be set up if the stability is to be analyzed, 
Such equations have until recently only been derived for the simplest cases, e. g., one machine operated in 
parallel with a system of infinite capacity [1-5] or several machines without AEC [2, 5]. 


The generalized equations for the oscillations of synchronous machines derived by Kron [5] in tensor form 
only apply to unregulated machines, Kron only remarks that AEC can be allowed for in an analogous fashion, 
and does not derive the equations, AEC is also not considered in certain papers (7, 8] concerned with the choice 
of coordinate systems for setting up the equations for synchronous machines operated in parallel, The transfer 
from tensor symbolism to the real physical parameters required for practical calculations is carried out in these 
latter papers, This shows that even when the most convenient coordinate system is selected it is in practice 
impossible to obtain suitable equations for the perturbed motion of the whole system when there are two or more 
machines with AEG, 


In 1954-1955 calculations were performed in the USSR on the stabilities of systems containing two and 
three stations in which automatic control was applied to two stations [9-12]. The hypotheses first form»lated 
by Lebedev [3] were here assumed: these suppose that transients related to the stator circuit leakage inductances 
are neglected in the primary differential equations, and that the electromagnetic momentum of a parallel- 
Operated synchronous unit may simultaneously be represented as functions of the relative rotor angle and the 
corresponding synchronous emf, transient emf and machine voltage. 


P = { (8,Ea) =f (@, Ea) = 1 (8, V). 










Lebedev linearized the small deviations in the electromagnetic momentum and described them by the 
equations 


pa 2 oP OP yy _ OP @P 1, 1 
AP & Ab + Ff, SE a= a a a tal (1) 
(E,= ol (E, = const) (Vv = const) 


The partial derivatives in (1) are constants (for a given grid and operating mode) and can be computed 
when the appropriate primary data are provided, Thus, it will not be necessary to write out all the partial 
derivatives in full in deriving the perturbation equations for the system, which simplifies matters considerably. 


When transferring our attention to a large power system in which several stations are regulated by the 
combined regulation method now commonly used with synchronous units it is convenient to generalize (1) by 
treating it as a system of equations for the link reactions in the system, in accordance with the concepts of 
theoretical mechanics, These equations relate the number of degrees of freedom to the number of independent 
coordinates, and can be expressed with the aid of various partial derivatives, An expedient choice of system 
link reaction equations is very important if the equations derived from them are to be simple and excessive 
labor in calculating the partial derivatives is to be avoided, The equations for a system consisting of n 
phaneropolar synchronous units of which m = n are subject to AEC, are quite convenient for this purpose [12]: 


AN, = 3 aMe AB + 5 wt AE (N = P; Ei; V3 1; 1,) 
ot d d 


(2) 
S=—2 —t 


(k= 1, 2,...,M when N = Pand k= 1, 2,...,m for other values of N), 


All the relative angles 54s = 5; — 5s are reckoned from the axis of the rotor poles in machine LF this 
does not limit the generality of the analysis. 


Instead of the equation in (2) for N = Ej’ we can, by starting from the relation P;, = f (54s, Ej *a), 
(j# k), use the following equation: 


AP, = 5a Abe + 3 ee AEq+ sg ME (i # ). (3) 


~— j=l 


The final results are the same in both cases, 


The primary equations for each synchronous unit in a large power system (using combined AEC) have 
been given (11), together with the preferred method of combining them with the link equations to give two 
_ generalized equations (sets of equations), 


1, Equations derived from d*Alembert's general dynamic equations which describe the motion of the 
individual rotors, which are transformed together with the link reaction equations for the electromagnetic 
momentum of the machine, These equations may be termed the equations for the electromechanical momenta, 











(Map? + Dap) Boe + 3) 55 Abn + 3) spe AE =0 (k= 1,2,...,M). (4) 


s=2 i~1 


2. Equations derived from the differential equations describing the electrical (mainly electromagnetic) 
transient processes in each synchronous unit, including therein the exciter and regulator, and also describing the 
control and feedback laws in the exciter circuits, These equations are also transformed together with the rest of 
the link reaction equations, This gives a set of equations which may be termed the electromagnetic process 
equations; 











52 











PygPoadde + SEP + Tip) dbre + > (Qf + Tip) AK a: — AE gy = 0 
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The symbols 46, and AEQj used in (4) and (5) (which are expressed in relative units in operator form) 
denote the deviations in the rotor angle and the emf in the cross-field synchronizer resistance (these being the 
mechanical and electromagnetic coordinates respectively); the A6;,= 465,—- 46, are the deviations in 
the relative angles; M, and Dy are the inertial constant and damping factor respectively, which also allow 


for the speed-torque characteristic of the prime mover; P;, is the power (taken as numerically equal to the 
. 


. 
torque); F,, and Fs, are the transfer operators for exciter and excitation regulator as functions of A 5, and 


* 
its derivatives; “hn ) and of ) are operator expressions mainly dependent on the transfer functions of the 


7 * 
exciter regulator for deviations in stator current (Fy,) and voltage (Fy) and their respective derivatives: 





su) al, av, al 6 

Itis =F ( Pre 08,5 +- Fyn aa" )e (gk — Tan) He > é' 
= = 4 —_—_ Lok —— a 

fy) bk Ik dE gi + Vk dE; } + ( qk Tak) OKO 


(the latter terms in (6) and (7) represent the effect of the phaneropolar rotors); 1) and ie are coefficients 


dependent on the rotor time-constants T 9, and on the effect of the stator circuit on the electromagnetic pro- 
cesses in the rotor: 





; OT ax 
T'.) = Tox (gx — Xan) =— a,’ (8) 
(k) . ’ Ola 
Tk = Ton (ter — tan) oR —1)=—Ta, (9) 
| (p= i,2 n 
(k) ON ak } i 
Ty" = Tox (Zr — Lar) 55 — GE; ( jak ): (10) 
, (k) (k) 
The terms in (5) which contain Ty,“ and Tj allow for the mutual components in the transient 

electromagnetic process, while those with t’ . ‘4 Tok deal with the inherent components of the transient 


process in a given machine, 





OlaK O lak 
a are small (the mutual impedances in the equivalent circuit 
0 dis 9 Ej 
(k) d 7k) 


of the system being high) the last terms in (6) and (7), together with T,,° an j» May be taken as being 
zero, which materially simplifies the calculations, 


(6) = (9) show that if 


There is no difficulty in allowing for the various steady-state load characteristics (variation of conductance 
with voltage and frequency) in setting up the equations from which the stability of the power system is to be 
analyzed, Then when setting up the equations for the perturbed motion and deriving stability criteria we can 
allow for the load characteristics by replacing the loads at grid points by fictitious stations (2, 5], But the pro- 
blem becomes very complicated even if only the steady-state characteristics are introduced and the motor load 
dynamics are neglected, The desirability of introducing such complexities in practice requires special con- 
sideration, 














Matrix theory can be advantageously applied to the subsequent analysis of the power system, particularly 
as we have in mind programming an electronic computer, 


(4) and (5) take the following matrix forms: 


M36 + M,e = 4), 
(11) 


E33 + E,e = 0. 
(12) 


6 and € in (11) and (12) are the matrix columns for the mechanical and electromagnetic coordinates re- 
spectively: 


AG, AE, 
Ad AE 

eed Fe e=| I, (13) 
Aba AEom 


Ms .M, ,E; 


,E¢ are matrices derived from (4) and (5) (bearing in mind that 545 = 5, — 5s): 


M,p? + Dyp 0)  * « 0 
M; = 0 Mo.p?+ Dap... 0 _ 
0 0 ~« « Map? + Dap | 
yy OP, OPa OP 





a) 08,, Bi. 8, 
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Ms; and Es are square matrices of (n x n) and (m x m) types respectively; the first index denotes the 
number of lines and the second the number of columns, Me and E¢ are rectangular matrices of types 
(n X m)and (m X n), 


When automatic regulators ate absent and electromagnetic transients in the machines are neglected, and 
supposing that AEpj = SEqi = 0, we get: 


M;3 = 0, (18) 


i.e., the system as regards its electromagnetic coordinates is described by the well-known equations derived on 
the assumption of constant exciter current in all machines (5). 


By analogy 46, = 0 (which corresponds to the assumption of infinitely great moments of inertia for all 
machines) the mechanical coordinate system is described by the equations 


(19) 
E,e = 0. 


Solving (12) for € and substituting this latter in (11) we get 


(Ms — M,E, ‘Es) 8 = 0. (20) 


In the general case where the electromagnetic transients are not present at all stations (n > m) it is not 
possible to eliminate all the 6 coordinates from (11) and (12) in an analogous fashion, 


The characteristic equation of the system is obtained by expanding the determinant of order n: 
|Ms— M,E,'Es| = 0. (21) 


The inverse matrix E¢! is 












(22) 


where E¢ is the so-called mutual matrix, in which the elements are the algebraic complements of the trans- 
posed matrix Ee. 


Since, according to (17), derivatives of the transfer functions of exciter and regulator appear in the 
elements of E¢ laborious calculations are required to transform it. 


To avoid a difficult transformation of Ee we use compound (adjoint) matrices, (11) and (12) can be 
combined in the form 


Ly = 0, (23) 


where L is a compound square matrix of type (m + mn) X (m +n), and y is a compound matrix-column in 
generalized coordinates: 








M; M, 8 
' (n X n)|(m X_m) (n x 1) 
a, Es E, ’ _ & ’ (24) 
| (m X n)| (mx m) (n X 1) | 





Separate out of the first lines of Ms and Me as the submatrixes M, of type (m x n) and Mg of type 
(m Xm). ThenL and y can be thrown into the following form: 





M, M, Nh 
mXr 1 
el ( pee — (m x1) . (25) 
E, E, T2 
(n X n) | (m Xn) (n X 1) 
The characteristic equation of the system is found from the determinant 
| E, — E,M;*M,| = 0. (26) 


(26) is a very convenient algorithm for programming a computer to calculate the coefficients in the 
characteristic equation, since the elements of Mz, are numbers, 


In the particular case where the determinant of Mg, is zero and it cannot be transformed, L can be divided 
into other submatrices; 











(m Xm) |(m X n) (m X 1) 
L= . i. wwe © 
Ea Ey Ta (27) 
(n x m)|(n X n) (n x 1) 


The characteristic equation then takes a structure analogous to that of (26): 


| Ey — EgMz?M, | = 0. 
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It is usual to study the stability against relative displacement of stations in a power system, When there 
are two or more stations the number of such degrees of freedom is n-1; hence the order of the characteristic 
determinant (26) can be reduced by one by passing from n coordinates for the absolute angles 4 6, to (n = 1) 
independent coordinates for the relative angles [11]. 


This transformation can sometimes be conveniently performed on a hand machine, the reduced deter- 
minant order then greatly facilitating expansion, For programming computers it is more important to retain 
the comparatively simple structure of (26), When computations are performed with this algorithm the free 
term in the characteristic equation must be zero, thus reducing the order of the equation by one; this also 
serves to check the correctness of the calculation, 


The Appendix gives an example of setting-up the characteristic determinant (26) for a system of four 
equivalent units (stations) with AEC applied to two, This hypothetical scheme enables one to analyze a number 
of questions related to the choice of AEC design parameters for generators and synchronous long-range transmission 
compensators in a unified power system. 


Naturally the determination of the coefficients in the characteristic equation is only a preparatory step, 
But the importance and difficulty of this stage make it very desirable to use a computer, One difficulty in 
programming such a problem lies in the fact that polynomials in p enter into the expanded determinant [e.g., 
from (26)) as well as pure numbers, while the coefficients in the polynomial may contain both numbers and 
parameter symbols (€,g., two parameters defining a plane within which it is sought to define the region of 
stability), 


The stability is analyzed by computing certain criteria (e.g., those of Rothe-Hurewitz or Mikhailov-Nyquist) 
and by delineating the stability region in the parameter plane (e.g., Neimark‘'s D-analysis, or other methods), 
The Institutes of Electrical Engineering and Mathematics of the Academy of Sciences of the Ukrainian SSR have 
used computers very efficiently for this purpose, As would have been expected the most convenient method is 
to compute Rothe*s criterion because the system is recurrent and defines the boundary of the stability region 
directly, 


The basic principles used in programming this problem which are applicable to any dynamic system may 
be given in the following form: 


a) the data supplied to the machine are the coefficients of the characteristic equation, represented as 
functions of two parameters (e.g., the excitation control coefficients for the generators), 


b) the parameters are successively given small increments during the calculation, Rothe's criterion is 
computed continuously for each pair of values, 


c) the machine automatically follows the changes in sign of the criterion, The results are presented as 
parameter pairs for the ends of the range over which the sign changes, These values are the limiting coordinates 
between which the stability boundary lies, The arrangement of stable and unstable regions relative to the 
boundary are found directly by calculating the criterion at any point, 


The computation of points bounding the stability region in the two-parameter plane (k* and k") is shown 
schematically in the figure (p. 58 ). 


First of all the extreme values of k* and k* are computed — these define a rectangle within which the 
boundary of the stability region lies, General arguments bearing on the signs and magnitudes of k", k*, and 
k",, k", are available — if not they are assumed arbitrarily. 


Possible restrictions on k* and k* arising from the condition that all the coefficients in the characteristic 
equation must be positive are simultaneously incorporated, 


The pitch of the intervals on the k* and k* axes is then selected. 


An arbitrary starting-point can be used (e.g., A)— the machine calculates the criterion and remembers 
the result without giving any external reading (e.g., without printing), A step is then taken along the k* axis, 
The calculation is again performed, and the result compared with the previous one, If the sign is unchanged a 
fresh calculation is performed, etc, 














If the sign changes, i.e., if the boundary of the stability region is intersected, the machine prints the 
coordinates of the point (the values of k* and k"). 
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The machine then begins to follow the boundary automatically, It takes a step along the axis perpendicular 
to the first and computes the criterion again, working in the reverse direction without printing until the sign 
changes, The coordinates are printed when the interval within which the boundary lies is located, The calcu- 
lation then proceeds as before, If one of the limits to k* is reached without a change of sign the machine begins 
to work along the same direction again having taken one step along AD (see figure), If the boundary is not lo 
located the pitch can be reduced in case the stability region lies inside a rectangle with sides equal to the 
initial pitches, 


By assembling pairs of readings for planes containing the stability region boundary, and successively 
altering the other parameters, an assembly of planes lying in the stability region can be collected from which 
the problem can be very completely analyzed, 


Power systems represented by three equivalent stations in which the characteristic equations cover ten 
orders of magnitude have been examined at the Institute and sample calculations performed to derive stability 
statistics, AEC applied to one or two of the distant generators or to an intermediate synchronous compensator 
has been considered, The main regulation was assumed to be against current and voltage deviations, with 
additional control either on the first and second current derivatives or on the slip and acceleration, A series of 
stability regions in the planes of either regulation by current and angle derivatives (slip and acceleration) or 
regulation against deviations in current and voltage were obtained, The initial modes (Py = 0, 0.5, 1.0, 1.1) 
and system circuit were also varied (presence and absence of longitudinal compensation on long-distance lines, 
etc.). 


The results were in fairly good agreement with analog studies made on three systems for which experi- 
mental data were available, 


All calculations were carried out using the above equations for the perturbed motion of a power system. 
The principal participants in the calculations were: from the Institute of Electrical Technology — N, A, Kachanova 
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and L, N, Dashevsky; from the Institute of Mathematics — E, L, Yushchenko and V, S, Korolyuk; the latter 
programmed the computer, 


APPENDIX 


Derivation of the Characteristic Equation for a Power System Consisting of 





Four Stations, in Two of Which AEC is Used 





AEC is supposed applied in stations 3 and 4, the angles being taken as relative to station 1, The re- 
gulated station parameters will be indicated by the indices | = 3,4, and i = 3, 4, of the previously used 
indices 1, 2,...,m. 


For generality we assume that AEC is applied for current and voltage deviations, for the first and second 
derivatives of these deviations, and for rotor slip and acceleration relative to an axis rotating with the initial 
synchronous speed, In the general case the parameters controlled may be different in each circuit, If the re- 
gulators are identical the expressions are much simplified, 


. 
Thus, the transfer functions F = W (p) for the AEC may be put in the following form: 








° _ Pt ke thy * _ bp + bp, —— ser cpt + ep (i = 3,4 (A,1) 
u 1+T,p " V! 1+Typ * 8 14+T yp — 


The exciter transfer functions, represented as first-order inertial links in the equivalent circuit, are 


1 


® 
Fy = 


(A,1) and (A.2) afe substituted into (6) and (7), supposing that k = 2 , and then the expressions obtained 
oe @ 
for r@ ) and Qf) (i = 3,4; s=2,3,4; i= 3,4) are substituted into (16) and (17) for Bz and E~ (supposing 
also that n = 4), 
All elements of these matrices can be referred to a general denominator, denoted in future by (A.6), The 
denominator can then be contracted, since Es and E¢ are the matrix coefficients of (12). 


Then the compound matrix L can, from (24), be written in the form of a table (A.3) in which Ms 
and Me enter directly from (14) and (15), remembering that the partial derivatives with respect toemf may 
be taken only with respect to Egg and Eq,. 


(A.3) gives the submatrices M,,M;,E, and E, separated in accordance with (25). 


For convenience we also give (AA) - (A.8) for the symbols, which, taken together with (8) - (9) can be 
used to contract the elements of (A.3). 


The formulas for the partial derivatives have been given [12], 


The determinant of My is denoted by the scalar a, as its elements are only numbers, 


The mutual matrix M, is 





oP, _ OP, 
OF os OEQ, 

M, = ___OP, aP, 
“OF oy GE Qs (A.9) 








we 





Then the matrix characteristic Equation (26), after contraction with a , takes the form: 
a M, — M,M2M; | = 0. (A.10) 


(A,10) is a convenient algorithm for computing the coefficients in the characteristic equation after re- 
placing the appropriate parts of the algebraic expressions in (A,3) by numbers, 


SUMMARY 


The stabilities of complex regulated dynamic systems can be efficiently analyzed by using a computer 
to construct a series of boundaries to the stability region in the various parameter planes, 


The generalized perturbed motion equations are of great value in a form which enables one to obtain an 
algorithm convenient for programming the calculation of coefficients in the characteristic equation, 


Such an algorithm may be obtained for a complex power system containing synchronous units with 
automatic excitation control operated in parallel by generalizing the equations of motion in matrix form, 
This generalization facilitates the analysis much more than does the use of the known equations for the separate 
elements and links in the system, There is no need to use tensor analysis for generalizing the equations of 
motion of a perturbed power system, | 
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TRANSIENTS IN CONTACTOR SYSTEMS 


Ya. Il. Mekler 
(Moscow) 
Circuit disturbances due to adding zero and multiplying by one are considered, and 
a method of avoiding these disturbances and producing safe circuits is given, This method 
enables one to transform circuits requiring make-before-break (or break-before-make) 


contacts into normal ones free from such requirements, 


1. Aspects of Adding Zero and Multiplying by One 





Certain transformations are required in order to transform electrical circuits with the object of simplifying 
analytic expressions for their operations, Adding zero and multiplying by one are among such transformations; 
these operations sliould not change the analytic expressions for the circuit, and hence should not alter their 
operation, 


It has frequently been observed in practice that such operations do in fact alter the relations between 
circuits, and disturb their operation, 


Contactor circuit theory shows [1] that the product of mutually exclusive contacts, e, g., xx , is zero, 
the sum x + x being unity,* But this relation is only correct if no transient operations occur in the circuit 
(1, 2). 


Transient operations can sometimes be neglected, e, g.: 


1) if the intermediate or output relays in multistage circuits are unaffected by short-period circuit in- 
terruptions or brief energization when the preceeding relay in the chain changes its state of operation; 


2) when single-stage systems are used, 


Transient regimes must be considered in relation to the convenience of current multistage circuits, The 
above relations will only always be correct when the following conditions are observed: 


1) xx = 0 if the opening and closing contacts do not overlap; 
2) x +x = 1 if the opening and closing contacts overlap, i.e., are bridging contacts, 


Hence the transpositions introduced by inserting zero or one into the analytic expressions give rise to 
additional conditions to be satisfied by the contacts during transient operations, 


Both bridging and normal contacts are available in telephone relays, The above conditions can also be 
disturbed if the contacts are maladjusted, It is essentially impossible to produce bridging contacts in the so- 
called “precision® relays, ** 





This is also true for entire expressions relating to the operation of a contact group, 


** — Use of bridge contacts, e.g., with RE or EP relays, changes the normal pressure and is not re- 


commended, 











The object of the present communication is to indicate when circuit changes involving zero and one 
disturb the operation and demand special contact designs, and also to give a method of designing circuits which 
avoid these disturbances, no matter whether normal or bridging contacts are used, 





2. Sequential Operation of Make and Break Contacts. xx = 0 





The conditions for an element X to operate may be written in general form as: 


f=LF, 4+ 228F,= Fy + Fit --- + Fig t cP aha +s Poy (1) 


where F, is the state of the circuit elements preceding operation of X, F2 being the same, but preceding 
release of X, 


The indices 1, 2,...,nin F, (Fy. Fy. ai ein Fy) and in F, (2, Foy: eo Fy) indicate 1st, 2nd, 
«.., mth times of operation of X during the cycle, 


(1) presupposes that X operates n times, 





is where X operates once during the cycle, The ex- 
pression for its operations then becomes simpler, reducing 
to the expression 


& —-+4 


r The case most frequently encountered in practice 
z 


or, for instance: 





| {= (F, +2) Fy. (2") 





It is convenient to consider (2), in which X operates 
once, for simplicity. 


Fig, 1 The results will also be correct when X operates 
repeatedly, 


The circuits corresponding to (2) and (2°) are given in Fig, 1, 

We shall consider (2). 

The following symbolism will be used, 

a is the state of a circuit element which switches on the main element X, 
a’ is the state of a circuit element which switches off the main element X. 


y is the 1st state of the circuit elements which change position once during the period that X changes its . 


position: y= yy ye «.+ Yp where yy, y2,..., Yn are separate circuit elements of category Y, arranged in 
order of increasing index in the switch-in table, 


y’ is the 2nd state of these elements after X has changed its state: y*= Yy Ye .--- Yn- 


Xa, ..n are other circuit elements; X,, X,, X3,..., Xp are the separate elements in this category 
arranged in order of increasing index in the switch-in table, 


The sign ~ denotes that the circuit element (contact) can be of either make or break type. 


(1) can be put in the following form: 











Ye ~~ ~ 


fx = OY,» +» Yntyl_- ++ In + 2A'y’DyL_...In= 
~~ + or ~ s ~, 7 3 ~ (3 
= AY, «+ YnyLq--- Int zr(a’+y' +%y+%4+...+%n) = ) 


= AY; .. + Yn%Zq-- Int2(a+yn+a +2 +-.. +%,).* 


The corresponding circuit is given in Fig, 2, 
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(3) can be transformed to reduce the number of contacts, If a = a* then 
fix = GY; - ++ YnUq0q--- In + z+ yn +2 +2... +2n) = 
= ay, - - Ynd 42s « > + ay; we -Yn—1042o « .. Ln + ‘ay, oo Yn—1%%q- > - Int 
+ ay, ee - Yn—10y La « ° . ZnZe +... + ay; os » Yn—1%1 Ze « «+ InEn + 
+2 (a+ yn+%+%+...+2n) = (4) 


= (GY... Yn—10y Lge ++ En +2) (A+ Yn +X + 2+... +2n)- 


The corresponding circuit is given in Fig, 3, 


The following terms have been added for transformation purposes; 


~n~ ~ aw ~ ~~ ~~ 


GY; ..- Yn—1%Zq.- + Tn@, AYy.-. Yn—y22q. + In%, 


~ ~~ ~~ ~~ 


ay, ee “Yn—1%22 ee InZ2) “ees ay, ee Yn—1%%q ee ZTnTn; 


these being zero, 


os 


’ The author has shown that if the number of elements in category Y is greater than one, only yp) remains 
in the hold-on circuits, this element being the last in the cut-in table sequence, 
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The addjtion of such terms should not be reflected in the circuit operations, Analysis shows that for this 
to be so a and 4 must not overlap if the circuits of Figs, 2 and 3 are to be identical. 


~~ ~ 


This condition, which is not present in Fig, 2, enters because ays oo Yn-1X%1X%20~ Xn a = 0 was added 


to (4). 


If a and a afe bridge-type contacts or overlap because of faulty adjustment a false pulse may cause X 
to operate, 
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Thus, if zero terms are added to the analytic expression,an extra condition is applicable to the circuit 
operation; mutually exclusive contacts must not overlap, 


If we invert (3) and (4) they can be put in the form 


f= Harte. tyra +2 + oat... +29) (G+ Cyndy... Zn) +X, (5) 
f= (GAY. Ynar tt tet... + Fn) E+ OYnt, Zy--. In X. (6) 


The corresponding circuits are given in Figs, 4 and 5, 
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(6) shows that if X is not to be incorrectly operated, a and a must be of bridge type. 


Hence the condition xx = 0 in (4) becomes aa =0 = 1 in (6) after inversion, 


a 
~~ ~~ ~~ 


1 the light of the above it would seem that the terms ayy ..+ Yn-1%1X2-- + XnX1, AY oe 


oo Ym-1% 1X2 0 oo Xn X2, 0 0 oy AYE oo o Yn -4 1X2 ©» » Xp Xp introduced into (4) introduce additional conditions 
into the circuit, 
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But if x, and X, overlap while X,... Xp are cut off then ays ee Sac XyXgeee Kn X4 = 0. 
No extra condition for X, is then introduced into the circuit, The same holds for the other elements, 


Consider the operations table given in Fig. 6. The condition for Xs to operate is written as follows: 


fx, = AX, Ly Ly + LyAT, Ly Ly = AL, Ly Ly + %g (4+ 2%, + %e-+ %) = 
= 1 
= AL,L_%, + Tz (a+ 1+ %). si 


X4Xg = 0, since X, and Xz are not cut in simultaneously, 


The circuit corresponding to this expression is given in 
Fig. 7. This circuit can be drawn in another fashion and the 











if ! number of contacts reduced, Two zero terms aX ,X4a and 

? 2X4 XqXq are introduced into (4) for this purpose, 

4 ea 2 The expression takes the form 

2 2 

y ee 

"4 fx, = AX, L—lg + AX, TgA + A,X gq + 13 (A + vy + 14) == 

' — 
x, = (ax,%, + 25) (a + 2, + 2). (8) 
The circuit corresponding to this expression is given in 
Fig, 7 Fig, 8. The contacts are here reduced to seven, 


Both circuits can be given the inverse expression: 


EE OEE = 





press 3 7 eg = gore AE 9) 
f = OE, %_%q + Ly (a + q+ %) Xy = (a + 2 + Le + Xq) (Ly + AL_%) + Xz, ' 





ey = =o (10 
f = (42,%q + Ts) (A + Ly + 1) Xg = (a + 2 + 2) Lz + Aer, + Xs. 


These circuits are given in Fig. 9, 
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Consideration of Fig, 8 shows that if Xs is not to be incorrectly cut in at stage 16,a and a must not 
overlap. Figure 7 is free from this condition, which appears because the expression 4X,Xqa=0 was introduced 
into (8), If the additional term is zero a and a must not overlap, otherwise, aX;X4a # 0. 








Consideration of Fig. 9, b which is an inversion of the circuit of Fig, 8, shows that if Xs is not to be in- 
correctly cut in,a and 4a must be of bridge type. 


Thus, the condition aa = 0 in (8) becomes Ga -0 = 1 after inversion in (10). 


In the circuit of Fig. 9, a,contact a can be of any type, since (9) is inverted relative to (7), but the 
latter does not imply any restrictive conditions for a, 


Addition of aX4XqXq 0 does not introduce an additional condition since the overlap between xg and 
X4 Occurs when ‘a is open (stages 10 and 14), i.e., there is an extra reserve break in this circuit because of the 
cut-in state of a, 


Xs is of course cut-in in stages 10 and 14 and this element would not operate incorrectly if ‘a did not 
introduce an additional break, But the appearance of a cut-in pulse in the coil of the hold-on relay would 
indicate a nonrational circuit, 


The presence of an extra break in the form of an open-circuit contact a in stages 10 and 14 enables one 


to have any contacts on Xq4, ice., %X4 On switch-over may be either zero or one, since in both cases axy%q% = 0. 


Hence there will be no false cut-in pulse on Xg in stages 10 and 14. 


3. Parallel Operation of Make and Break Contacts x + x = 1 





The problem of the relative states of contacts on the same element during transition movements may 
arise in setting up the analytic expression for the operation by the method, known from contactor circuit theory, 
in which the states of the elements are determined stage by stage, Since the circuits differ only in the state 
of one element at some stages it is clear that the analytic expression, being the sum of certain constituent units, 
will require bridge contacts on all elements which change their states during operation, 


The demand for overlapping contacts indicates that x | x ~ 1 exists in latent form in the analytic ex- 
pression, If this is eliminated without upsetting the sequential operation then the demand for contact overlap 
on X will be eliminated, 


Expressions of the type x + X = 1 can be eliminated from the analytic expression by pairing the separate 
constituents; 


» = a - = - 
BKM = Les - In—yLn + MyXq- . » Tn—1En + M%Xq- - - In—-1Fn + 
+ 24%q..-In—yIn +... + My%e.- -In—-1En + %%q +» - Tn—1Fn + 


++ 2yLq. . « LymyTn + %Xq- - - Ln—1En- a 


If it is possible to separate xp + Xp and eliminate it by this pairing process, then 


(1) a a ‘a: i. on 
TAY a WF... Samy + Mybq.- Samy --- + hq. «Lyng + My%q- + » Sa: (12) 


This is the sum of unit constituents with terms from X, to Xp-,. 


But elimination of expressions such as x + X ~ 1 does not lead to the desired result, since the demand for 
bridge contacts remains, 


A method which enables one to avoid removing terms in constituents and frees the circuit from contact 
overlap requirements is given below, 


The terms in the expression should be arranged in the order given in column 5 of Table 1, The con- 
stituents in this column are arranged in one of the possible ways in which only one term in the series of con- 
stituents is different. 


If by 5K") (Xq, X2, Xs, « «+, Xp) We denote the sum of the unit constituents of the elements X,, Xz, 
Xs, ee Xn ‘ then 


YK (x4, 9, 2g, -.+)Ln) = 2,5 KM (aq, 25, .. -, Mn+ Z, BK™ (xy, wy, ..., En). (13) 
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If we add two constituent units K") (x ts Xa. Xg, ee 6. Xn) and KK, X9, Xg, «e+, Xp), Which 
appear in the sum above, to this expression the value of the latter does not change: 


- + Xn) + 2, K™ (xq, Ze, --- 






» Lp) = 2, EK” (Xq, Zg, ~~ +, Zn) + 


» Zn) + 


4+-2,K™ (x5, 2, .. + En). (14) (14) 


%1%_gX%y...Xn 1-st Constituent 


2nd constituent 


oe 8* 8 2 @8 ee 4 Be 489 4 2-4 2 Oe 8 Be © 2S 


Zy%_Zg..- tp,  )~ th constituent 


Ly 2%_y%g..-Xy, J-th constituent 





2 X_Xg..-Ln (j +1) th constituent 
Xy%_Zy..-%n (jf +1)-th constituent 











On uniting constituents with ordinal numbers i_and (j + 1) the need for the contacts to overlap on X, 
becomes apparent, If in addition we combine constituents with ordinal numbers j and (j— 1), j and (j +1) 
the need for the contacts to overlap on X, drops out, since on changing over the circuit will be closed by the 


other elements X2... Xp. 


The above arguments also apply to the other circuit elements, 


The sum of the unit constituents is given below, in which the (j — 1) th constituent, jth constituent, 
(j + 1)th constituent etc,, are added: 


(1) ee 
LK = L2Xo ee 


+ %42%_.. 
+ X42. 
+ 2%42%_.. 


—-— 


= LyX, ee 


- Ln—12n + %4Zq-- 
» In—1Tn + M%Zq-- 
« Tn —phn + %Zeq-- 


- In—12n + 2%2q.. 


+ WyZq... Ln—y + W%yZq.. - In + M%%q..- Xn; 


. Zain + Thy. +» LnmaEn + ZyXq- Samra + 
. Sn—aEn $-Syhq- « -Bam-iEn> «> + 

. LamsEn + %4%q... — * + %%q. + + Ln—yFn + 
. Sn~sFn = 


o Sumy  MypZeq s+ + Sut HZq- > - Banat. + 








The first and third terms show open and closed contacts on Xn -; respectively, It might appear that a bridge 


contact is required, But this is not necessary because when the contacts on Xp, change over the circuit will 
be closed by xp (second term), 











TABLE 1 
Decimal Old descriptipn Recommended 
number | Pimary constituent of the unit | binary constituent of the unit 
number expansion number expansion 
0 00. . .00 2y%q..-En—-1Fn 00... .00 ee at 
4 00... .04 ZjZ..-Tn—12y, 00...01 242s, Sn—1%n 
2 00...10 a a 00...14 Filg.. 12, iF _ 
3 00...14 ar a 00...10 a a 
m+i| 01....00 a 01...10 2iZq.. p42, 
m-+2 | O1....01 a a O1...44 a a 
m+3 | 01....40 a aT 01...04 2i%q.. Z__ iF, 
m+4/] 01....41 | ZiZq..- Ty_ ily 01...00 Oe ae 
m+5 | 11....00 a a 11...00 ee aa 
m+6] 41....04 212g... Zp_iFy 11...04 1%q... Fy _ 13, 
m+7 11....10 Wy%q.. Ty sly $3.0 088 112g... 2, _ sy, 
m+8 | 11....11 ©\2q.. Ly say ae 2 Zq... 2 - * 














Note, Some series expansion constituents in column 3 differ in the states of several 
terms, while all those in column 5 differ in one term only. 


Further transformations are analogous and are therefore omitted, 


The constituents for circuits composed of three elements X,, Xg, amd Xs only are given in Table 2, 
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Figure 10 gives the scheme corresponding to Table 2, in which constituents 2, 3, 4, 5, 6, and 7 enter 
twice: 
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EK == 2 ,Lq (Zy + 5) + 242, (_ + 22) + Tyly (Zs > Zs) + Leg (x, + %) + 
+ 1479 (Ly + Lg) + 2X (Xp +- Le) + X%Lq (3 + 75). 


It is readily seen that: 


The expression can be further simplified: 


1) when x, and xg are switched over (terms 1 and 3 in the expression) there is a risk of breaking the 
4X2 Circuit, but the second term X,4 xg preserves the continuity; 


2) when xg and Xg are switched over (terms 2 and 4 in the expression) there is a risk of breaking the 
X4Xg circuit but the third term x, x2 preserves the continuity; 


3) when x, and x, are switched over (terms 3 and 5 in the expression) there is a risk of breaking the 
; X4X2 Circuit but the fourth term xgXs preserves the continuity, etc, 


Circuits designed in accordance with the above expression do not require bridge contacts. 


OK = 2,2, + 2425 + I4L_ + eTy + 24%_ + 1423 + %42_ = Zz (x, + %) + 


+ 2 (Xq + 29) + 1 (Zq + Te) + Tq = Ty + 2, +7, + 2. (17) 


Circuits designed in accordance with the above expression do not require bridge contacts, 


If we add constituents 1 and 8 in accordance with the above argument (shown by dashes in Fig, 10) we 


DK" = 24%q + 123 + 24Lq + Ly%g + %42_ + 1423 + %42_ + LaLy = 
= £3 (, +2) + zy (x + £2) + ay (%_ + 2) + £y (Tp + 2) = 
= fy +2, +2, + 25. 


(18) 


it is then clear that in spite of the total number of constituents and the presence of mutually exclusive 


contacts the circuit does not require that the contacts should overlap, 


TABLE 2 





Decimal | Binary 


; Constituents of 





out of 
number number ” a 
0 000 24 2 2g 
1 001 xy Le Z3 
2 O14 X1 X_ Xs 
3 010 2 %q Zs 
4 110 ©, %q Xs 
5 111 ZY, Fq Xs 
6 101 ©, Xq Zs 
7 100 v1 Io Ls 





form 











It might appear that there is no practical signi- 
ficance in considering a circuit which is exactly equal to 
unity, But the above argument shows that the circuit re- 


on 
presented as LK() is not always unity, but is so 

1 
only when bridging contacts are present, By using the 
method presented here the circuit can be transformed to 
one which is always unity, no matter what contact de~ 
signs are used, 


A circuit of this type can be used to check the 
operation of another circuit, The checking circuit will 
then be equivalent to unity only when the checked one 
operates correctly, and will detect disturbances in the 
operation of the checked circuit, 


The above argument was derived from methodological 


considerations in a general form for all constituents, The 


results are evidently correct for any number of constituents, since the analytic expression can be given the 





2, DK (2, ty). + 5 Ln) + LOK (29, Lg, -- - Tn) + HK (aq, Lg, -- Tn) + 
+ 2,K™ (xg, 2, . ++ >In) 


The following correct transformation of multistage circuits can be derived from the above argument, 


1, The circuits of multistage units are represented by the separate unit constituents, 


2. The constituent units are arranged in the order given in column 5 of Table 1, The order is such that 
adjacent constituents differ from each other by their state of only one element, 


3. In the analytic expression of the scheme only those constituents repeat themselves which differ in the 
state of an element on which the contacts must overlap (considering energized or deenergized states), 


SPF ITZ ISLES E1718 ION 2\8 4 5 87) 88 011 
a +a 





1st cycle 


nN 
cycle cycle 


Fig. 11 


The overlap requirement is removed by appropriate transformation, 


Let us consider the switching table of Fig. 11. The condition for Xz to operate during hold-on stages 
can be derived by writing down the state of the element in stages 5-11: 


[X, = AL, Lgl pg + AL, LyLgLs + AL, LyX qLy + AT, Ly LyX, + 
+- A2,X_,X, + AX, LyX 4X. (19) 


This shows that for the design to operate normally a, xs, X4, and xs, must be bridging contacts, 


The presence of this requirement shows that the following conditions must apply: 
at+a=1, tatz=1, 4+%,= fandz, +2, = 1. 


If these conditions are eliminated from (11) normal contacts can be used, This can be done merely by 
pairing terms representing mutually exclusive contacts: 


fx,= AL, yLy (zz + 23) + OL, Lyl, (25 + 25) + AX Lay (x, +2) = (20) 
= AL, TL, + AL, Ly%, + AL, Tyl, = T, [Xq (aX, + aX) + axgs}. 
The hold-on circuits do not nee - bridge contacts for a, xg, X4, and Xs, from (20), and hence these can 


be normal, As the sum of a and a cannot be separated and a +a = 1 eliminated from the analytic ex- 
pression it would seem that they have to be bridge styie (stages 5, 7, and 9), 
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To remove this condition for a and 4 we must add the 2nd, 3rd, 4th, and 5th terms to (20): 


_—o 


1X, = AL, Lgl gly + AL, Ty Lgl, + ATLL qXq -+ AL XyLyLy + AT, LyX ql, + 


+ ax, yt qt, + AX Xg04T_ + AL,LyLyly ar ,tyF yl, + a2, yt Qr, = 
= AX, T 4s (15 +- 25) +- I4L3l4t, (a + a) + ar, Tet, (x, + 2,5) + 1,Vgl Ly (a+ a) +- 
+- 2,%5%, (x4 4+ 4) = 2,247; (a 4+- 73) + 142%4%, (a + Ls) + A277, = 
= 2, [x,(z,4 + 25) + AX32X,). 
(21), 


The hold-on circuits do not need bridge contacts for a, x3, X4, and xg, from (21), The number of 
contacts is reduced to eight, 
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The layout corresponding to (21) is given in Fig, 12, 


Suppose there is a layout such as is given 

















TABLE 3 
in Fig, 13 [1]. Its structural formula is of the 
7 form: 
Binary Con- — == a(b+c)+a(b+c). 
number | stituent wilted Ix Ix ited tila (22) 
+a(b+c) 
This expression refers back to the form: 
000 abc |0(i+1)+ 1(0+40)| 0 " 
001 abc |0(14+0)+1(0+4)} t ZK (xq, 23) + 12K (a, 25), 
O11 abc |0(040)+4(1+4)) 1 
010 abc |0(0+41)+4(1+40)} 1 which we have considered above, 
110 be |4(0+1)+0(1+0)} 1 
414 : b’ ° 1 aa Hie be 0 The unit constituents of the analytic ex- 
101 abc |i(1+0)+0(0441)) 1 pression are determined by evaluating the co- 
100 abc |i (it1)-+0(0+0)} 1 efficients of the circuit, Table 3 gives the results, 
On splitting the expression up into its unit 
constituents it takes the form: 
}x == abe + abe + abc + abc + abe + abc. (23) 


To remove this condition for a and a to overlap we must, in accordance with the above argument, 
add abe, abc, abc, and abc: 


fx = qbe + abc + abc + abc + abc + abc + abc + abc + abc + abc = 
= a (be + be + be) + be (a + a) + a (be + be + be) +- be (a + a) = 
= a(ce+b) + be+a(c +b) +be. 





It is readily seen that this requires no contact overlap. The contacts can be of any type. The number of 
springs is 15, 


The above scheme can be simplified: 


fx = a(c +b) + be + a(c +b) + be = ac + ab + be + ac + ab + be + 
+aa+ bb+ cc =a(at+b+c)+b(a+b+c)+c(a+b+c)= 


=(a+b+c)(a+b+c). (25) 


The layout corresponding to this is given in Fig, 14, The number of springs is reduced to nine, 


SUMMARY 


1. If xx =0 is added to the analytic expression representing any circuit, or the expression is multiplied 
by x +x = 1, a new expression is obtained which implies the conditions inherent in the added expressions, 
In the first case these conditions denote that on changing the state of relay X its make and break contacts 
must not overlap, while in the second they mean that they must overlap, i.e., must be bridge-type, But these 
requirements can sometimes be obviated by selecting a definite sequence of element switching. 


2. If any circuit requires overlap (bridge contacts) this implies that the corresponding analytic ex- 
pression contains x + x = 1 in concealed form, If the circuit inherently demands nonoverlapping contacts, 
then xx = 0 must be présent in the corresponding analytic expression in concealed form. 


3. If any circuit requires overlap (bridge contacts) or nonoverlapping contacts on a given relay, then 
to eliminate this requirement so the circuit can be built with any contacts, we have to obtain, by multiplying 
or compounding the corresponding analytic expression as regards its separate constituents; a) xx =0 as a 
factor multiplying the constituents and b) x+ x = 1 asa factor on collecting constituents, and eliminate 
these from the expression and from the circuit, 


4, If the circuit requires overlapping contacts on certain elements X,, X, etc,, this implies that in 
concealed form we have in the analytic expression 


a+2,=1, Le t+%,=1,..., In + In = 1. 


Hence to separate these term-pairs as factors and eliminate them we should add the constituents already 
present in them which differ as regards the state of the element on which contact overlap is required, The 
overlap requirement can thereby be eliminated, 


5. If the circuit requires overlapping make and break contacts, then on inversion this condition changes 
to one of no contact overlap, and conversely if the circuit requires nonoverlapping contacts, then on inversion 
the contacts must be of bridge type. 
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A METHOD OF DETERMINING DESIRED LOG FREQUENCY CHARACTERISTICS 


P. S, Matveev 


(Moscow) 


A method of determining desired log frequency characteristics is given, A nomogram 
for estimating overshoot is presented, together with some examples illustrating the practical 
application of the method, 


The published [1-3] method of designing correcting units involves the prior choice of log frequency 
characteristics to satisfy known requirements, 


One such possible method of choice is given below for a system in which the given parameters are as 
follows: 


1) the response time, T for a stepwise change; 


2) the error coefficients C,, C2, ..., Cj. 
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The desired result is obtained if the pulse transient function for the system is taken as 


(1) 
K (t) = ay + ayt + ajt? +...+4+a,0" 


and it is supposed that 








K(t). 0 (t<.0°), “) 
A(t) 0) (t= Tt). (3) 


(2) is evidently the condition that the system is physically possible while (3) is the condition for the 
system to be of the required quality, When the control action is slow the error can, to an adequate accuracy, 
be represented as 


° ee Cy n 
€ (1) = Cog) + C8 (+ EOE. + USO, 


(4) 
where g(t) is the control aciion, and 
4 
C.=1 —|\ K (t) dt, 
0 
T 
C, = (—1)¢+9 f s!K(t)dt (i=1, 2,..., 0). (5) 
0 


If the error coefficients are given ,then by substituting (5) into K (t) taken from (1) we get a system of 
(n + 1) linear algebraic equations; 











“1 7s ~ 
Mts M+.--+aa7 7 1, 
n+2 
5 PEt t Sry 
p p2an+l 
(—1)'¢)) geet agers a nll i as C (6) 
n+1 n+2 ; 2n+1 
, The solution to this system gives the unknowns 
o% 


0 in (1). From the known expression for K(t) the 
closed-loop transfer function is determined: 





G 
oat P 
@ (S) = \ eS? K (t) de, 
: (7) 








and from (S) the transfer function for the open-loop 
2 system KW (S) is determined by the usual methods, 
KW (S) is then a transcendental function of S, This 
difficulty is avoided by replacing KW(S) by the 
approximate desired frequency characteristics, without 
yy :— allowing for the oscillatory components due to the 
dissected character of the pulse transient function, 
This method also enables one to estimate the over- 
shoot, The following arguments are used to derive 














3 P the overshoot, 
f The system output x(t) can be represented via 
V4 ¢ 4. i A 1 1 1 : rd _ « 
42 Oy 06 a the pulse transient and its effect f(t) in the form 
t 
z(t) =| f(t— +) K(x) at. (8) 
Fig, 2 0 
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If we suppose that f(t) = 1[t], and incorporates (1), we get 


n 


a,t? 


t 
e(t)=at + 4... 42 Oxtcr), (9) 








As (9) is a general form for the transient process we can always estimate the overshoot by finding the 
roots derived from x(t), ice., K(t), and substituting the least of these in (9). 


p (w) ~~ 
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Fig, 3 


A particular case, which occurs in a number of practical problems, will be considered to illustrate the 
method; here only the velocity and acceleration error coefficients C, and C,-are of interest, The ex- 
pression for K (t) then becomes much simpler, taking the form: 


K (t)=ay+at+ at? (0<t< 7). (10) 


When f(t)= 1[t], x(t) is given by 














2 
z()=at+% +20 (O<t<7). (11) 
The unknown constants ag, ay aNd ag in (10) and (11) afte determined from the equations 
a,T? , aT? _, aT? a,T? a,T* a,T? a,T* aye 
eee es See ee (12) 


whence 





18 


_ 9T* — 36C,T —30C, 





T? 


ag = 


i= 


(13) 
— 36T? + 192C,T +- 180C, 


z ; 





30T? — 180C,T — 180C, 





T® 








Fig, 4 














Fig. 5 





The overshoot is estimated by equating 
(10) to zero; the roots of 





—a, + V a? — 4a,a, 
2a? 


tie 


are found and the lesser substituted in (11), 


Figure 1 shows the curves from which the 
overshoot can be estimated when C,,C,, and T 
are known, wide ranges of these parameters being 
covered, It shows that the overshoot does not 
exceed 40% when C4, C2, and T vary within these 
limits, 


Figure 2 shows a more general form of 
nomogram for this case; T has been eliminated 


- Cc - 
by making the substitutions C, = — and C, = 


C 
7  g . Ananalogous nomogram can be constructed 
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when Cz is also present, When conditions change slowly the nomograms can be used to determine the form of 
K (t) by using compromise values for T, 0, C4, and C9, as well as to estimate the overshoot, 


We shall now consider a few examples illustrating the use of this method, 


Example 1, Find the requisite frequency characteristics of a system satisfying the following requirements: 
Tes l sec; Cy - 0.005, Cg 0.0015; overshoot not to exceed 40%, Then ag ~ 8.775, ay = — 34,77 and 
a2 — 28.83 in (10) and (11). 


Figures 3,4, and 5 show the characteristics of the closed loop, the log characteristics of the open loop, 
and the transients corresponding to (10) (full line) and the approximate ones in which no allowance is made 
for the discontinuity in the transient function (dashed line). 
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Fig. 6 
The approximate frequency curve is 
KW (S) = 200 (0,455 S +- 1) (0,2 S + 1) 
~ § (1,422 $2 + 2 x 0,272 x 1,42 § +4) (0,02 S + 1) (0,01 S + 1) (14) 


C,=0.005, C,=0,0015, Ts 1.1sec and o ws 40% from (14). 


Example 2, The other error coefficients may sometimes be of interest when C, and Cy are given, 
It is then convenient to use (5) and (10) to estimate them, The following relations, which are consequences of 
(5) and (10), can also be used. 




















_ aoT* a,T® a,T*® a,T® a,T* 1,T’ 
_ @oT* a,T? a,T® 
C,= 7 + 7 + g etc, (15) 


Suppose we are required to find the characteristics of a system with the following parameters: T » 1 sec; 
C, = 0.0033, Cz = 0.0015; overshoot not to exceed 40%, 


Then ag = 8.8362, ay = — 35,0964, a, = 29.136, and using (15) we have Cg = 0.0456, C, = — 0.081, 
C, = 0.101. 


a 


. 


Se &ae sees 




























The approximate characteristic of the open system is 


303 (0,28? S24.20,6 x 0,28 S +1) 


KW (S) = —S7y gets? | 2 x 0,16 X 1,685 + 1) (0,025 +1) 0,15 +1)” (16) 




















with the following paranreters: 


a 


U; = 0,0033, Cy ass 0,0015, C3 == 0,052, Cy — 0,066, Cs = 0,03. 


-—> 


Figures 6 - 8 show the same characteristics as for Example 1. 
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f 
/ Example 3, Suppose we are required to find the characteristics of a system with the following para- 
meters; 
1) T= 1 sec; 


2) Cy = 0005, C2, = 0.0015, Cy = 0.05, Cy = — 0.08, 


Figure 9 shows the characteristics corresponding to (10) and 





KW (S) = 200 (0,2 § +- 1) (0,4 S + 4) 
(S) = STL ais* StF 2 x 0,26 x 1,415S-+ 1) (0,025 4+ 1) (0,015 +1) an 





For (17), Cy = 0.005, C2 = 0.0016, Cy 0.055 and Cyg= —0.11 and Tw 1 sec, 





Comparison of the required and approximate log frequency curves and the corresponding dynamic para- 
meters shows that they are in adequately exact agreement, 














SUMMARY 


A method of selecting the parameters of an automatic control system has been developed to give para- 
meters which satisfy the demand for dynamic accuracy (given error coefficients C,, Cg, and Cg) and also the 
demand for system quality (T and o), | 
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Fig, 1, Relation of magnetic permeability to 
induction and de magnetization for annealed 
78% molybdenum permalloy, 


ZERO SHIFTS —N MAGNETIC 











NULL DETECTORS 


A. M, Pshenichnikov 


The supply-voltage dependent zero shifts in magnetic modulators used as null detectors 
ate considered, and methods of reducing or balancing-out the shifts are described, 


The zero shifts due to voltage changes in recording and telemetering equipment are more important 
than those due to supply frequency and ambient temperature changes, For example in a magnetic modulator 
(in which the zero shift is very marked) the shift may be 220 » V fora 20 Yo change in supply voltage when 


the input sensitivity is +25 » V, while the shift 
due to a frequency change from 45 to 50 cps 

may not be as large as 50 pV, The supply- 
voltage dependent zero shifts in magnetic null 
detectors are due to the magnetic parameters of 
the four coils not being identical, These differences 
are found even when permalloy from a given 
batch given the same annealing treatment is used, 
The permeabilities vary differently when the 
supply voltage alters, and a first harmonic un- 
balance appears at the amplifier output, which 
displaces the zero. Hence, in making magnetic 
null detectors the magnetic characteristics of the 
coils are sometimes recorded on ac after winding 
and those with identical characteristics chosen, 
which ensures good results, When such a mag- 
netic modulator was constructed at the Institute 
of Automation and Remote Control (Academy 

of Sciences of the USSR) the zero shift due to 
supply voltage changes of + 20% did not exceed 
15 1 V, Coil selection is somewhat inconvenient 
under factory conditions, 


The author has proposed a method of 
balancing out these zero shifts due to supply 
voltage variations, Examination of permalloy 


magnetization characteristics under both ac and de magnetization showed that when the changes in both 
types of magnetization are the same the permeability of permalloy varies differently, 


Curves relating the permeability of the induction at various dc magnetizations were used to elucidate 
the permeability changes (Fig, 1). Curves relating the permeability to the induction at constant dc mag- 
netizations were drawn up from the above, Further, the relative increase in permeability* due to a 10 % 





A method proposed by 5, A, Ginzburg was used for this purpose, 


Comparison of the required and approximate log frequency curves and the corresponding dynamic para- 
meters shows that they are in adequately exact agreement, 


SUMMARY 


A method of selecting the parameters of an automatic control system has been developed to give para- 
meters which satisfy the demand for dynamic accuracy (given error coefficients C,, C2, and Cs) and also the 
demand for system quality (T and o), 
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SUPPLY-VOLFAGE DEPENDENT ZERO SHIFTS (IN MAGNETIC NULL DETECTORS 


A. M,. Pshenichnikov 


(Moscow) 


the supply-voltage dependent zero shifts in magnetic modulators used as null detectors 
ate considered, and methods of reducing or balancing-out the shifts are described, 


rhe zero shifts due to voltage changes in recording and telemetering equipment are more important 
than those due to supply frequency and ambient temperature changes, For example in a magnetic modulator 
(in which the zero shift is very marked) the shift may be 220 » V for a 20% change in supply voltage when 
the input sensitivity is + 25 » V, while the shift 
due to a frequency change from 45 to 50 cps 
may not be as large as 50 u V, The supply- 
voltage dependent zero shifts in magnetic null 
detectors are due to the magnetic parameters of 
the four coils not being identical, These differences 
ate found even when permalloy from a given 
batch given the same annealing treatment is used, 
The permeabilities vary differently when the 
supply voltage alters, and a first harmonic un- 
balance appears at the amplifier output, which 
displaces the zero, Hence, in making magnetic 
null detectors the magnetic characteristics of the 
coils are sometimes recorded on ac after winding 
and those with identical characteristics chosen, 
which ensures good results, When such a mag- 















































\ netic modulator was constructed at the Institute 
| of Automation and Remote Control (Academy 
a Henrie el : 
0 1 2 J “ gaulss of Sciences of the USSR) the zero shift due to 


supply voltage changes of + 20% did not exceed 
15” V, Coil selection is somewhat inconvenient 
Fig, 1, Relation of magnetic permeability to under factory conditions, 
induction and de magnetization for annealed 


sd ; The author has proposed a method of 
18%o molybdenum permalloy, = 


balancing out these zero shifts due to supply 
voltage variations, Examination of permalloy 
Magnetization characteristics under both ac and dc magnetization sliowed that when the changes in both 
types of magnetization are the same the permeability of permalloy varies differently, 


Curves relating the permeability of the induction at various de magnetizations were used to elucidate 
the permeability changes (Fig, 1). Curves relating the permeability to the induction at constant dc mag- 
netizations were drawn up from the above, Further, the relative increase in permeability*® due toa 10 % 


A method proposed by 5, A, Ginzburg was used for this purpose, 
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_# 
saw, 
an, 


sf 


8 


‘ 
= 
7 
| 
ataiteil 


| 
| 
| 
i 


o@ cee?” 








Fig. 2. Relations for the relative permeability increase in 
78” molybdenum permalloy, 1) On 10% increase in in- 
duction at various a Wg as a function of induction; 2) 

on 10% increase in magnetization at various inductions as 
a function of a W». 
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was also determined at various inductions, Figure 2 siiows “ F,(B) when a Ws, - const and 


Au; Baws 





F2(aW») when B- const, Then by producing the lines of equal relative increase in 
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=Cy, and / 2 Cq in (A, lig) coordinates, The intersection of the = =C, = 
BH | aW, u/s 6B 


=F (BH) and — 





s | at =Ceq- FF, (BA, Eg) when curves atC,=Cg, gives a line which is the 
/ ’ 0 


locus along which a simultaneous 10% change in induction (ac induced) and de magnetization (magnetizing 


Current) produces no change in permeability, This line divides the Bw, fl) plane into two zones: I and II 
(Fig. 3). 


In zones I and II the relative permeability changes due to simultaneous changes in the ac and dc 
currents ate of opposite signs, In zone | the relative permeability changes due to the ac changes are greater 
than those due to changes in the magnetizing current, while in zone II the converse holds, 

















Au AB 
/ 5 0 is the locus along which the permeability change due to a 10 change 
in induction is zero; this separates zone Il, In zone Il the permeability changes due to changes in the ac 


and de currents ate of the same sign, 
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meability on a 10% change in magnetization, the values of B and(a Wp) corresponding to 
Au Oa Wo ; the boundaries of zones 1 and Il for the 
, andona 10% change in ; 
a, a Wo separate coils, 
; : Au AB a 
induction, 3s ° When the magnetizing circuit is fed 


from the ac supply via a rectifier the 

operating region should therefore be chosen 
to be at the boundary of zones I and II, All four coils will then change in inductance when the magnetizing 
de and ac currents alter simultaneously by amounts that are smaller than under any other circumstances, 
This usually implies a large increase in initial magnetization and a reduction in induction, which reduces the 
sensitivity of the null detector, 


If the working point cannot be set at the boundary between zones I and II, zero displacements can be 
balanced-out in zone I by using a saturated choke Ch in series with the full-wave bridge rectifier (Fig. 4), 
Since the choke is saturated its over-all impedance depends on the supply voltage, Hence, the magnetizing 
current alters more rapidly than simple proportionality to the supply voltage would imply, The zero dis- 
placement due to change in the dc magnetization increases and balances out that due to supply voltage change, 
The zero shift in magnetic null detectors can therefore be reduced by about a factor 4 even when the coil 
characteristics are very different, 


When the magnetic amplifier is operated in zone III zero shift can only be eliminated by selecting coils 
of identical magnetic characteristics, 
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DETERMINATION OF HYDRAULIC LOSS COEFFICIENTS IN 


THROTTLE RESISTANCES IN HYDRAULIC SYSTEMS 


I. N. Kichin 


(Moscow) 






A method based on experimental data is given for determining hydraulic loss co- 
efficients in hydraulic system throttle resistances of sleeve or block type. 





Throttle resistances of designs such as that shown in Fig, 1 are used to restrict the flow of working fluid 
in hydraulic systems, including automatic regulators, 


The resistance dimensions and flow regime are frequently such that the fluid flows under laminar flow 
conditions, The input profile has a considerable influence on this, 


The formulas available for established laminar or turbulent flow cannot be applied to such resistances, 
But, as will be shown below, when laminar flow has not been established ,Weisbach's universal formula can be 
used: 
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Ap- —Aw y (1) 
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where k is a general hydraulic loss coefficient which allows for both local and viscous resistances, We only 
have to assign a definite value to k. 


TABLE 1 


















Resistance d, eM lo lid ae | 

l 0.42 0.08 0.66 18 0.04 2.0 50 

2 0:12 0.36 2.8 24 0.04 4.0 100 

3 0.10 0.08 08 14 0.035 0.09 2.00 
4 0.10 0.29 2.9 19 0.035 1.0 °8.5 
o 0.08 0.03 0.37 23 0.035 2.0 58 

6 0.08 0.192 2.4 20 0.035 4.0 114 

7 0.075 0.018 2.4 16 0.03 0.083 2.67 
8 0.06 0.03 0.5 17 0.03 0.5 16.5 
9 0.06 0.15 2.3 22 0.03 1.0 33.3 
10 0.06 0.5 8.0 26 0.03 2.0 67 
12 0.06 1.0 16.1 20 0.02 0.06 3.0 
15 6.06 2.0 32.2 21 0.02 0.5 25 

11 0.0) 0.13 2.6 27 0.02 1.0 50 
13 0.04 0.1 Ze 





























k may be represented as a single-valued function of - , where Z is the working channel length in 
ae i 


the coil, and 2; is the length of the initial laminar flow region, 0.05 dRe {1}, and so 


l l 
. anne 2 
Li 0.056 dRe ° (2) 


where Re is Reynold’s number for the channel flow and d is the channel diameter, 


The dimensions of the 27 resistances tested are given in Table 1 [3]. 
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Fig. 1 


Transformer oil of kinematic viscosity vy = 27 x 10™ stokes and density y = 0.876 g/cm was used, 
The pressure drop across the throttle was varied from 0 to 2 kg/cm* by steps of 0.2 kg/cm" during the tests, 
The efflux variation with pressure drop across the resistance is shown in Figs, 1 and 2, the horizontal axis 


being the pressure drop and the vertical the volume efflux, k and 1/1; were determined for sixty points 
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4 
on the characteristics, using (1) and (2) where va, = rus 
k = f (t/ 1;), (Curve 1), which is a single curve for all the resistances tested under these conditions, 


. Figure 3 shows the relation 
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k (the hydraulic loss coefficient) is made up of local losses, defined by ky, and viscous losses, kg. For 


ky we used the relation to 2/1; calculated from the Shiller-Bussinesk theory * (Curves 6 and 7 of Fig. 3), 
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ky is determined from 
48 1 
Mae a 


which is derived from experiments on resistances with 1/d > 16 in which the local losses were enormously 


less than the viscous loss (Curve 3), 


(0 


Curve 8 is the sum of ky and kg, 


< — <1 ) the curve agrees closely with 1, but when laminar flow is established 
i 


o 





Data taken from [2]. 


In the initial section 


. the two 
li 








part company, If we use the law 


to determine kg, where A is 64 from Poiseuille’s law for a laminar flow regime, but is greater than 64 if cal- 
culated from the data of [2j as a function of 7 (the corresponding curves for ky being Nos, 4 and 5 in Fig, 3), 


then on adding kg and ky (Curves 6 or 7) we get 2, fromm which we see that the hydraulic losses exceed the 
computed ones (Curve 1) by about 25% on the average. 
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FABLE 2 
Assembly 
‘Data 
1 2 | 3 | 4 | 5 6 
d, cM 0.06 0.06 0.08 0.1 0.06 0.42 
l. cm 0.03 0.15 0.03 0.08 0.08 0.08 
L, cm 0.05 0.2 0.05 0.08 0.08 0.08 
n 100 80 100 50 40 40 




















The use of Curve 1, Fig. 3, can be illustrated by the following example, A throttle with d - 0,06 cm, 
lL = 0.55 cm gave Q = 2.5 cm*/sec, the kinematic viscosity of the working fluid being 0.3 stokes and the density 
0.876 g/cn®, The pressure drop in the channel is to be calculated, We have 


14 = 0.05 ate = 9-72’. 0.568 om; 


U/l, = 0.855. 
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waz have OP 1,36 kg/cm’, 


From the graph we find k 4.05; from (1), assuming vay 
The graph can also be used for calenlations on so-called throttle assemblies (Fig, 4) which are made up 
of a series of identical nozzles with chamferred ends, The hydraulic losses in each nozzle are independent of 


: , l , , 
the total number of nozzles and determined as a function of —, As the internozzle resistances are identical 
i 
the total hydraulic losses in each are increased by the amount of the additional losses caused by turbulent flow 


in the nozzle-separatot gaps, viscous friction in the gaps, etc, 
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The total hydraulic losses for a single nozzle can be found from (1), where 4P is taken as the pressure 
drop, The total loss in the assembly is equal to the sum of the individual losses, 


Five assemblies were tested — the dimensions of these are given in Table 2,° 


Transformer oil was used ( v = 27 x 107 stokes, y = 0.876 g/cm®). The effluxes at pressure drops of 
2.0-2.2, 10-1.1 and05 kg /cm?* were measured as a function of the number of nozzles used; the results are 
given in Fig. 4, 
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The values of k and 7 were determined for a single hydraulic resistance in all assemblies using 
~ i 


(1) and (2) for each test regime. The results are shown in Fig, 5, For each nozzle in an assembly of given 
geometry (Nos, 2, 4, 5, and 6) the resistance was independent of the number of nozzles under all conditions, 
giving a single curve (the individual curves being numbered 2, 4, 5, and 6, respectively) falling close to 7, 
which corresponds to Curve 1 of Fig.4, The deviation of Curves 1 and 3 (corresponding to the resistances of 
assemblies (Nos, 1 and 3) from 7 is caused by the additional viscous losses occasioned by reducing the inter- 
nozzle distances L in these assemblies, 


LITERATURE CITED 


{1] L. Prandtl, and O, Titens, Hydro- and Aerodynamics, ONTI, 1953, 
{2] N, Z. Frenkel, Hydraulics, Power Press, 1947. 


[3] A. G. Shashkov, Experimental and Theoretical Studies of Throttle Components and Hydraulic 
Relays of Nipple-Slide Type Operating on Oil, Dissertation, Institute of Automation and Remote Control, 
USSR Academy of Sciences, 1955, 


Received March 5, 1956, 


. The test data for assembly No, 6 are reproduced from [3]. 


92 








~ 
































SOME ASPECTS OF PNEUMATIC EXTREMUM CONTROLLER DESIGN 


L. A. Zalmanzon 


(Moscow) 


Conditions are indicated under which it is desirable to supplement controllers of 
normal type by automatic adjustment to the maximum or minimum of some quantity de- 
pendent on the controlled parameter, One possible way of doing this, by means of 
pneumatic devices, is considered; automatic adjustment is performed by a pneumatic 
device consisting of a pneumatic divider coupled to a system of parallel and intersecting 
pipes, together with certain other units, 





Very great attention has latterly been given to extremum controls which automatically maintain the 

| value of x corresponding to an extremum of some quantity y related to x by the curve shown in Fig, 1, a 
and b. V. V, Kazakevich was the first to produce such a controller in this country [1], A number of peak- 

holding controller designs have been described in recent years [2-7]. Electrical circuits have been used in 
such controls as have so far been described, but pneumatic and hydraulic principles can also be used, 
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Fig, 1 


In many cases no real difficulty is encountered in using extremum controllers, But great or insuperable 
difficulties are sometimes encountered, Then it is sometimes possible to use normal controllers (operating on 
x ) modified so as to maintain the extremum of y = f(x) automatically, Certain aspects of this problem are 
dealt with below, 


1, In principle an extremum process controller involves self-maintained oscillations in the controlled 
Object, The oscillation amplitude becomes larger the flatter the peak in y = f(x), The conditions of operation 
frequently require that deviations from a steady-state mode must be of short duration, prolonged oscillation 
being impermissible, E, g., when internal combustion engines are controlled so as to maintain the minimum 
specific consumption Cspec it is not permissible to vary the speed n continually with an amplitude of several 
hundred rpm, which happens when the Cspec = f(n) characteristic is very flat, 








2, An essential condition for using a peak-holding controller is that y = f(x) should show an extremum, 
The absolute values of ymax OF Ymin. aNd the corresponding values of x may alter (Pig, 1,c), But it may 
happen that some one of the family of curves may be monotonic, and that this is not known in advance, Ex- 
tremum controllers cannot be used in such doubtful cases, This problem may arise, for instance, when one has 
to combine control of the extremum in y = f(x) with restriction of x to some limiting value x}jm (Pig. 1, d). 


























a 
q 






























































Fig, 2 


3. One shortcoming inherent in extremum regulators is that the mean value of y during the control 
process is less than ymax Or greater than y,)jn, i.e., it is in principle impossible to avoid deviations from 
the most favorable condition, and the losses associated with this, 


4, In some cases the extremum controller is required to operate intermittently, In addition the position 
of the maximum in y = f(x) moves so slowly with time that one can work at ymax OF Ymin by using a 
normal controller set at a definite value of x, the setting being changed from time to time, The time intervals 
between resetting may range from seconds or minutes to hours or days, The latter is the case, for instance, for 
control of internal combustion engines, where the conditions change with atmospheric pressure or temperature, 
on replacing the fuel, etc, 


5. If extremum controllers cannot be used for the reasons stated in 1 and 2 above, and when conditions 
such as were indicated in4 prevail, normal controllers operating on x can advantageously be supplemented 
by automatic control of the value of x which gives a maximum or minimum value of y. When such an 
automatic controller is cut in accordance with a definite time cycle, or in some other way, the regulator 
operating on x must have its operating point shifted by a definite amount in the directions indicated by the 
arrows A and B in Fig, 1, a (from position 1 or 2 to 3), 
































A wider consideration must be given to the problem of accompanying peak-holding controllers operating 
on y = f(x) with controllers operating on x as a way of improving the control speed, as opposed to the use of 
extreme controllers alone, In this way, we endeavor to eliminate sustained oscillations in the system, to reduce 
losses due to deviation from the most favorable mode, as noted in paragraph 3 above, and to approach the turning 
point from one side without ever passing to the other branch of the curve, 


































































































Fig. 3 


6. One possible way of realizing the automatic adjustment envisaged in 5 above is to use the pneumatic 
divider with parallel and intersecting channels shown in Fig, 2, Each time the automatic adjuster is cut in, x 
is altered (and hence y also) for a short period. The sensing elements 1 and 2 are also cut in, these measuring 
the deviations from the initial values of x and y respectively, The movements of 1 and 2 are transmitted via 
the pneumatic dampers 3 and 4 to the rods 5 and 6, The rods carry caps which cover either the upper or the 
lower holes in the channels 7 and 8, depending on the direction of movement, If y increases or decreases 
with x (left branch in Fig, 1, a ) the caps on the rods close the holes in one of the pair of channels 7, and 
pressure is transmitted from the feed tube 9 to channel 10, which causes the x regulator to be displaced in 
a direction corresponding to A in Fig, 1, a. If y falls as x increases, or vice versa (right branch in Fig. 1, a) 
the caps close the holes in one of the pair of channels 8 and pressure is transmitted from 9 to 11, which causes 
the x regulator to be displaced in a direction corresponding to B in Fig. 1, a. If the system is initially close 
to the extreme point the change in x may be accompanied by changes in y so small that they fall within the 
insensitive range of 2, This may occur, for instance, when f(x) is flat, The setting of the x regulator will 
then be unaltered, 


7. When resetting the x regulator it may be important to move the reset device through a definite dis- 
tance during each reset cycle, This can be done by means of the device shown in Fig, 3, When the pressure 
in 10 or 11 is raised (symbols as in Fig. 2) the pressure is transmitted to the membrane 12,thus lifting the valves 
13 and releasing the clamp 14, and thereby the rack 15, The membrane 16 will displace the rod either down- 
ward or upward, depending on whether the pressure appears in 10 or 11, and the reset device will be displaced 
in the appropriate direction — in Fig. 3 this reset device is the throttle needle 18, The magnitude of the dis- 
placement is restricted by the release valves 19 in one channel, The pressure above the membrane 12 is thereby 
reduced, the clamp 14 operates and the valves 13 drop into place, As there are bleed holes 20, atmospheric 
pressure is restored until the next operating cycle, The rod 17 is returned to its initial position by the spring, 
the rack 15 being fixed due to the action of the friction plate 21, 


8, The automatic setting unit can now be combined with a normal regulator in a simple fashion, Figure 
4 shows the comparator element in a pneumatic regulator, in which air compressed to a pressure corresponding 
to the current magnitude of the regulated quantity is sipplied to the chamber above the membrane 22 via 
channel 23, while the pressure from the setting unit is applied underneath the membrane, The cam 24 cuts 
in the automatic setting unit which removes the cover 25 for a short while, thus briefly altering the regulated 
quantity, The needle 18 is displaced one step by the operation of the automatic setter, this needle throttling the 
air flow from the output of the chamber under membrane 22, 
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Fig. 4 Fig. 5 


If ymax (Fig. 1, a) is maintained by the automatic regulator, and it is desired to use it to adjust yin 
(Fig. 1, b ),we only need alter the points where the channels join at the output from the distributor, If y = 
= f (x, u, v,... ) and the parameters X, U, V, «.., are independently controlled,we may by successive 
operations set y as a maximum or minimum for all the parameters, 


9. Technical difficulties may sometimes arise in using both extremum controllers and the automatic 
adjustment devices described above, due to the complexity involved in measuring y. y is frequently a de- 
rived quantity not susceptible of direct measurement, and is derived as products or ratios of simple quantities, 
or as powers (including fractional ones) of several primary quantities y;, y2,...+, Yp Which are susceptible of 
measurement, For instance, the power N = cMn, where M is the torque, n is the rpm, and c isa coefficient 
of proportionality; the specific fuel consumption is 


_— 3 
——_— Mn ° 


Cspec 


where G is the fuel consumption in kg /hour; the flux of a gaseous product is G = c} Ap = , Where Ap 


is the pressure drop across the measuring diaphragm, p and T are the pressure and temperature in front of the 
diaphragm, etc, One design of multiplication unit that can be used in such cases is shown in Fig, 5, It con- 
tains pneumatic (or hydraulic) chambers A, B, C, and D, A constant pressure pg is supplied to the inputs of 
chambers A, B, and D, The pressure pz at the outlets from these chambers is also constant, as well as p, in 
the chamber under the membrane, all pressure being referred to this (in this particular case p, can be atmos- 
pheric pressure), The needles 1 and 2 are displaced by the changes in y, and y2 (primary parameters), The 
needles are so shaped that pa is proportional to log y,, while pg is proportional to log yz, The holes 3 and 
4 afe so small by comparison with 5 and 6 and with the annuli round 1 and 2 that the loss via C scarcely in- 
fluences p, and pg. The pressure in C is then proportional to log (y;, yz), and the pressure in D, which is 
similarly throttled by the profile needle 7, is proportional to y = y;y2. y, and y, can be included in the com - 
pound function when raised to any power (including fractional ones), If y is a function of more than two 
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parameters, several units similar to those shown in Fig, 5 are coupled as follows: D is absent in the first unit 
and the output rod 8 is coupled to needle 1 of the subsequent unit, etc, For example, to derive G = 


= c¢ Ap - two units are needed, since log * = = log Ap + > log p — > log T, With suitable 
needle profiles and appropriate choice of p, (with respect to which all other pressufes are reckoned) both positive 
and negative powers greater or less than unity can be accomodated, 
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COMMENTS ON A, V, MAIOROV'S ARTICLE “RAISING THE OPERATIONAL 
SAFETY OF AUTOMATIC CONTROLS" 


(AUTOMATION AND REMOTE CONTROL, VOL, 16, NO, 5, 1955) 


V. A. Andryushchenko 


(Leningrad) 


en aie 


If the operational safety of automatic controls is to be increased then the most rational layout must be 
used, as well as consideration being given to the safety aspects of all major components, 


Let us consider this question, following 
Maiorov, as regards electrical aircraft regulators, 





Space restrictions in aircraft compel one to 








Z Ia 4 
/ ~— N use compact units most advantageously arranged, 
{ Hence, Maiorov’s block diagrams (Pigs, 1-4) can 
- be given several different layouts, We shall deal 


with one of these, 


Fig. 1. 1) Bimetal; 2) contact system; The circuit of Fig, 1 does not give type one 
3) dc source; 4) effector mechanism, consequences if damaged at any point, This cir- 
cuit could be arranged as in Fig, 2. If a short-circuit 
occurs at A, or a metal sheet a— a cuts the conductors and shorts the cut ends, the effector mechanism will 
receive a false signal, which results in type one consequences, . 
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Fig. 2 




















The probability of this happening is still greater in the arrangement shown in Fig, 3, 
SUMMARY 


Attention must be paid to circuit layout when seeking to increase the operational safety of automatic 
controls, 
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CHRONICLE 


AUTOMATIC CONTROL CONGRESS IN HEIDELBERG 


1. Congress Membership 





An Automatic Control Congress took place from the 25th to the 29th of September, 1956 in Heidelberg. 
It was organized by an automatic control group (Fachgruppe Regelungstechnik — Dr, Grebe, President) which is 
a member of the German Union of Electrotechnicians and Engineers (VDE/VDI), 


The Congress was international in character due to the number of participants and the countries re- 
presented, 


Famous scientists in the field of automation were gathered at the Congress, Among them we can mention 
Tastin, Westkott (Great Britain), Oppelt, Oldenburg, Sartorius, Shuller, Magnus, Leonard, Sheffer, Grebe (Ger- 
many), Yansen (Holland), Shtein (Italy), Novatsky (Poland), Chestnut, Oldenburger (U,S,A,), Gerekke (Switzer- 
land), Khamosh (Sweden), Skayashi, Isava (Japan), Shalomon (Czechoslovakia) and others, 


The largest delegations (numbering over 10 members) were sent from Switzerland, Sweden, Great Britain, 
Holland, U.S,A., Czechoslovakia and Austria, It was natural that the majority of the Congress members were 
specialists from the Federated German Republic, Among them were practical engineers, representatives of 
various firms, and theoretical engineers from various scientific-research institutes, among them institutes con- 
cerned with aviation problems and other specialized types of automation, 


Representatives from other countries came from the most outstanding scientific research centers, among 
which we can mention Massachusetts Institute of Technology, Columbia University (U.S,A.), Imperial College 
of Science and Technology (Great Britain), and others, 


The number of reports presented by each country is given in the table below, 








Country Number of reports Country Number of reports 
Austria 1 USSR 6 
Great Britain 7 USA 14 
Germany 26 Switzerland 4 
Holland 1 Sweden 3 
Italy 1 Japan 4 











Our country was represented by a delegation from the Institute of Automation and Remote Control, 
Academy of Sciences of the USSR made up of Professor A, M, Letov (the head of the delegation), Professor 
Ya. Z, Tsypkin, Candidate of Technical Sciences, B, N, Naumov, Engineer V, A, Racheev, In addition to the 
reports of Professor A, M, Letov, Professor Ya, Z, Tsypkin and Candidate of Technical Sciences B, N, Naumov, 
reports were also given by the Corresponding Member of the Academy of Sciences of the USSR. V, A, Trapeznilov 
and Candidate of Technical Sciences B, Ya, Kogan, Professor M, A, Aizerman, Professor V, V, Solodovnikov 
and Asp, A, M, Batkov, A report by Corresponding Member V, A, Trapeznikov and Candidate of Technical 
Sciences B, Ya, Kogan on problems of electronic models was included in the plenary reports; the other reports 
were given at the meetings of the various sections, 


The basic tasks of our delegation were as follows: a) participation in the work of the present Congress; 
b) establishment of scientific contacts with foreign scientists and engineering and technical circles represented 
at the Congress; c) visiting of certain firms, 
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Our participation in the work of the Congress included: a) the presentation of our own reports, answering 
questions and participation in discussions; b) participation in the discussion of reports presented by members 
of other countries, 


2, Organization and Work of the Congress 





The actual organization of the Congress, well planned and carried out by the organizing committee of 
VDE/VDI under the direction of Dr, Grebe was particularly interesting, The Contress took place in a building 
of the Heidelberg University under the title "Contemporary theories and their Usefulness," Long before the 
meetings were held, the organizing committee of the Congress sent out invitations to various countries to 
attend the Congress on Automatic Control, Included with the invitation was a request for the names of members 
who would give papers, together with a text of the paper, to be sent to the organizing committee for pre- 
liminary publication, 


Thus, approximately 70 original scientific reports were gathered together, These were preprinted and 
sent out to the participants a month and a half or two months before the opening of the Congress, 


This enabled the participants to become acquainted with the content of the reports in all their details, 
(including the checking of calculations and results of experiments) and thus guaranteed their active participation 
in discussions, This greatly affected the content of the discussions and rendered them particularly fruitful, 


The work of the Congress began on the 24th of September with an evening meeting of the speakers and the 
organizing committee, 


The order of the plenary sessions and the sectional meetings were officially announced here, Unofficially 
the directors of the Congress, speakers and other guests had an opportunity to meet and discuss the scientific 
content of the reports, The work of our delegation was here fully discussed, 


The Congress opened at 9 A, M, on Tuesday, September 25, 1956 in the conference hall of the University 
of Heidelberg, 


Dr. Grebe and Professor K laus Sheffer of thd University of Heidelberg addressed the gathering and wished 
the Congress success in its work, 


Professor Oldenburger (USA) read a message to the Contress on behalf of ASME, Then Professor A, M, 
Letov greeted the Congress in the name of the Institute of Automation and Remote Control of the Academy of 
Sciences of the USSR, 


Following the preliminary remarks the plenary reports were read, which took up the first half of the day. 
After an intermission the section meetings were begun, Eleven sections were organized, 


1, Technical means of automation — Chairman Dr, Oetker (5 reports), 

2, Coupled control — Chairman Dr, Magnus (3 reports), 

3. Linear methods in the theory of control — Chairman Dr, Oppelt (7 reports), 
4, Automatic transmission — Chairman Dr, Gutarev (5 reports), 
5. 


Determination of nonlinear processes by means of frequency methods — Chairman Dr, Pestel 
(5 reports), 


6. Nonlinear and intermittent systems of control —- Chairman Dr, Khan (5 reports), 
7. Boiler control — Chairman Dr, Kuak (4 reports), 
8, Optimal adjustment and quality control — Chairman Dr, Cartorius (8 reports), 
9, Control in industry — Chairman Dr, Shturm (7 reports), 
10, Statistical methods in control — Chairman Dr, Sheffer (7 reports), 


11, Calculating machines in control techniques — Chairman Dr, Kremer (8 reports), 


Thus, the sections covered a great number of questions in the field of contemporary control theory, Among 


the new problems discussed were; the use of nonlinear elements and calculating devices in control systems 
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(Matyushka, Ludwig); application of computers to the calculation of automatic systems (Khamosh, Bukovich); 
determination of dynamic characteristics under normal working conditions (Gudmen, Resvik, Chang, Westkott), 
A great number of the reports dealt with the analysis of specific automatic systems, 


As a rule, several sections met simultaneously, Section No, 6 where the reports of the Soviet delegation 
to the Congress were read, met in the conference hall, so that all the Congress members had the opportunity 
to be present, 


The sum total of all the reports presented by the Academy of Sciences, USSR and the high valuation 
given them in discussion by members of the Congress, enabled Dr, Grebe in his radio address to express the 
belief that the theory of automatic control had reached a high level of development in the Soviet Union, Dr, 
Grebe likewise emphasized the high level of the development of automatic control theory in the USA, Dr, 
Grebe also felt that country had more widely applied theoretical results to practice, He paid special attention 
to the introduction of calculating machines into automatic control, 


In reference to the Federated German Republic, Dr, Grebe mentioned certain initial successes and stated 
that in the field of theory and technology it would soon join other leading countries, This is indicated by the 
large number of talented young people attracted to that field, In order to attract even more young people to 
the problems of automation Dr, Grebe suggested a higher level of instruction in the primary and middle 
schools in the natural science field, Under such conditions, young people finishing school would be better able 
to determine the future sphere of their scientific-technological activity, 


This great interest in the theory and technology of automatic control, which is shown at the present time 
in the Federated German Republic, is due to a German effort toward industrial automation, 


The work of the sections continued through the 29th of September, Our delegation took part in this work 
and in the discussions of the reports of foreign scientists, 


Thus, Professor Ya, Z, Tsypkin took part in the discussions of the reports of Dr, Matyushka (Federated 
German Republic) “Application of Nonlinearity to the Improvement of Quality Control," Dr, West (England) 
"Application of Frequency Analysis to Nonlinear Systems," Professor Klotter (USA) "Application of a De- 
scriptive Function to the Study of Nonlinear Closed Systems,"* Professor Nomoto (Japan) "Computation of 
Feedback Systems by Means of a Logarithmic Root Hodograph,* Dr, Kilhne (Federated German Republic) 
“Example of a Calculation of an Aperiodic Boundary Case in a Control Process," 


Professor A, M, Letov took part in the discussion on the reports of Dr, Breto (USA) "Simplified Analysis 
of the Longitudinal Stability of Aircraft,” Dr, Khamosh “Frequency Method for the Study of Nonlinear Systems,* 


Outside of the section work, scientists of various countries often met during intermissions between sessions 
for the discussion of various scientific problems, Such discussions were carried out with Professor K lotter, 
Professor Magnus, Dr, Bess (on the problems of nonlinear theory of control) with Professor Detch, Dr, Oldenburg, 
Dr, Sartorius (on the theory of pulse systems and the theory of differential equations), with Dr, Kalman and 
Dr, Bess (on the theory of nonlinear, and in particular, relay systems), These discussions greatly helped the 
formation of close scientific contacts with foreign scientists, 


The two days following the close of the Congress, October 1 and 2, were given over to technical ex- 
Cursions to apparatus building firms, A special plan was worked out for our delegation by the organizing 
committee, taking into account our particular interests, We visited the Siemens works in Karlsruhe, the IBM 
factories in Stuttgart, the AEG in Berlin and others, 


3. Proposal for an International Federation Organization 





On Thursday, September 27, a special limited conference of the representatives of various countries 
was called for the discussion of a proposal made by the Vice-President of the American Society of Mechanical 
Engineers, Professor P, Oldenburger on the organization of an international federation of specialists on auto- 
matic control, 


The aim of such a federation was formulated as follows: 


1, To promote the exchange of scientific information in the field of automatic control between various 
countries, members of the federation, 


2, To promote the organization of international congresses on automatic control every four years, 


During the discussions on this proposal the points of view of the various conference members were gradually 


clarified, The general feeling was positive and the proposal of Professor Oldenburger was warmly seconded, 


After the discussion Dr, Grebe introduced a resolution for consideration which was unanimously accepted, 


Resoluti 


(Translated from 


on 


the German) 


The undersigned support the proposal to establish an international federation on automatic control and 
state that they are willing to publicize such in their country, 


The federation should have the following aims: 


1) to facilitate the exchange of information in the field of control and the development of that field; 


2) to organize international congresses on control, 


O, Grebe (Germany) 

P, Oldenburger (USA) 

A, Tastin (Great Britain) 
Koels (Great Britain) 
Westkott (Great Britain) 
G. Mertsendorfer (Austria) 
M, Mesarovich (Yugoslavia) 
Yansen (Netherlands) 
Boes-Popper (Israel) 

M, Ainbinder (Belgium ) 
F, Pass (Belgium) 

V, Broida (France) 

P, Profos (Switzerland) 

L, F, Khamosh (Sweden) 


Signed: 


Heidelberg, September 27, 1956. 


Balchen (Norway) 

leneen (Denmark) 

G, Muller (Germany) 
Novatsky (Poland) 

G, Kindler (Germany) 

G, Chestnut (USA) 

V. Polents (Germany) 
Evanpelisti (Italy) 

V. Streik (Czechoslavakia) 
B, Khanus (C zechoslavakia) 
A, M, Letov (USSR) 

Isava Keisuke (Japan) 

G, Rupel (Germany) 


On the proposal of Dr, G, Chestnut (USA) the following committee was named at the meeting to pre- 
pare for the formation of an international federation; Dr, Broida (France) — temporary chairman of the 
committee, Professor A, M, Letov (USSR), Corresponding Member of the Academy of Sciences, P, Novatsky 
(Poland), Dr, Wilburn (Great Britain), Professor Oldenburger (USA), Dr, O, Grebe (Federated German Republic), 


The committee is to canvass the points of view of the interested countries concerning the formation of 
an international federation of specialists in automatic control and is to select authorized persons able to make 
decisions on the final shaping of the federation, 


We would like to mention here the warm and friendly attitude of the organizing committee and all 
members of the Congress toward our delegation, 
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DETERMINATION OF PERIODIC MODES IN SYSTEMS WITH 
PIECEWISE-LINEAR CHARACTERISTICS, COMPOSED OF 
SEGMENTS PARALLEL TO TWO SPECIFIED STRAIGHT LINES 


M.A. Aizerman and F, R. Gantmakher 


( Moscow) 


Analysis of the problem of determining the periodic modes in systems 
with nonlinear characteristics, composed of segments of two straight lines, 
The periodic solutions of the differential equations are sought as complete 
Fourier series with no harmonics neglected, The solution of the problem 
reduces to setting up an equation for the periods, and the roots of the equa- 
tion together with previously-derived equations yield the unknown periodic 
modes, 


Unlike the fitting method, the proposed method does not require that 
the equations for the periods be derived from solutions of linear systems of 
equations, describing the process along each segment, The second part of 
the article,to be published in the next issue of the journal, will be devoted 
to the generalization of the method to include characteristics of a more 
general type. 


1. Introduction 











The following problem is frequently encountered in the investigation of automatic regulation systems. Given 
a system of n differential equations of the first order * 


AjKXk + hjf (21) + F; (t) (j= 1,2 peony M)y (1 ° 1) 


1 


: n 
in a 
r= ‘ 


= 


where ai. and ) . are numbers (some of which may be equal to zero), f(x,) is a piecewise-linear function, and 
F(t) are specified sufficiently smooth ** periodic functions of time with a common period T (in particular, 
of (t) may be vanishing or nonvanishing constants). 


The problem calls for the determination of the periodic solution of Equation(1.1). In the case when all 
the F, (t)'s are identically constant (i.e., in the self-oscillation case), we seek all the periodic solutions of the 
system (1.1). If at least one of the F ;(t)'s is not constant, it is necessary to determine only those periodic 
solutions of Equations (1.1) that have a period T. 





*As is known, any system containing equations of higher order, algebraically solvable in terms of the higher 
order derivatives, can be reduced to the form (1.1). 

eel. e., the functions F; (t) are continuous and all the derivatives that may be of use in the development of 
the argument exist. 





We shall seek the periodic solution of the system (1,1) in the form of Fourier series 


T=00 On 
\ iret ; é eee 
a ats > a eas (i V1, r)- 
r'=—oo 


Expanding also the specified functions Fj (t) into Fourier series, substituting (1.2) into (1.1), and equating 
coefficients of like terms, we obtain a system consisting of an infinite number of equations, which are nonlinear 
with respect to the unknown Fourier coefficients a jr’ and also nonlinear with respect to the unknown frequency 
w if F (t) = const (j = 1, 2,...,m. 


The difficulties involved in the solution of this problem have given rise to approximate methods, based on 
neglecting in the series (1, 2)all the terms with | r] + 1. It is only recently that it became possible to over- 
come the difficulties caused by retaining all the terms in the series (1,2) and only for relay systems, in which 
f(x,) consists of straight-line segments parallel] to the x, axis, and the transition from one straight line to the 
other is effected instantaneously when the coordinate x, reaches certain fixed values (sce [1, 2], which contain 
a list of earlier works), This is caused by the fact that in the case of a relay system all the unknowns are readily 
expressed in terms of to, ty,...,t))— the time intervals between the successive switchings of the relay during the 
time of the unknown periodic mode (T =ty-t)), Elimination of all the unknown a;, reduces the problem to a 
solution of N equations (known as the equations of the periods) with unknowns ty, ty,...,tn. If all the F; (t),s are 
constant, t) can be put equal to zero (for in this case it is possible to select arbitrarily the instant of zero time), 
while ty =t,~ T if there is at least one Fj (t) that is not identically constant. 


Attention was called in [3] to the fact that all the results obtained along these lines in the theory of relay 
systems can be extended also to the case when the segments of the characteristic f(x,) are parallel not to the 
Xq axis, but to any nonvertical line, 


The problem formulated above was solved in Section 5 of [4] for a symmetrical three- segment characteristic 
f(x) with outside segments that are parallel to each other, A method was proposed whereby all the a jr'8 can 
be expressed in terms of the N unknowns ty, tg,...,ty alsainthe case of the three-segment characteristics, when 


the periodic solutions are sought in the form (1. 2). 


The present article is devoted to a further development along these lines, The method used in [4] is gene- 
ralized to the case when the piecewise-linear function f (x,) in Equation(1.1) consists of any number of seg- 
ments, each of which is parallel to any one of two specified lines, 


The work consists of two parts, In the first part, the method proposed is explained in detail with the aid of 
an example dealing with the simplest type of periodic mode in a system having a characteristic composed of 
only two segments, subject to the simplest conditions of transition from one segment to another, The second 
part of the work (which will be published in the next issue of the journal) will show how this method for finding 
the periodic modes can be generalized to include systems having characteristics composed of any number of 
seginents, parallel to two specified lines, and to more complicated transitions from one segment to the other, 


2. Two-Segment Characteristic. Transformation of Equations 





Let us eliminate all the unknowns, except x, and y,, from the system (1. 1). As a result (see [4]) we ob- 
tain the following equation 


D (p*) x, — K (P") "1 + P(Z), Ue — }(%), 
(2.1) 


where x, and y, can be looked upon as the output and input coordinates of the linear portion of the system; 
D(p*) and K (p*) are the following polynomials: 


D(p*) = cop"™ + eyp"™ + +++ + ens 
K (p*) =—_ d,p*™ S. d,p*™—" 2 + dim (m <n). 


106 























Hereinafter we shall call the Equation(2,1) the deriving equation, 


The function 6 (t) is derived from F,(0 during the process of elimination of Xg, Xg,...,X,,, by differentiation 


multiplication by constagts, and summation. $(t) has therefore, the same period T; o(t) is identically con- 


stant if all the Fj (t)"s are constant, and generally speaking, 6 (t) is not identically constant if at least one of 
the Fj (t)'s is not constant, 


It was shown in [4] that in Equation(2.1) the operator p* becomes the operator of ordinary differentiation 
only if xy and y, are sufficiently smooth functions, In the case of discontinuous functions, p* must be considered 
as the "generalized derivative" operator, determined by the following equations 


p’F (t) = pF (t) + Ske (t — tg), 
q 


p°2F (t) = pYF (t) + Sieh! (t— te) + SRB (t— te), - 
q q ‘ 


p°?F (t) = pPF (t) + Sybab" (t — te) + DG (t— te) + SB(t— ta) ete. 
q q q 


In these equations p =< is the ordinary differentiation operator; Eqs Eb + etc,, are the values of the 
dF(t) d?F(t) 
dt ° dt? 
Dirac impulse function, and §*(t), §''(t) etc., its derivatives. The summation is carried out over all the dis- 

continuity points, * Equating the terms in(2.1) that do not contain §, we obtain the equation 


discontinuities in the functions F(t) and their derivatives 





, etc,, at the instant t =tas 6 (t) is the 


D(p)% =K(pP)yit+O(t), yr =f(%), 
(2.3) 
which relates the functions x, y, and @(t) everywhere except at the discontinuity points, Equating in addition 


the terms containing §', 6" , etc., we obtain the “jump conditions,” relating the values of x, and y, and of 
their derivatives before and after the discontinuities, * * 


Considering only the solutions for x,, the system of Equations (1.1) is equivalent to Equation (2,1), where 
the operator p* is determined from (2.2), or else is equivalent to the derivation Equation (2,3), where p is the 
ordinary derivative operator, provided this equation is supplemented by the jump conditions, 


Let us restrict ourselves for the time being to an analysis of a characteristic f(x,) composed of two specified 
straight lines, With this, the coordinate x, is continuous (sincem< n), and y, can experience a jump discon- 
tinuity, since the transition from one straight segment of the characteristic to the other segment can occur not 
only at the point where the segments intersect, but through an instantaneous jump at all given values of x, (Fig. 1). 





* Let us remark that if any periodic discontinuous function F (t) is represented by a Fourier series, then term 
by term differentiation of this series defines a Fourier series of the function p* F (wv rather than of p F(t). 


In connection with this, when seeking a periodic solution of Equation (2.1) in the form of the Fourier series 


= > a,c"! it is possible by substituting the series into (2,1), to differentiate the series term by term., 


T——oo 


i.e., to use the identity 


Diy’) > aero! — > D (ire) ae. 
T=—oo T=——oco 


*e These jump conditions are given in[4], They are not given here, for they will not be used hereinafter. 
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In the particular case when both straight segments of the characteristic are parallel to the x, axis, we ob- 
tain relay characteristics (Fig, 1). 


We shall seek the simplext periodic solution, in which the transition between segments occurs at the begin- 
ning of the period (t =t), at the end of the period (t =t,), and once only within the period (t =t,), In other words, 
with proper choice of the start of the period, the generating point travels during the time of the period first on 





























f(t) 
a ee 
a 
fi, 























Fig. 1 


one segment and then on the other segment of the characteristic, 


Let us denote by a, and gg respectively the specified values of x, at which the transition occurs from the 
first line to the second and from the second to the first .* 


It is furthermore assumed here that the transition between segments occurs at the instant when the coordi- 
nate xy, moving along any one of the straight lines, first reaches the value 0 OF o 2 respectively. ** 


If @ (t) is constant (and in particular, if @ (t) =0), the time origin ty can be chosen arbitrarily, Hereinafter 


we shall choose ty =0, and the problem, as will be shown later, reduces to determining the timest, andt, required 
to cover the segments of the characteristic, 


If } (t) is not constant, the time origin depends on the specified function  (t) and cannot be chosen arbi- 


trarily, The problem reduces again to the determination of two quantities, for example, t, and ty, since t) can 
be determined from the relationship T =t,— t). 


Let us return to Equation(2.1) and introduce a change of variables 


a, = ax + By + x, 
Yr = {2 + by +4, (2.4) 


ab — By + 0. 





eIn the particular case when o, =0 2=0 (the abscissa of the point of intersection of the segments of the 
characteristic) the function y, becomes continuous. 

ee Hereinafter, asisdone in the theory of relay systems, this supplementary condition is taken into account 
only at the very end, The periodic solutions are first sought without taking this condition into account, after 
which it is checked whether the resultant periodic modes satisfy this supplementary condition, 
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We then obtain in lieu of (2.1) 


L(p’)z=M(p")y+¥(t), y=F(z), (2.5) 


where * 


L (p*) = «D (p*) — {K (p*) = agp + ap" +... +a, 
M (p*) = 8K (p*) — BD (p’) a bop*™ + b,p*™— + ab te +. bm, 


F(t) =@(t)+K(0)A—DQO)x= J eetrot  (, = €_,) 


The function y = F (x) is specified implicitly by the relationship 


qx + by +2 = f (ax + By + x). 


Equations (2,4) define a linear tranformation of points on the(x;, yp plane into points on the(x, y) plane and 
vice versa. In this transformation straight lines remain straight and parallel lines remain parallel, Let us choose 
the coefficients a,8,y,5, « and \ of this transformation such that the first segment of the characteristic js 
transformed into the x. axis of the (x, y) plane and the second segment is transformed into the y axis, 


If the segments are not parallel to each other (ky = ky), it becomes necessary to put * * (Fig. 2) 





7 = kya, 8 = k.8, 
— hy sae he } _ kohy _ kyhe (2. 6) 
tg hy? tg hy 


The values of a, 8, y and § can be chosen arbitrarily, provided the first two relationships in (2,6) are 
satisfied, 


As a result of this, the equation 
D(p*) x= K(p*)y, + D (4) 
becomes transformed into 
L(p*)a =M (p") y+ ¥ (0), 


elf 5(t) is identically zero, then y(t) = const =K (0) A — D(0)K- 


* « The equations are written for the case when neither segment is parallel to the y, axis, Otherwise, the 
form of the equations is changed, 
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and a characteristic composed of two straight segments is transformed into a characteristic composed of the co- 
ordinate axes, 


Previously, in the (x;, y,) plane, the transition from the first segment to the second one was made from 
point P, into point P";. Now, in the (x, y) plane, the corresponding points are Q, and Q', (Fig. 3). 


Analogously, the transition from the second segment to the first in the (x, y) plane is from the point Q, 
into Q';, The coordinates of the points are indicated in Fig. 3. 


If the *jumps" in the discontinuous modes occur in the (x,, y,) plane along lines parallel to the y, axis, the 
jumps in the (x, y) plane will be along parallel but inclined lines having a slope tan g = a/8. 


All of this is true only if ky-k, # 0, i.e., if the segments of the 
characteristic are not parallel to each other, The case of parallel 
lines (relay characteristics and those that can be reduced to such 
characteristics) is not considered here, for as indicated above, me- 
thods of determining the periodic modes of relay systems are known 
from previously published works, 











3. Derivation of the Equations of the Periods and 
Determination of the Periodic Mode 








The variation of the coordinates x and y during the time of the 
simplest periodic mode (this concept was explained above) at ty) < t < t, is as shown in Fig. 4, 




















Fig. 3 


_We shall seek this periodic solution in the form of a Fourier series 


+00 te 

; — 1 2 pirot 

z= a a,e%rat y= po Dré ‘ 
T=—oo T— oo 


Substituting the series into the system of Equation 2.5), we get 


L (irw) a, = M (irw) 8, + e,. 
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Let us denote by y? the Fourier coefficients of the 
periodic function M(p*)y, i.c., wt} = M(ir wy,. Then 


& & , 
a ; ; 
\ a  \ a a, _ Uy +e, Uy (3.1) 


Gt ‘" ty ¢ "Toa: "was" 














a ae 4 
| Let us now consider in lieu of M (p* )y the function 
4 @’ , M (p) y, where p is the ordinary derivative rather than 
@ 4 \ G 4 & the generalized one, In the case of periodic modes, 
ty t, t, t when y is a periodic function of period T, M(p)y is also 
Na 4 a periodic function of the same period. Let us denote 
’ . % its Fourier coefficient by y,. 
Fig. 4 In the general case, when the function y and its 


derivatives up to the ( n— 1}th order are subject to any 
number of discontinuities within the limits of the period, the following relationship * exists between the Fourier 
coefficients y* and y+ 


m—1y n—log 


Uy = [hy + plete pe kM (irw) ++ e— iret, p.- My (irw) + o° |. (3. 2 
k=0 k=0 


1 2 
Here 1,, 1) etc., are the values of the discontinuities of the k’th derivative of the function y(t) at the 


instants ty, tg,..., 
Mx (S) _ Dn—K-1 -1 Sy eee + wer. 


and the number of the sums— the terms in the square brackets— equals the number of discontinuity points within 
the period, In our case, there are two such points (for the instants t, and t,) and the square bracket does not con- 
tain the terms represented by the dots, 


The value of yp, is calculated from the following equation 
ts ty ts 


te =e | M (p) yet" dt = > [\ M (p) ye*ro* dt + \ M (p) ye" dt]. 


(3.3) 


To calculate the integrals contained in this expression, let us insert the value of y(t) into (2,3) and replace 
p* with p, bearing in mind only the sections that do not contain the discontinuity points; we then obtain 


L(p)x = M(p)y + ®(t) + 2.K (0) —xD (0). (3.4) 


In the periodic solution under consideration (Fig. 4), we have y=0 att, <t< ts x=0 atthe te ty. 


*A proof of this relationship is given in Appendix I. 








The condition y = 0 is equivalent to the condition 


M(p) y = U, 


(3.5) 
y (ty — 0) = y' (ty — 0) = ee = yD (4, — 9) = 9, (3.6) 
while the condition x =0 is equivalcut to the condition 
L(p)z = 9, (3.7) 
x(t, —0) = x’ (t, — 0) —-~eer == x") (t, — 0) =5 (0). (3.8) 


Equations (3,6) and (3,8) will be used later, For the time being, let us note that (3,5) leads to 


ty 
i 


To use Condition (3,7), let us make use of Equation (3, 4), which, by virtue of (3.7), reduces to the equa- 
tion 


M (pyy = — © (1) —21.K (0) + xD (0) (ty <<t<ty). 
Equation (3. 3) therefore, assumes the following form 
ta 
bby = — pe \ P(t) + AK (0) — xD (0) entre" dt, 


and the coefficients 4, can be readily calculated from the specified function (1). 


Taking (3, 2) and (3,1) into account, we get 





Up+e 1 ag n—ls 

_ es —irel, \Y », re, —irwt, XY x, " 
* = Tire) ' TL (ire) f Dy MHMe (ira) + ee Mele}! qm (ire)|, 
k=0 k=0 
Up 1 — 1 a3 2 (3, 9) 
es ae —_ —irot y' am. (ir —irwle XV , . 
Pr = Stray 1 FAM (ire) le 2, Twin (ire) ee lels Sqm (ire) | 
k=0 k=0 


Substituting these expressions for a, and g, into the Fourier series for x and y, and collecting terms with 
equal 7, we get n--1 


1 2 
t= pe [Pn (t — ty) qe + Re (t — te) x] + Rd), 


(3.10) 
k=0 
petty 1 2 

y= SUSk (t= ty) Ge + Sk (t— be) He] + 5 (0), (3.11) 
k=0 
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a 
m,, (ir@ my, (iro) 
"k (res) iret & 


1 + 7 a5 - eirat | 
Ih = ¥ ‘L (iro) a. c= zZ M (iro) 


r=——o Tr=——o 


(3,12) 


oo 
U 
°F eirat —_ a a eirat | 
= 3% | & re ; 5 py M (ire) 


r=-—o@ rT-——co 


Here R Sk» R, and S are convergent Fourier series, 


k’ 
Let us now return to Conditions (3,6) and (3,8), and let us require that the functions x and y , defined by 
Equations (3,10) and (3.12), satisfy these conditions, These lead to the following equalitites 


n—1 
SY} (Re (ty — ty — 0) + Ry (— 0) a] + R(t, —0) =0, 
= 
ona 
be [Ri (te — t, —0)% | Ry (— 0) as] + R(t, —- 0) = 0, 
k=0 


nN} 


x [REY (ty — ty — 0) ge + RE (— 0) aad + RO (ty — 0) = 


- (3.13) 
y [| S, (— 0) + Si (t; ii ty — 0) "4 + S(t, — 0) — 0, 


k=0 
n—1 


p> [S;, (— 0) % + Sp (t, — te —0) sl re i (t, --- 0) =0, 

al 

n-1 

Sy (Sie 0(—0)7 w + Sy” (¢, — ty — 0) ra + S(t, — 0) =0. 


k=0 


Let us recall that w=27 /t, if 6(t) is constant, since ty=0, and since w is specified in the case of forced 
oscillations, In any case, therefore, Equations (3,13) contain, in addition to the linearly dependent unknowns 
n, only the unknown values of time t, and ty, 


If the values of t, and t, are assigned arbitrarily and substituted into the derived system of equations, the 
system yields* all the values of the discontinuities n), and Ne: Substituting the resultant pn), and n) into the 
series (3,10) and(3.11) we obtain x(t) and y(t), These values of x(t) and y (t) will satisfy the equation 


L(p*)c=M(p*)y + ¥ (0). 


Motion along the x axis(i,e., y = 0) will be assured during the time t, < t < t, and motion along the y axis 
(i.e., x =0) will be assured during the time t, < t < tg; however, there is no assurance of the transition from 
the x “axis to the y axis from point Q, into Q*;, or of the transition from the y axis to the 

x axis from the point Q, into the point Q's. To insure this “joining condition" ° * it is enough to require that 





«It is assumed that the determinant of the system does not vanish for these values of t; and t,, The case 
when this determinant vanishes will be treated later, 

* «In the theory of relay systems these conditions correspond to the condition of correct switching of the 
relay, 





the following two conditions be satisfied (Fig. 3) : 


y(4y+0)=y%. y(t2—0) = ye, (3.14) 


where 





hy — lg hy — he 
“Roh yh Oh 
oe he 


These conditions fix the position of points Q*; and Q,, consequently, also of points Q,; and Q's, since the 
directions of the jumps from Q, into Q', and Q, into Q', are specified by the selected linear transformation (2.2). 


1 2 
In connection with the fact that ng= y(t, + 0)— y (ty— 0) and ny =y (ty + 0)— y (ty—0), and that y(t,— 0) = 
= y(t,+ 0) =0 (motion along the x axis), Condition (3.14) can be rewritten as 


1 2 
Yo=YM- N= — Y2 (3.15) 


Assuming for the time being that the determinant A (ty, ty) of the system(3.13) vanishes, let us solve it 


i 2 i 2 
withrespect to n» and no. Let the solution be no =f 4 (ty, ty and no = f (ty, ty. Then the conditions 


Av(tis te) =Yr. Jo (tis te) = — Ye (3.16) 


can be used to determine t, and ty. 


fyltnt)*y ty 


fy lt, 6)*Y 





ty 


4 AA LE 
za 














Fig. 5 Fig. 6 


For example, it is possible to plot the curves (3.16) in the (ty, ty) plane by usual methods and to find their 
intersection points(Fig. 5). The values of t, and t, corresponding to these points are “possible periodic solutions”. 
Actually they determine the periodic solutions if the following conditions are satisfied : 
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a). One of the following inequalities holds: 0<t,<t,(for self oscillations) or ts— T < t < t,( for forced 
oscillations). 


b). There are no “switchings” within the period at t, other than t, and ty. 


To check whether Condition "a" is satisfied, it is convenient to draw the angle between the t, axis and the 
bisectrix of the first quadrant in the (t,,t,) plane in the case of the self-oscillating case (Fig. 6), or to draw the 
strip between the bisectrix and the line t,— t, = T in the forced oscillation case (Fig. 7). The intersection points 
of the plotted curves that lie in the crosshatched region (Fig. 6) in the self- oscillating case or in nonhatched 
region (Fig. 7) in the forced-oscillation case should be discarded, To check whether the remaining intersection 
points satisfy Conditions "b" it is necessary to use the system (3.13) to determine all values of n for the obtained 
t, and ty, substitute these values into(3,11), and plot the resultant periodic soiution within the limits of the period, 


—h =~ 
ea ee O27) 
Let % = a be the abscissa,of point Q,, and y2 = at the ordinate of point Q, (Fig- 


ure 3). 


If the plotted solution is such that the value of x, is reached at any value of t other than q, or the value 
of y is reached at any value of t other than tg, such a periodic solution does not satisfy Condition "b" and 
should be discarded, 


All the pairs of numberx t, and ty, satisfying the equation of the periods (3,16) and satisfying Conditions 
"a" and "b", determine the periodic solutions that can be obtained from the derived equations. It may happen 
here that some periodic solutions are omitted, since we have assumed for the time being that A(ty,t,) # 0. 


4(t) 

















Fig. 7 Fig. 8 


If A (ty,t,) =0, the system (3.13) is generally speaking inconsistent and there are no periodic solutions, In 
exceptional cases, however, when the free terms are suitably chosen, the system (3.13) may be indeterminate 
1 2 
and for some of its solution we may have 9 =y,, and N9=_y», Thesecases can be separated by employing the 
usual analysis of the system of algebraic equations (3.11). 


4. Calculation of the Coefficients of Equations (3.13) 





It follows from the above that the determination of the periodic solution of Equation (2,1) reduces to a solu- 
tion of a system of linear algebraic equations(3.13). The coefficients of these equations are the values of the 
functions R (t), S(t), Ry (t) and S, (t) and their derivatives up to the (n~1)+th order inclusive at certain fixed 
values of time, The functions R, S, Rk, and S; themselves can be evaluated by expanding them in Fourier series 
(3.12), for these series are convergent. However, certain difficulties arise when determining the values of the 
derivatives of these functions. If an attempt is made to determine these derivatives by differentiating the series 
(3.12) term by term, it must be borne in mind that the convergence of the series that results from the differen- 
tiation becomes considerably poorer with increasing r, and these series may diverge, starting with a certain value 
[sea i. 





To circumvent these difficulties, it is possible to employ the method developed by A. N. Krylov to improve 


the convergence of series, as was done in[4]. Let us explain the application of this method by using as an ex- 
ample the function 


i - m, (ire) al 


T=—oo 
where 


Mk (S) = bn—K-1 + bn—n-2 S +--+ + wr", 


Let I be any positive integer. Let us divide now the polynomial s +n (3) by L(S). 


Let us denote the quotient by ys! + ys +...+y] +4, and the residue as wr + cS” *+ 

















a 
Then ‘ 
S"t'm, (S) = (yoS'™ aa a" * qeeee + 1-1) i (S) -t 
+ eS * 4+ 6,8 * +--+ + eg. 
hence 
m, (S) — Yi Ss CyS"* +c, S™9 + ee Hey, 
Lisy — geeit sera tt gai + S*+1 1 (S) (4.1) 
Using the identity (4.1), let us replace the Fourier series for R,, by the sum of the Fourier series F 
on-k—1 Hyot(t) + Ri (0) 
Ry = r + oH esi (t) + trHk+2(4) foes + ptr nse (t) + Ae (O), (4.9) 
n . 
where 
1 2 1 (4.3) 
? a ‘+ rat —_— 
H;(t)= 7 >» Grey? (j=k+1, kK4+2,...,44+-0, 
T=—0co 
foe) : = . —2 
hae 1 Cy (irw)"—* + ¢,(irw)"~" + ++++e,_, a 
me oe (ireo)*¥" L (ire) it _ 


and >" denotes a sum from which the term r =0 is omitted, 


* The identity (4,1) holds at S =irw for all values of I except r =0, The constant term of the series (cor- 
responding to r = 0) is,therefore, deleted from the expression for R,.. 
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Unlike the series Ry (t), the series Ri (t) has that property atl = n—k—J that all its term by term deri- 
vatives up to the (n— 1}th inclusive are convergent, Furthermore, for greaterl, the better the convergence of 
the resultant series, 


It is therefore possible to choose a value! that is large enough to make the values Ry (t) and all its deri- 
vatives up to the (n —1)*th inclusive readily calculable from the first few harmonics, 


Let us now consider the function Hj (t). Let us note that 





1 8 
H(t) = Sp Ms (@t)where bh; (2) = » Gn - 
Differentiating h, (z) term by term, we get 
; \ 1 irz — - 
We= >) Get ba 4.5) 
i.e., 
h; (2) = \hy-a(2) dz +€. (4.6) 


In this recurrence equation, the integration constant is determined from the conditions: 
Tt 


a) if j is even \ (z) dz = 0; 
0 


b) if j> 1 and is odd, hy (0) =0. 


The first condition follows from the fact that hj (if j is even) is an even function, the Fourier expansion of 
which has no free term; the second condition follows from the fact that if j is odd and greater than unity, h; 
is a continuous odd function. 


Let us note that 


hy (z) == > a eirz — 2 > == 


rf=— © ni 





is a periodic function with a period 2", which is given by the following equation at0< z< 27: 


hy(z)===—2 (0<2< 2n). (4.7 


Substituting this value of h,(z) into (4.6) we get 
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2? 
ha (z) = \(x —2) dz + C = nz — + 


and C is determined from the condition 


\r (z)dz = ( + ~- = -+- C2) i = 0, 


i.e.. 


x . nm 
C= —  andh, (2) =t—>—7- 


Substituting now this value of hg (z) into (4.6), we obtain hg(z), etc. Appendix II gives equations for the 
functions h;(z) for j =1 to j =11. 


By virtue of (4.6) we have 








d*h, 
— = hj_s (z). 
(4.8) 
Using (4.8) and (4.2) we get 
a { 7 
Ra (t) = + oe | Ue he (ot) + Seer basalt) +++ 
Fi... . 
vee EE Ii (o)] + Ri, (t), 
8 (4.9) 
dR, (t) ify Y 
ar - yes = on | hr4i—s (ct) + eT he+e—s (cot) -t eae 
d°R;, (t) 





= 
-+ wlte—t Repti (cot) -t- ats , 


where " =0ifg< 0, and RY, (t) and its derivatives are determined from (4.4). 
Thus, calculation of the values of Ry or RS ) reduces to summing the first few harmonics of a rapidly con- 
d* Rj (t) 
dt* 


verging series R*, (t) (or of respectively), The equations for the values of R, S, and S, and of their 





derivatives are derived in an exactly analogous manner.” 





* Let us remark here that y,=1 and y,=. 


a Ok 0 in the case of the functions Si 
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APPENDIX I 





Derivation of the Relationship Between y* andy 


oo 
Let us consider a periodic function A (t)= p- 8(t + rT) (Fig. 8). Its Fourier expansion is : 





' T= —_-@ 
{ oo 
A(t) =a > eirat, 
' r= — © 
1 
Assuming that y is a periodic function and Nk —_ are the values of the discontinuities of its k*th de- 


rivatives(k =0, 1,...n—1) within the limits of the period, it is possible to write down the following chain of 
equations by virtue of (1.4) 


y= y, 


q 
Pty = py + >) nA (t—t,), 
q 


p*y = py + >) IgA’ (¢—t,.) + nA (¢—¢))I, 
q 





q 
p*8y = p®y + >) Ing” (¢— t2) + mA" (¢—t9) + m4 (¢— tI 
q 


etc., up to p* aii y- 


Multiplying the left and right halves of the first equation by bp, that of the second equation Dyay of the 
third by b,. a etc., and adding all the equations, we get 


@ q 
M (p*)y = M(p)y + Sj A (t— tg) (bp_yMq + Ona +°°°) + 
q 
qd q 
+ DJA! (t—t2) Ong + Ons $0) Ho 
q 


But 


co co 
M (p*)y= b> pre !de, M (p)y= bs per! de, 
r=—oo Fun——6S 
4 — iret ' 1 i fret 
A(t) = r za ,". A! (t) = ar p . (ire) e 


f= —oo fus—69 














, ‘ ‘ ‘ irwt 
Substituting the series into the resultant identity and equating terms with e (for equal values of r ), 
we get 








‘ 1 , "8 
Mp = By bo |e irwt, z Ny, (ir@) + 
k-=0 
n—1, 
~ire 1 . 
+e ~~ mlm, (ire) +--+], (k=0, 4, 02. 0 -1,r=—o,...,0,.... bu), (3.2) 
k—0 


=~) (S) _ Ong + 5,508 +... + errs, 


APPENDIX II 





Equations for Calculating hi 























hy ==—2 -{- Tt, 
2? n2 
23 Tz? = 2z 
y=—= ee, 
h -_ z4 723 7222 im 
ak: tk se bx , 
25 m2 m2z3 0 xxfiz 
's=— 99+ 4 — ae + 45 
26 mz> 22 = tz Oe 
he = — 399+ to0 — Ga + 0 ~ 948 
2? mz& = e225 eh 3 Dez 
iain 5040 + 720 ~~ 360 t D0 945" 
28 mz? 17226 miz4 = xx z2 238 
he = — > t+ en ims tim ae 37800" 
40320 ' 5040 2160 ' 1080 945 © 3780 
29 28 m2z? 1425 17823 23182 
h=— = > -}- TT) ~ ane +t. 7 a DOVE 37800’ 
362880 *° 40320 15120 © 5400 2835 ~ 378 
210 72° 7228 1426 15 z4 237822 5813710 
ee 3628800 + 362880 ~ 120960 + 32400 11340 * 75600 — 1995800" 
gil 7z10 ™2z9 metz? 10625 237823 58137192 





hu=— Sop76800 + 5628800 ~ 1088650 + 226800 — 56700 T 226800 — 19958400 * 
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CORRECTION OF PULSE REGULATION AND CONTROL SYSTEMS 


Ia. Z. Tsypkin 


(Moscow) 


Analysis of continuous and pulsed methods for the correction 
of pulse (intermittent or sampled-data) systems. A procedure is 
given for the design of the correcting elements, A method of using 
digital computing devices as correcting elements is described, 


INTRODUCTION 


The task of correcting pulse systems consists of so varying the structure of the system and determining the 
values of its parameters that the pulse systems acquire specified properties. The change in the structure of the 
system can take place either in the linear portion or in the pulse element. The first case corresponds 
to a continuous correction; it is analogous in some respect to the correction used in continuous 
systems, 


The second case corresponds to pulse correction, Although this method of correction has no analogy in 
continuous systems, it can nevertheless be used for the correction of such systems. 


1. Preliminary Remarks 





Consider the pulse regulation or control system shown in Fig. 1, Let us denote the closed-loop transfer 
function of this uncorrected system by Ky (q), so that 

















U' (9) 
Uy {, 4 fn jR— = K ’ 
Pi 0 2 y Pl U5(4) 2 (9) 
up [n} 
out 


where Uin (q)isthe transform ofthe error and U, (q) is thetransform of the 
driving force. 








linear Let us denote by Kea (q) the transfer function that is desirable from 

_ some particular point of view. The choice of K3q(q) is connected with 
the requirements imposed on the pulse system. It is thus possible to re- 
quire that the pulse system have a specified degree of astatic behavior 
or that it produce the so-called optimum effect, This will be discussed 
in greater detail in Section 4, 











Fig. 1 


The task of correcting the pulse system consists of so changing the 
structure of the pulse system as to make the transfer function of this modified or corrected system equal to the 
desired one *, i.e., 


+ 


* One can also specify that Ky. (q) differ as little as possible from K3d(q) in some respect. 








(1.1) 


Ke (q) = Kea (9). 


Using the relationship between the closed-loop and open-loop transfer functions 


a (1.2) 
K, (q) = i+ W* (q)’ 


we can write Condition (1.1) in the following term 


* 1 
W, ¢ = ” cae peel 1 . 
0 (9) Kog (9) (1.3) 


This relationship determines the open-loop transfer function, at which the closed-loop transfer function 
will be equal to the desired value. 


The remainder of the problem consists of realizing Wé (q) by changing the linear portion or the pulse 
element, The former case corresponds to continuous correction, and the latter,to pulse correction, Let us 
consider these cases in greater detail, 


2. Continuous Correction 





The transfer function W* (q), obtained from the relationship (1.3), corresponds to the corrected system, 
From the transfer function it is possible to obtain the transfer function of the linear portion of the system 
W,. (q). This can be done in various manners, some of which are described in the Appendix. 


If the linear portion is modified so that the transfer function becomes equal to W,.(q), then the closed 
corrected pulse system will have the desired properties. Such a modification is accomplished by introducing 
into the linear portion additional elements, which are connected with the elements of the linear portion in 
series( Fig. 2), in parallel (Fig. 3), or in the form of a feedback loop (Fig. 4)? For convenience, these dia- 
grams show the linear portion in the form of two series-connected elements, The transfer functions of these 
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Fig. 2 Fig. 3 


* Series continuous correction was treated in [1]. 











elements are K,(q) and K,(q) respectively, so that W (q) =K,(q) K,(q). The transfer function of the supple- 

mentary correcting element will be denoted by K,(q). The transfer functions of the linear parts of these sys- 
tems should equal W,.(q). This condition is used to deter- 
mine the transfer function of the supplementary or correcting 


element, 
u,/n) 7] mi 


—— > Pl 




















For series correction (Fig. 2) 








Ns(q) We(a) 
: 4 eee he 
Ky (9) ~~ "Ki (9) Ko(q) * (2.1) 
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For parallel correction (Fig. 3) 


Fig. 4 
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For feedback correction (Fig. 4) 


a 





From the resultant transfer functions it is possible to determine the structure and the parameter of the sup- 
plementary correcting elements, using methods known from the theory of continuous regulation and from net- 
work theory, 


3. Pulse Correction 





Pulse correction is unique to pulse systems. It involves modifying the pulse element either by introducing 
pulse networks as correcting elements or else by using digital computing elements as correcting elements, 


The pulse correction can also be used in continuous-regulation systems. 


Before proceeding to determine the design equations, let us recall the expressions for the transfer functions 
of interconnected pulse networks [2]: 


For series connection (Fig. 5a) 


K’ (q) = Ki (q) K3(q): (3. 


For parallel] connection (Fig. 5b) 


K’ (q) = K; (9) + K3(q); (3.2) 


For feedback connection (Fig. 5c) 
K, (9) 


K* (q) = ——— 
(9) i + K, (9) K, (9) 


(3.3) 




































































Fig. 5 


It is assumed here that all the pulse networks operate in synchronism and in phase, 


Pulse correction is realized by introducing into the pulse system a supplementary pulse network, and also 
by introducing a pulse network into the continuous system. We shall denote the transfer function of the supple- 


mentary pulse network by K? (q). 


The structure of a system containing series or parallel pulse correction is shown in Fig. 6 or 7 respectively.* 


We shall not consider the more complicated case of correction by means of a feedback network. 


The transfer function of the supplementary pulse network K? (q) must be so chosen that the open-loop 


transfer function of the corrected system equals the specified value, i.e., We (q@. 


Thus, we readily obtain for series correction (Fig. 6) 


-* We (9) 


where W* (q) is the open-loop transfer function of the initial system. 


For parallel correction (Fig. 7) we have 


WE @—=W" 


Bi =o () 
1 
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Fig. 6 Fig. 7 


* Series pulse correction was discussed also in [3]. 
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(3.4) 


(3.5) 

















Knowing Ks (q), it is possible to use the methods described in the Appendix to determine the transfer 
function of the linear portion K AS.) of the supplementary pulse network; 


Pulse correction can also be effected with a digital computing device, which is equivalent in its operating 
character to a certain pulse network. 


The input quantity of the digital computing device represents equally-spaced discrete values uy [n] of a 
certain function u, (t), and the output quantities are equally-spaced discrete values uy [n] of a function uy (), 
corresponding to the results of the calculation. The correspondence between these two values can be written 
in the following form: 


l, l 


aU, [nm] = >) Bu-v Ms [rn — v] — Nay_ wig [n — Y}. 
—— 
v=0 vel (3.6) 


This difference equation defines a linear program (i.e., a sequence of actions) of the digital computing 
device [4, 5]. 


Subjecting (3.6) to a discrete Laplace transform 





@ 
a —qn — U* q), 
D {u [nj} = Sule (q) ‘i. 
n=0 
we get upon transformation 
e be 74, ++ +8 ef! . 
U3 (q) = Be eM; (Q). 
14-a,e%+ --. + a, e@ (3.8) 
The transfer function of the digital computing device will therefore be 
f S An one al, 
k* (q) aa Po + Be 4 + Bye eul—ly). (3.9) 





1+ a,e% + see + a,e% 


and will not differ at all from the transfer function of a pulse network. 


Thus, by choosing a suitable program for the digital computing device, it is possible to use the latter as 
an element for pulse correction. 


The choice of correction elements can also be based on experimental characteristics of the linear portion 
of the system, provided the synthesis method described in[6] is used, The only difference here is that the trans- 
fer functions determined by Equations (3.4) and (3.5) will be represented as series in powers ofe “4, 


In addition to using continuous or pulse correction, it is possible employ a combination of the two. In this 
Case a supplementary pulse network, or an equivalent digital computing device, is introduced in parallel to one 
of the continuous elements of the continuous (but not pulse) systems, 


4. Choice of the Transfer Function of the Corrected Pulse System 





From the point of view of the steady-state processes, it is frequently desirable to have the r coefficients 








of the errors of the pulse system vanish [7]. 


On the other hand, from the point of view of the transient process it is desirable that the transient in the 
pulse system terminate in a minimum time, for a given gain, or in other words, that the pulse system have an 
infinite degree of stability [2, 8]. 


A pulse system satisfying these conditions is called an optimum system, Let 





ye PP” te 
W"(Q) =o (4.1) 


where P* (q) and Q* (q) are polynomials in e4 of degree !, and 1 respectively, withl, = 1. 


Substituting W* (q) from(4.1) into(1.2), let us represent the closed-loop transfer function as: 





-° , Hy (9) 
K a Q* (9) aaiton 
2) FOE @F@: (4.2) 


Here Hz’ (q) and G* (q) are polynomials in e4 of equal degree 1, and 
G° (q) = do + aye? + +++ + ae = 0 (4.3) 


is the characteristic equation, 


If the degree 1, of the polynomial P * (q) is less than the degree J of the polynomial Q * (q), then, as can 
be seen from (4.2), the coefficients of the highest powers of Hj (q) and J* (q) will equal each other. 


The pulse system will have r vanishing error coefficients if H2 (q) can be represented as 


H3 (q) = Ha(q) (e*—1Y, 
(4.4) 


where 


H;(0) +0. 
= (4.5) 


The pulse system will have an infinite degree of stability, i.e., its transient will terminate in a minimum 
time, if it is possible to choose its parameters such that the characteristic equation is reduced to the form 


G* (q) = aet' = 0, 
(4.6) 


ie., if (see [8) 














ao > a, = +++ =a), = 90. 


Consequently, the transfer function of the optimum pulse system can be represented as 


- H,, (9) (et —1)" 
A 2 upt (9) = @ ea! ss (4.8) 
l 





On the basis of Equation (1.3) we obtain an expression for the open-loop correction pulse-system transfer 
function for Kq(q) =K3opt (q@) 


‘ a __ HY" (q) (et — 1)" 
C@@ -(——1- (4.9) 
K, opt”) H , (9) (e* — 1) 





This relationship can be used for the correction of pulse systems. 


5. Examples of Corrections of Pulse Systems 














By way of the first example, let us consider a system where discrete data are transformed into continuous 
ones, the diagram of the system being shown in Fig. 8. The transfer function of its linear part is 


q° (5.1) 


The open-loop transfer function of the system, in the case of a duty cycle y #1, is of the form 





Wh en wee, (5.2) 
e7 —1 
According to (1.2) we obtain the transfer function of the closed-loop system 
K; ao 
1) = at he | (5.3) 


The system will be stable if ky < 2. 


The error coefficients, determined from equations given in [7], are 





The static-error coefficient dy of the syste is 0, The velocity-error coefficient dy has an absolute value 
that diminishes with increasing gain coefficient ko. 


However, since the stability condition requires that inequality ky < 2 be 
satisfied, the absolute value of the velocity-error coefficient cannot be less 


























in " — than 4/5. 
Youd An infinite degree of stability, corresponding to a minimum regulation 
time, is attained at k, =1. In this case 
Integra- 
tor | 
K3(¢) = St at — 
Fig. 8 ; ef (5.5) 


The equation for the error will assume the following form: 


Vin (q) = K2(q) Uo(9) = (1 — €) UG (q)- 


Changing from the transform to the original, we obtain 


Uin [2] = Up [mn] — uy [nm — 1] = Au, [n — 4]. 


If the driving function is constant, uy [n] =c, we have 


c at n=O, 


wine] = Ome n= t] = 1, at n>1, (5.6) 


i.e., starting with n=1 the system error will be zero (Fig. 9a). However, if the driving function varies linearly, 
Uy [n] = cn, then 


0 at n=O, 


itis a 
Uin [n] Auy [n J cat n> 4. (5.7) 


It follows from (5.7) that starting with n=1, the error of the system will be constant and equal to c (Fig. 9b). 





Up Yin Let us impose the requirement that the steady-state error be zero 
for a linearly- varying driving function and that the degree of stability 
PE. ie lccieeeneaeaamaenaae lI"? be infinite. 
~ 4d” 











To satisfy these conditions it is necessary that the closed-loop 


0 1 2 3 gt=n , 
transfer function of the system be 


Up \¥. J Ug(n]=cn 


c Ky d(q) = od Gey. 





(5.8) 
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The equation for the error will assume the form 


Uin(q) = K24(q)Uo(q) = (5.9) 
= (1 — 7) (q). 


After changing from the transform to the original we get 


u in[n] = ug[n] — 2u,[n — 1] + uy [n — 2] = A®u, [mn — 1]. 


(5.10) 
In the case of a linearly- varying driving function 
0 at ma 0, 
win[n] = A’u,[n—1]= jc a n=, (5.11) 
0 at n => a 


from which it follows that in such a system, in the case of a linearly-varying driving function, the error will be 
zero starting with n= 2( Fig. 10). 


Substititing the resultant value of the closed-loop transfer function (5.8) into (1.3), we obtain the unknown 
open-loop transfer function 


° 2q 2e% — 1 
Ww op gente, <x 9 oe Eee 
e (9) (e% — 1)? : (e% — 4)? (5.12) 


Let us first consider the case of continuous correction, For this purpose, let us represent W¢ (q) as 


4 
a—i- (5.13) 





. ef 
We (q) = aa + 


ais 1)? 


Using the table for W (q) vs. W* (q), given in the Appendix, we obtain the transfer function of the linear 
portion of the system ( y = 1) 


1 34 
eet hth (5.14) 


The transfer function of the uncorrected system is 


7 


W (q) = 








Therefore, in the case of series correction, we obtain from (2.1) the transfer function of the correcting 
network in the form 


n Wo) 4 3 
a = c — - 
AS) = Wa@ “Ka + 2k; 





(5.15) 


The correcting element consists of an integrating circuit with a relative gain coefficient 1/kj in parallel 
with an amplifying circuit with a relative gain coefficient 3/2k,. The block diagram of the corrected system 
is given in Fig. 11. 
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In the case of parallel correction (see Fig. 3), assuming 


> " 1 
K,(q) = ky K,(q) = 7’ — 
we obtain from (2,2) 
_ W.. (9) : { 3 
Ks (9) as rary —K 1 (q) = q a (+ — ky ) (5.17) 


As before, the correcting elements consist of a paraliel junction of integrating and amplifying circuits, but 
the relative gain coefficients are respectively 1 and 3/2— k; . The block diagram of the corrected system is 
shown in Fig. 12. If amplifying elements are combined, this circuit re- 
U; duces to the previous one, 


























—-@---} Pl ky In this case it is impossible to realize correction by means of a 
feedback element, 








wr Let us consider now the case of pulse correction, The respective 
open-loop transfer functions of the corrected and uncorrected systems 
“A are, according to (5,12) and (5.2), 


























+ Qe —_— 1 * k, 
We (q) = (1 W*()= = 


— iy” Fn . (5.18) 


Fig. 12 


In the case of series correction, the transfer function of the correcting pulse network or of the digital com- 
puting device should be 
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(5.19) 


Wig) 4 et —1 
—ae | e 
w*(q) ky eI— 1 





ki (q) = 


A pulse correcting device having this transfer function can be realized in the form of a pulsed network, 
in the form of a system with delay lines or delay elements, and finally, in the form of a digital computing 
device with a suitable program. 


Let us consider these possibilities briefly. 


Representing K? (q) of (5.19) in the form 


* 2 1 1 
Bo-2+.--.. 
k k = 
? . en (5.20) 


and using the W (q) vs.W *(q) table in the Appendix, we obtain the transfer function of the linear part of the 
correcting pulse network ; 


0 hy a (5.21) 


Thus, the correcting pulse network consists of an integrating and an amplifying element with relative gain 
coefficients of 1/ky and 2/ky respectively. 


A block diagram of the corrected system is shown in Fig, 13. 
Let us now represent K¢ (q) of (5.19) in the following form: 
—“s 1 1 | 


,* 4 2—<é 
A, (9) = the ine-@ ke i—e-? a ° (5,22) 


A device having a similar transfer function can be obtained using delay elements in the following manner, 


Let us add to the feedback loop of a unity-gain amplifier a delay element with a relative delay time T = 
= T/T, =1, i.e., with a delay equal to the repetition period. Noting that the transfer function of such a delay 
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element is e~4, let us find the transfer function of such a combination (with positive feedback included) in the 
form 


1 
a 














Next, as seen from (5.22), it is necessary to paraile] this combination with a unity-gain amplifier. The 
sum of the output signals is applied to the input of an amplifier with a gain 1/k (Fig. 14). The device ob- 
tained in this manner should act on the pulse element, The block diagram of the corrected system is shown 
in Fig. 15, 
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Finally, a system having a transfer function of the form (5,22) can be realized by introducing a digital 
computing device (Fig. 16) in lieu of the pulse element. The input to this device should be the error, and the 
output the corresponding pulses representing the numbers, The program 
of the digital computing device can be obtained from the transfer func- 






































ul in) Pl tion (5,22). 
According to(3.8) we have 
Uys”) . ° 4 92,78 
U = ‘ = - ae : 
2 (7) K, (7) U; (9) ko {—¢7 U; (q) (5,24) 
a 
197’ 
or 
Fig. 17 


(1—e)U3(q) =7-(2—e*) Ug). (5.25) 


Taking the inverse transform, we obtain an expression for the program of the correcting digital device in 
the form of a difference equation 


ty (n] — ug [rn — 1] = (2m In] — my In — 1) _— 


or 


| 
Au, [n— 1] = | (us [n] + Au, [n — 1)). (5.27) 


By way of another example let us consider in automatic-regulation system with time delay, shown in 
Fig. 17. 


The transfer function of the linear portion of the system, in relative parameters, is of the form 




















(5.28) 


P(q) —f€ Be *? 
W)=h oq &  =4 a+PB’ 
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where 8 = = t= —, 74 isthe time constant, r is the delay time 4nd T, is the regulation interval. 


Ty 


Let us assume that y @1, i.e., we consider a pulse system of Type I, and thatk >r >k— 1, where k is 
an integer. The open-loop transfer function of the system, in accordance with the following equation 





t qa (1—¥) 
- - P(O) 4 P(4,) > ¢—e 
W* (q) = koe~™ Q(0) +m 7,0(9,) " aiilie q w | 


g -—?¢ 


will then be 








W* (q) = oe lt e-B (k-2) 
sical (5,29) 
or 
b’ e1 + by 
WwW’ _ 1 0 ; 
) = ae ae) (5.30) 
where 
b; = k(t — eB (k-*)) i, = de, (eB e—*)_ e~*), 
If T=k , we obtain from (5.30) 
Ww Mo (5.31) 
(q) = eak (eq — 8) ’ . 
where b', =k, (1— e 8). 
Finally, if tT =0, we have 
W* (q) = a (5.32) 


The closed-loop transfer function at T =0 will be 





P { 
K3(9) = 77 Ww = we e (5.33) 
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If we choose by =—e * or, what is equivalent, k, = 











we obtain from (5,33) 


1i—e 
' ae? (5,34) 
K,(q) = — a 1 —e-8e-4, 
The equation for the error of the system will be 
Vin (2) = Ka (4) Uo (9) = (1 —e-¥e-4) Up (q). (5.35) 
Taking the inverse transform, we get 
u,,[n] = Uo [n] — e-Fuy [n — 1]. 
(5.36) 
In the case of a step driving function uy [n]=c we get 
c at n= 0, 
u, = 
on [7] c(i—e-*) at n>1, (5.37) 


i.e., the process in the system terminates after the first interval (Fig. 18a), causing an infinite degree of sta- 






































bility. 
We require that the system with delay behave like the 
system without delay, except for a time shift determined by 
4n the delay time. Under these conditions, the closed-loop 
C transfer function of the system with delay should have been 
a \. the form 
‘ -e 8, 
Ot-e *) 
0 / 2 " n? tn 
‘ (k+1)q 
be # nt age HH wo FW .. 5,38 
in K.d(q) = 1 — ae iti: (5.38) 
| ~ 
e NN fag-e POY) In this case we obtain from the error equation 
{ I canadienne i . Run -* * * 
0 / 2 . ner t=n Vin(q) = Kee (9) Uo (9) 
Fig. 18 
. 5.35 
(1 — ae~h#00) U5 (q); — 
we obtain by taking the inverse transform 
n| = Uy [n] —au,|n — k — 1]. 
ig Fe an (5.40) 


Consequently, in the case of a step driving function uy [n] =c 











5.41 
Uin ee at n=(0,1,...,k, (5.41) 


\c(1—a) a n>k+1, 


i.e., the system transient terminates after the (k + 1th interval, where k = T isthe relative delay time (Fig- 
ure 18b). In other words, the output of the system with delay will have the same form as that of a system with- 
out delay, but will be shifted by an amount equal to the delay time, 


Inserting (5.38) into (4.9) we obtain the open-loop transfer function of the system 


We (q) = ,  — (5.42) 


Choosing the series pulse-correction method, let us obtain the transfer function for the correcting device 
in accordance with Equation (3.4): 


atk<T< k+l 











° We (4) JA (61 __ 9B 
fia « c. (e e ) = 
Weg) (EF — (be + b,) 
(5.43) 
atk= T 
. w* ak (.9 __ »—B8) 
Ks (q) = —s@ = + a : 
= = Oe (5,44) 
For simplicity, let us consider the case T=k . 
Let us represent the transfer function of the correcting device (5,44) in the form 
ep, . a 1—eSe-8 (5.45) 
K, (9) = b, 1 — ae~Ukt1) * 
The difference equation, corresponding to this transfer function, is of the form 
a 
Uy [n] — au,g([n —k — 1] = ra [u, [nm] — e—®u, [n — 1]}. (5.46) 


Thus, to correct the system it is necessary to introduce a correcting device with a transfer function as de- 
fined by Equation (5.43) or (5.44) (Fig. 19). 


The correcting device can be realized with the aid of amplifying elements and delay elements connected 
in accordance with Equation (5.46) as shown in Fig. 20. 





In particular, if we put a =e4 (ke 1), we obtain from (5.45) 
. eo B(k+1) { 
Ks (q) = b {+ eB e-4 + e268 2a de 0 e*8,—ka Fi 


0 
(5.47) 
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The difference equation corresponding to this transfer function is 


Ug [n] + e~Su [nm — 1] + e-*ug [mn — 2] + ... + e—*Bu,[n — k] = (5.48) 
e—B(kK+1) 
= =) u, [n]. 


The diagram of the correcting device must then be as shown in Fig. 21, It was obtained in a different 
manner in [10]. 


The correcting network can also be realized in the form of a digital computing device, the program of 
which is determined by the above difference Equation (5.40), (5.48), or which is equivalent, by transfer func- 
tions (5,38). 
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Fig. 21 


~B(k +1) 


if ase we have according to (5,41) 


u;,[n] = c(1 — eA +0) (n>k+1) 


or, Changing to absolute units 


— g(t) 
meinh jacline fe ? ) (t>t+ 7). 
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It is seen from this that as T,; diminishes, the statistical error and the duration of the process decrease * ; 
the form of the transient remains the saine (if 7 = r/T, =k ). 


It follows froin the above that introducing a pulse corrector in the form of a pulse network, delay ele- 
ment, or a digital computing device, into a continuous regulation system makes it possible to obtain optimum 
performance from the point of view of infinite degree of stability, 


APPENDIX 


Connection Between W(q) and W* (q) 





Let 





P(q) xv Pla) 4 
W (4 —= Pq == ' ¥ P 
= oq) 7 VG) 14, () 


v= 


where q,, are the poles of W(q), which are assumed all different, 


As was shown in [2], we have in this case 


l qay(i—y) 
. P (q.) ee 
W* (q) =, C+ kp >) PG i 


v-1Q'(9,)9, ee 





Qy 


(2) 


P (q) 
where ¢ limp. 
q>0 < (q 


Thus, if the expression derived for W* (q) is represented in form (2) it is possible to obtain g, and P(q,,)/ 
/Q(q_,), and consequently also W(q), using (1), It is useful to employ the following table 
































TABLE 
w*(q) 
Ww(q) 
o<Y<1; kp=1 y=, ie | ¥<i,kpny=t 
ek e~ak eu ea 
Y 1 i 
q e7—1 e7—1 e7—1 
ef y? 1 ef | { ef 
2 Wee | oer oor — 
q? (et—1)* 2 et—{ (et—1)* 2 (e¢@—1) (e4—1)® 
{ 4 ¢si-y)_,-8 { i—e~§ e® 
qe | 8 e7 — e 8 @ 1-6 e7—_e 6 

















¢In [11] it was indicated in error (Page 677, second line from the top) in the analysis of this system that 
the static error increases, 
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The Table gives the values of W* (q) corresponding to W(q) for y<< 1, ford< y < 1, and for y = 1. 
In the latter two cases we assume k, #1, and in the former case k,Y =1. If we do not restrict ourselves to 
the open-loop transfer function when ¢ =0, i.e., to W* (q), but consider W* (q, €) (see [2]), the relation- 


ship between W(q) and W® (q, €) is of the form 


W (¢ el We? (q, ©) de. 
() ~ \ (7, €) ” 


€ 
This relationship follows from the representation of W* (q, €) in terms of W (q+ m2 r) ec” 4 (see for 


example [9], [1 1) in the form of a Fourier series: 


a@ 


W* (¢, ¢) = > pid Fat ym)eyp (q + 27m). ‘~ 


mM=-—an 


It represents the Fourier coefficient of series (4) at m=0. 
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TWO-CHANNEL AUTOMATIC REGULATION SYSTEMS WITH 
ANTISYMMETRIC CROSS CONNECTIONS 


A. A. Krasovskii 


( Moscow) 


Linear systems, consisting of two identical channels and having antisym- 
metric cross connections are examined, The antisymmetric connections are 
classified and transfer functions with complex coefficients are derived, Possible 
antisymmetric connections of various types are analyzed with respect to their 
ability to increase the stability margin and the critical gain of a system. 


It is shown that the possibilities of synthesizing correcting devices in two- 
channel systems are greater than in single-channel ones, and that introducing 
cross Connections may extend the stability substantially. 


A limited but important class of automatic-regulation systems is one containing two identical channels, 
This class includes radar tracking, servo systems, gyro verticals, and many other devices, Such systems are 
best investigated using complex coordinates and equations with complex coefficients, 


This method was applied by many investigators to actual specific problems [1, 2, 3]. In the analysis of 
actual two-channel systems it was observed that introducing cross connections between each channel sometimes 
improves the response of the regulation process, 


It is the purpose of this work to examine in a more general manner the properties of linear two-channel 
systems, using complex coordinates, and to exhibit the effect of cross connections on the stability of the above 
systems, 


1, Complex Transfer Functions of Two-Channel Systems 





Let us consider the block diagram of a conical-sweeptracking angle servo system, i.e,. The servomechanism of a 
radar tracking antenna, The error signals are formed here with a phase network, which receives a voltage 
from the coordinate computer and a reference voltage. 


The azimuth channel and the elevation angle channel of the servomechanism will be assumed identical 
and the drive will be assumed to be dc motors with reversible reduction gears and negligibly small friction, * 
If the phase shift of the reference voltage is zero and the effect of the gyroscopic torque of the rotating parts 
of the servomechanism is small, the servo system channels are independent, The corresponding block diagram 
is shown in Fig. 1a, where W (p) denotes the transfer function of the amplifier with correcting networks, and 
the transfer function of the servo motor is represented as 1/p(1+Tp); p= d/dt. In the presence of a phase 
shift g in the reference voltage, the signals at the output of the phase network becomes 


Up,= UpZ_COS > — Uysin >, Uy = UpSin ? + UYCOS 9, 








*Reversible reduction gears are those in which the torque applied to the output shaft is transmitted in a 
definite ratio to the input shaft. 
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where up and u, are signals entering the system channels in the absence of a phase shift. 
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Fig. 1 


Thus, if g# 0, the channels of the servo system become interconnected, The gyroscopic torque produced 
by the rotating parts of the servo platform also causes a coupling between the channels, which can be charac- 
terized by the quantity a = HT/J, where H is the kinetic moment, J the equatorial moment of inertia of the 
servo system, and T the electromechanical time constant of the servo motors, The block diagram of the ser- 
vo system in the presence of a phase shift in the reference voltage and in the presence of a kinetic moment is 


shown in Fig. 1b, It follows from this diagram that 


1 T . , 2 ~ oe . . +4 - . pa . 
> (t+ Tp) {W, iy, _ 4, ) cos 3 — (4, — X) sin s] — apa, | = ay 
. (1) 


I y » son op +} rr L - aa a 
rd +p) {W, (my, _ %, ) cos 2+ (4, %,,) sin] 4 apy, } == Tye. 


Let us introduce the complex variables 
z =. Es ; Fe == & we . 
pH TS ee, 


The imaginary unit j =4/ — 1, which so to speak plays the role of a unit vector, is thus identified with 


the variable values of the elevation angle x, and xy». 


Let us multiply the’lower equation by j and add it to the upper. We then obtain 


1 s i 2 ‘ Bes = 
pi+Tp) {W, [(Z, — Z,) cos p + 7 (7, — Z) sin 9] + japZy} = 7, 


or 


ja 


ie (7, —F — 
Wels (2, — 22) + pag t2 = Te» (2) 





where W=W,/p(T +p) is the open-loop transfer function of the servo system in the absence of coupling be- 


tween the channels. Equation (2) can be written as 
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Ww (3) 


ja 3 “1 
ran —)9 
(1 i+ 77) lie ad 


ZZ, = 








Let us now consider more general two-channel systems containing uni-directional links, and for this purpose 
let us classify the connections between the identical channels. Links of two identical channels will be 
called identical if they are equal and if they are located in equal positions on the path of the signals, A connec- 
tion that transmits the signal from the output of any one link of one channel to the output of a following link 
of the second channel (the sequence being defined along the direction 
of propagation of the signal), will be called a direct cross connection, 
A connection that transmits the signalfrom the output of a link in one 
channel to the output of a preceding link of the second channel will 








be called a reverse cross connection, 














A connection consisting of two crossing links, which have transfer 
functions of opposite signs and which carry the signal from the outputs 
of identical elements to the inputs of identical elements will be called 
antisymmetric, An antisymmetric connection is proportional if its trans- 
fer function equals a constant real value. According to the definitions 
introduced above, the servo system discussed here has antisymmetric 
connections of two types: a proportional direct connection, caused by the 
phase shift of the reference voltage, and a velocity feedback connection 
caused by the gyroscopic moment, 

















Fig. 2 Fig. 3 


The direct antisymmetric connection containsthe identical amplifying elements cos ¢, and the inverse anti- 
symmetric connection contains the identical elements 1/p(1 + Tp)( Fig. 1). 


Figure 2 shows a direct antisymmetric connection with a transfer function a (p) containing the elements W. 
Such a connection will be called a two-channel link with direct antisymmetric connection, The output quan- 
tities of this link x54, and x"... are related to the input quantities by the following equation 


, , , 
=Wr. — c =Wz - az ° 
© out Zin atin) ad out Tin 4 in 


Multiplying the second of these equations by j, adding, and introducing the complex quantities 


vin = Gn + ja, Tout = Zout + /Zout » 


we get 


Z out = (W + ja) Zp. (4) 


Thus, the complex transfer function of a two-channel link with a direct antisymmetric connection equals 
the transfer function W of the identical links plus the imaginary transfer function ja of the antisymmetrical 
connection, It is well worth mentioning that in single-channel systems, containing a link W with a direct 
connection a results in a transfer function of the form W +a. If the direct antisymmetric connection joins the 
outputs of identical links (Fig. 3), it can also be considered as a particular case of the just-described two- 
channel link (Fig. 2), in which W=1. The transfer function of the two-channel link shown in Fig. 3 is there- 
fore 1+ ja . 
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A two-channel link with antisymmetric negative feedback is shown in Fig. 4. The input and output 
quantities of this link are related by the following equations: 


oa , "es r 
tot = Wain t Wout, Zour = Wz jn— aWaoyr- 


Changing to complex variables, we get 


- vw | (5) 
‘out = i+ jaw “in’ 


In single-channel systems a link W encompassed by a negative feedback connection a has a transfer func- 
tion W/(1+ aW). The complex transfer function (5) of a two-channel link with an antisymmetric feedback 
connection differs from this function in the presence of a fac- 
tor j in front of aW. In the particular case when W =1, the 
transfer function of the two-channel link becomes 1 /(1 + ja). 


a It is evident that the complex transfer function of two 
Pa directional two-channel links in series is the product of the 
aa transfer function of each of these links. It is also clear that 








if a two-channel system having a complex transfer function 








Wp 
a TT W, is encompassed by proportional negative identical connec- 
Ww | — tions (Fig. 5), then Xoyt = Wp (Xjq— Xout) and the closed-loop 
transfer function is 








Fig. 4 Fig. 5 
WwW 
oes ae 
MD = TW,” (6) 


Using these rules and expressions for the transfer functions of the two-channel links, it is easy to obtain the 
complex transfer functions of systems containing any number of nonoverlapping * antisymmetrical connections, 









































Fig. 6 





«If the connections overlap, i.e., the terminals of one connection are located between terminals of another 
connection, addition derivations are required to obtain the transfer function, 
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Thus, for example, if the system contains q direct non-overlapping antisymmetric connections (Fig. 6), its 
transfer function is 


(W, + a,) (WW, + fa,). « (Way + ing) 


@= hee ee et - 
I + (HW 1 : 2 ja, (ui ° +- Ja). ° AW, a 145) 


The transfer function of a system with the same number of feedback connections (Fig. 7) is of the form 


iW 
py EE agg) tg) 
- + : WV oa. 
(1+ 7a,W,) (+ 7a,W,). . (1+ pa) 








where W = W4sW2-0-sWq is the transfer function of the channel with both the crossing and the outside connections 
open. 









































Fig. 7 


2. Stability of Two-Channel Systems 





To analyze the stability of the systems that are described above by linear differential equations with con- 
stant complex coefficients, one can employ both analytical as well as frequency stability criteria. An analy- 
tical criterion for equations with complex coefficients is the so-called Hermite- Hurwitz criterion [4]. 


However, the application of an analytical criterion to systems described by complex equations of the 
fourth order and above usually becomes difficult owing to the cumbersome determinants to be expanded, It 
is more convenient to employ the Nyquist or the Mikhailov criterion, 


Thus, for example, if the complex closed-loop transfer function of the system is represented as 


W, (Pp) 


rw; +W,,(p)’ 








where 


(p — B,) (p — 8,).- (P— By) 
W.(p) =e he PB), ay, 
p(P) at a) (p a.,). Ap inal 1) (m n) 


then a necessary and sufficient condition for stability is that the zeros of the function 








, (p—2,)(p—a,). . (Pp — @,) + ¢(p — B,) (Pp — Bq). - (P— Bm) 
1+W, = : = - - An ae... 
Tren (p—a,)(p—a,). ..(p — &,) 
(p — ¥,)(P — Y2)- - (P — Yn) 
(p— %,)(p—a,). . (p—%,) 





have negative rea] parts, But for this, in turn, it is necessary and sufficient that the vector 1 + W, (jw) rotate 
by an angle 217d as w changes from — © to+, where d is the number of poles of the open-loop transfer 
function Wp 6p) of the system located to the right of the imaginary axis, 


It therefore follows that if an open-loop system with a transfer function Wp (p) is stable, a necessary and 
sufficient condition for the stability of the closed-loop system is that the amplitude-phase characteristic 
Wp (iw) not contain the point —1 as w varies from.— © to+™, 


The stability of two-channel systems can be conveniently studied by locus-of roots method applied to the 
roots of the complex gain coefficient. If the gain is factored out of the open-loop transfer function Wp » Le, 
if this function is represented in the form Wp* kW, the characteristic equation becomes 


1+kw=0. 


The equation for the locus of the roots of the complex gain is given by the equation 


a (7) 
scala W (J) 


i.e., except for the sign, the locus of the roots coincides with the reciprocal of the amplitude- phase charac- 
teristic of the open-loop system. 


The stability region, if it exists, is found among those regions into which the curve (7) divides the k plane 
in the same manner as in systems described by equations with real coefficients, 


A distinguishing feature of two-channel systems with complex transfer functions is that the complex gain 
of such systems has a definite physical meaning and can be realized, while the gain of single-channel systems 
is a real quantity, Antisymmetric connections in two-channel systems may affect the stability both favorably 
and adversely. 


Let, for example, a two-channel system have a direct antisymmetric connection, containing the link W,,. 
The transfer function of such a system, with the external connections open, will be 


W, = (W, + ja)WW).. Wo, 
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where Wy Wares Wa are the transfer functions of the links that have no crossed connections. 
The set of poles of this function can include only the poles of the functions Wy,Wg,...,WqsWy, and a. 


Therefore, if the system is stable when fully open (at a =0), and if each connection in itself is stable, 
then the system with outside connections open will also be stable. 


In other words, adding a stable antisymmetric direct connection does not affect the stability of the open- 
loop system, because the direct connections do not form closed loops in a system whose outside connections 
are open (see Fig. 6). If W, =1, we have 


W> (Jo) = W (jo) [1 + ja(jo)], 


where W = W, W>... Wg: 

It follows from this expression that adding this direct antisymmetric connection is equivalent, from the 
point of view of stability, to adding a correcting device with an amplitude~phase characteristic 1 + j a(jw) 
resulting from a rotation of the characteristic of the connection a (jw) by 90° and from a unity shift along the 
real axis. In particular, adding a connection having.a transfer function of 
an inertia element is equivalent to adding the compensating network with 
an amplitude- phase characteristic shown in Fig. 8. 


If the connection is proportional, then a is a constant real quantity 
and the amplitude- phase characteristic can be represented as 


W, (jo) = W (jo) 7e*, 











i where n=Vi+a>1, «¢ = arctga. 


Fig. 8 Thus, to judge the stability of a system with the above proportional 
direct antisymmetric connection it is enough to take the amplitude-phase 
characteristic of the fully-open system W(j), increase its scale by n times, and rotate it through an angle €, 


An even simpler procedure can be used: locate the point — e7 €/,, on the complex plane on which the 
amplitude- phase characteristic W(jw) is drawn, The position of this point relative to the characteristic ( Fig- 
ure 9) will then determine the stability. It follows directly that adding one connection of the above type re- 
duces the stability margin. 


In fact, since 1/p < 1, the point e “JE/p is usually closer to the contour of the amplitude-phase charac- 
teristic than the point —1. 


An exception is the rare case, when the open-loop amplitude characteristic A () has a rather sharply pro- 
nounced maximum at the frequency at which the phase ¢=— 180°(Fig. 9,b). 


Thus, generally speaking, proportional direct antisymmetric connections that contain transfer links do not, 
by themselves help the stability. 


Antisymmetric reverse connections in conjunction with direct connections may produce a considerable 
increase in the stability. This will be illustrated with actual examples, Let us note here that in the presence 
of an antisymmetric reverse connection the boundary of the stability region, which coincides with a portion of 
the locus of the roots(7), is given by the following equation 

_ 1 | . a(jo) 
i ae el w Gar 
1+jaW, 
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where W,, = W/W, is the transfer function of elements not contained by the antisymmetric reverse connection, 


By choosing the function a(j “)/W_, ( jw) it is possible to expand the boundaries of the stability region. 








Fig. 9 





3. Examples 





a 


Let us consider examples that illustrate some of the statements made above and show the possibility of 
using antisymmetric connections as stabilizing devices, 


Let us first treat the angle-tracking servo system, the block diagram and transfer function of which were 
given above (Fig. 1b). The antisymmetric direct connection is produced in this system by the phase shift of 


a-0 2-10 a=100 
0 / 00 
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Fig. 10 


the reference voltage, and the antisymmetric reverse connection is caused by the presence of a kinetic moment 
of the rotating portions of the following platform. For the sake of simplicity we shall assume that the ampli- 
fier is eqivalent to an inertia element from the dynamic point of view, i.e., Wy =k/(1 + Tap). 














The transfer function (3) of the closed-loop servo system will then assume the following form: 


k 





(pp == —_—, 
) k-+ p(1+ Tap) (1 + Tp) —jap(1 + Tap) 


The transfer function of the error will be 


1 — p(l + Ta p) (1 + Tp) — jap (1 + Ta p) 
+Wy ik + p(t+ Tap) (1+ Tp) —jap(i+ Bp) - 








1 


The coefficients of the expansion of this function in a power series in p are the error coefficients of the given 
servo system, The first three coefficients are 


‘ 1— ja 
e=i,q=3 ——, & > 
k 


. (8) 


The loci of the roots of the complex gain k are given by the equation 


; (9) 
k= —jo(1 + j/T ge) (1 + /To) — aw (1 + jT,4) 
or 


kT g = — jo, (1 + jes) (1 + dor) — ae, (1 + jo), 


where wy=T,w, d=T/T3. 


The part of the complex-gain plane, bounded by the curve (9) in the section from w, = 0 to the point 
where this curve intersects itself, is the stability region. This can be readily seen by applying the analytical 
stability criterion to a characteristic equation having coefficients corresponding to any of the internal points 
of the above region. 


Figure 10 shows the stability regions of this servo system at d=1 and at three values of a, These regions 
are plotted in polar semi- logarithmic coordinates, log|kT, }tan*k Ta being the radial and angular variables 
respectively. Figure 10 shows by how much the stability region can be extended with the aid of the antisym- 
metrical reverse connection that results from the kinetic moment. In spite of the logarithmic scale, it is im- 
possible to show on the same drawing the stability regions for a = 0 (no kinetic moment), a = 10, and particu- 
larly a = 100, so large is the latter, 


The critical gain at a=O0is2/T, ; at q =10 the maximum critical gain is 320/Ta; at a =100 this gain 
teaches the tremendous value 4x 10°/T,. The quantity a = H/JT=(J_//)TQ whereJ pis the polar moment of 
inertia of the parts rotating with a speed 2, It must be borne in mind here that while it is frequently difficult 
to obtain values of a on the order of 100, for it requires a high value of the ratio of the polar moment of in- 
ertia of the rotating parts to the equatorial moment of inertia J of the servo platform, it is comparatively easy 
to obtain a on the order of 10 in many cases, But this value of a makes it possible to increase the open-loop 
system gain by 160 times and to reduce the error coefficients( 8) by approximately 15 times compared with a 








servo system without crossed connections, It must be emphasized, as can be seen from Fig, 10, that such an 
increase inthe gain and such an improvement in the dynamic properties of the system are accomplished 
only if the gain k is a complex quantity with properly chosen argument. In other words, a substantial improve~ 
ment in the dynamic properties of the servo system is attainable only if the system contains, along with the 
antisymmetrical reverse connection, also an antisymmetrical direct connection caused by the phase shift of 

the reference voltage, 


In order to insure maximum stability margin, the point corresponding to the complex gain of the system 
is best chosen near the center line of the stability region, i.e., near the line bisecting the arcs of circles cor- 
responding to equal values of the modulus | k T,| . Therefore, at large values of a, the optimum phase shift 
approaches 90° (Fig. 10). In other words, for a servo system with so clearly pronounced gyroscopic properties 
it becomes advisable to use the so-called radial correction [1] instead of a direct distribution of the signals 
( ¢= 0), which is advisable in the absence of a kinetic moment ( H = 0), 


The substantial increase in stability due to the kinetic moment suggests the idea of introducing an anti- 
summetric connection that imitates its action, As can be seen from Fig. 1, such a connection can be realized 
in a two-channel servo system with the aid of tachometer generators connected with the output shafts, 


The tachometer generator signals can be fed either to the intermediate stages of the amplifiers or directly 
to the outputs of the servo system channels (past the points at which the signals of the external feedback loops 
are inserted), It is easy to see that a substantial increase in stability can be obtained when the signals of the 
tachometer generators are introduced in the intermediate stages of.the amplifiers, or more accurately, when 
delay elements are placed between the points where the tachometer-generator signals are introduced and the 
inputs of the servo systems, An example of such a system is the two-channel servo system shown in Fig, 11, 



































Fig. 11 Fig. 12 


In this servo system, the difference in the voltages oftransducers1 and 2, connected respectively to the input 
and output shafts, is applied to filters 3 and then to electronic amplifiers 4. The outputs of the electronic 
amplifiers are connected to the control windings of single-stage dynamoelectric amplifiers 5, and as a result 
of the crossed connection of the winding there is a proportional direct antisymmetric connection between the 
channels of the servo system. 


The voltage from the dynamoelectric amplifiers is applied to the actuating motors 6, the shafts of which 
are coupled to the tachometer generator 7, The signals from the tachometer generators are fed through ampli- 
fiers 8 to supplementary windings of the dynamoelectric amplifiers, producing an antisymmetric velocity feed- 
back connection, 


If we assume that the transfer function of filter 3 and of amplifier 4 is k ¢/1 + Tgp), then the complex trans- 
fer functions of the open-loop and closed-loop servo system will be 
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The locus of the roots is given in this case by the equation 


k = —jo (t+ iT; @) (1 + i7,@) (1 + jTe) — ae (1 + jT¢o). 


Figure 12 shows the stability region, plotted for T= Te* 0.5 seconds, T, = 0.0025 seconds, a =10 ( boun- 
dary of region—Curve 1). 


For the sake of comparison, the same drawing shows the boundaries of the stability regions in the case of 
the ordinary, uncrossed connection of the feedback loops(Curve2), and in the presence of both antisymmetric 
as well as crossed connections(Curve 3). In all cases, the numerical values of the parameters are assumed to 
be the same. 


This example shows than an artificially- produced antisymmetric connection may extend considerably the 
stability region of the system. 
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SPEED REGULATION OF THREE PHASE INDUCTION MOTORS 


USING A BRIDGE-TYPE TRANSDUCER 


V. S. Kulebakin and S. M. Domanitskii 


(Moscow) 


A system using a bridge transducer is considered for regulating the 
speed of low- power three-phase induction motors, The theory of the pro- 
posed system is given for motors with ordinary squirrel-cage and wound- 
rotors, and also for motors with a heavy Shenfer rotor. 


The use of both a-c and d-c automatized variable-speed electric drives,is continually on the increase in 
various branches of industry. 


A closed-loop motor-speed regulation system is shown in Fig. 1. In this circuit, a feedback voltage Ur, 
which depends on n, is picked off the transducer and compared with the set-point voltage U,. The difference 


amplifier 





4 
Us - pick up 























Fig. 1 


U,— Uf is amplified and is used to vary the amount of regulating action RA. The regulating action, depending 
on the control circuit, can be the voltage applied to the motor, excitation current (for d-c motors), the fre- 
quency, or a change in the motor parameters. By clanging U, it is possible to regulate n. Any automatic 
motor-control circuit must include a transducer for the feedback voltage Uf. This voltage can be obtained in 
various manners, For example, the Urs transducer may be a d-c or a-c tachometer generator, or else motor- 
voltage or motor-current feedback, In the case of d-c or single-phase induction motors, bridge circuits are 
also used to obtain the feedback voltage [1]. The output of such a network is a voltage proportional or almost 
proportional ton. 


We shall consider below a speed- measuring which is a further development of schemes based on the invari- 
ance principle [1]. This scheme can be used for nonreversing drives with three-phase induction motors, It can 
be used to regulate the speed of an induction motor by varying the applied voltage, in particularly in the case 
of reaction control (Fig. 2). 


In the circuit shown in Fig, 2, the feedback voltage Us, which depends on n, is picked off the diagonal of 
a bridge consisting of four impedances Z,,Z»,Z3 and Zp (Fig. 3). Zm =m + jxm is the impedance of any of 
the three phases of the motor, Whenever the operating conditions of the motor change, this impedance varies 


nonlinearly. Zs, which is connected in series with the phase winding of the motor, is usually a low active re- 
sistance rg, which does not unbalance currents in the motor phases excessively. Impedances Z, =r, and Z,= 
@r,+ jx, are so chosen as to make fr, >» Ig and Zg>» Z;. Z, can be a small choke with an impedance r + jx, 
working on the linear portion of its characteristic, connected in series with an additional active resistance rq, 
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Fig. 3, 


so that the sum has the required value rp+ jx». Impedances Z,,Z, and Zs are so chosen, that the bridge is 
balanced when the speed of the motor is zero, and when a definite voltage is applied on the motor, i.e., so 
that ZZ), = ZZs. Here Z, is the value of motor impedance Z,, at which the bridge is balanced. 


An idea of the relative values of the bridge impedances can be obtained from the following data on a 
typical motor: Z, =r, = 200 ohms, Z,= 4,000 + j4,000 ohms, Z, = 4, = 2ohms, Z;, = 40 + j 40 ohms, 


As n increases, the impedance of the motor increases, the bridge becomes unbalanced, and an a-c voltage 


Ur is produced across its diagonal. This voltage can be applied to an a-c amplifier (Fig. 2) either directly or 
through a rectifier, 
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As will be shown below, the circuit of Fig. 2 can be used to obtain a voltage Ur(n) for squirrel-cage 
and wound-rotor induction motors, or for a motor with a heavy Shenfer rotor, Let us consider how the feedback 
voltage varies with the speed of such motors, 


Theory of Proposed Scheme 





a) Induction motor with squirrel-cage of wound rotor, The 
variation of the voltage Us (n) picked off the bridge diagonal (Fig- 
ure 3) can be obtained from the known equivalent circuit of an in- 
duction motor (Fig. 4). If we neglect the magnetizing-current branch, 





AF-S, 
£ oy 








Fig. 4 the impedance of the motor at any speed of rotation will be 
, (1—s) 
Z =, +r) +i1¢, +a )+*, =, (1) 
where f,,x, are the resistance and reactance of the stator, r', and x',,the resistance and reactance of the rotor, 


referred to the stator terminals; s=1—y is the skip of the motor, vy = n/n, the speed of the motor in relative 
units, and n, is the synchronous speed of the motor, 


Equation (1) can be rewritten as 


Z_,= Ly Zs, 
m= 2+ ey 


where Zp =P + JXe =(% +7) + }(%,+ a ) = const is the phase impedance of the motor at n #0, 








Thus, the variable impedance 7, — ;’ ( Boa *) as 7 : (Fig. 3b) is a function of n, 
r s r i—v ” 


If the bridge is balanced at y =0 we have Us=0. Here 








»fi—s\ , v 
Z, =r. ( s | eal i—vy = 0. 


If the motor rotates, Zy = Z,, + Zs, the bridge is unbalanced and the bridge diagonal (Fig. 3) feeds a feed- 
back voltage Ur (n) to an infinite resistance (grid circuit of a vacuum-tube amplifier) : 








‘ e ‘ Z Z 
= T _—_— = uM om - . 
U; T ac Vaa ( n+ E+ Zp + Z, jUph (3) 
Simplifying, we get 
. Z,Z, 7 ZZ, ; 
tipo re hee 
(2; + Ze) We4Z,47,) ¥ Ate (4) 


where Ooh’ I, are the phase voltage and phase current vectors of the motor, 


P 
Eliminating Z, we get 


: Z x’ v ’ . : 
= Zai,"t Ts Mon= cf (v) Jph 











where 
anes = oe == constand F (v) = 1 
2 or 





ee ” 


As can be seen from Fig. 5, where the Curve F (vy) =v/1-v is shown solid, U¢(n) is nonlinear, Weak feed- 
back is obtained at low values of n, and heavy feedback is obtained at large values of n. Nonlinear motor- 
speed feedback is now used extensively to improve the dynamic properties of systems. 


The function F (v) obtained in the bridge circuit can be represented by the following series 


k =o 
= YM Ht +... $4 +... (v <1), (6) 


k=1 





F(v)=— 


— 9 


An experimental investigation of a 250 watt squirrel-cage induction motor, using the circuit of Fig. 2, 
has shown that the experimental curve v /(1—v) = | Ur /cl,),] =F (v), shown dotted on Fig. 5, is in good agree- 
ment with the theoretical curve. The slight voltage Ur at n=0 is caused by third harmonics in the voltage curve 
of the motor, 


As can be seen (5), the voltage Us depends not only on the speed, but also on the current of the motor. To 
exclude the influence of the motor current on the value of the feedback voltage, it is possible to use the ratio 
meter principle, For this purpose, a voltage given by Equation (5) is 
applied to one coil of the ratio meter, and the other coil carries the cur- 
Of rent I), of the motor. The deflection of the moving system of the ratio 
ron er x meter will then depend on the ratio of the currents flowing through the 
20—- 2 ratio meter coils, i.e., on the quantity Us/Iph = =cF(v)=cv/(1-v). 








| The deflection of the moving system of the ratio meter can be con- 

< ok TH verted with a rheostatic or inductive transducer into a voltage that can 

| be applied to the amplifier of a closed-loop automatic motor regulation 

«on [a system. Since F(y) is independent of U,}, the feedback voltage does 
Ri | | not change with the fluctuations in the ifn ne voltage U, if we disregard 



































5 s the saturation of the motor, 
f- 
La The proposed bridge speed- measuring circuit is easiest to use for 
0 ead those types of induction motors, in which the motor current Iph varies 
= 2 relatively little with the speed of the motor and with a constant load 
torque. 


Fig. 5 
One such motor is the Shenfer motor, which has a heavy steel rotor, 
and which will be discussed below. 


b) Shenfer Induction Motor with Heavy Rotor. An induction motor with a Shenfer rotor is used in low- 
power automatized electric drives, intended for operation over a wide range of motor speeds and for prolonged 
operation at low speeds [3]. In such a motor, a change in speed causes a change not only in the active resis- 
tance but also in the inductance of the rotor, In addition, unlike a motor with the usual squirrel-cage rotor, 
the resistance and reactance of the rotor depend on the motor current, 





Let us choose the resistances of the bridge shown in Fig. 3 in such a manner, that the bridge is balanced 
at s=1 and at a certain current I), =I, (at an impedance Z,, = Z,), i.e., ZyZ, = ZgZ3. At any other value of 
slip or current, the motu impedance will then be 


Ln Zi t+Z, (s, bh), 


where Z, =r, + jx,+1', + jx', is the motor impedance at which the bridge is balanced, Zs is the variable im- 
pedance of the motor (a function of the motor current and slip),rs and ry,the stator resistance and reactance, 
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r', and x" ,the rotor resistance and reactance referred to s=1 and to Iph =I, I,.the motor current with the 














bridge balanced and rotor locked, Iohk = Lot yethe relative phase current of the motor. 


If we neglect the magnetizing component of the cur- 
rent, the equivalent circuit of the motor can be represen- 
ted as shown in Fig. 6 [4]. 


The impedance of the motor for any value of slip can 
than be written as 


Zm= "3 + jz, + r’ + /t, + 





(7) 
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Fig. 6 


Since the motor current at a definite value of slip depends on the torque, we have 
Zm = Zr aa Be (s, M) or Zon == Zx +- Z; (s, Im), 


where M is the torque of the motor corresponding to the selected values of s and Tok? and I,, is the reactor 
magnetizing current, corresponding to the same values of s and Ipp,. 


Figure 7 shows the mechanical open-loop characteristics of a 250 watt motor, plotted at various reactor 
magnetizing currents, while Figure 8 shows a family of curves Z,, =f(n) for different values of I, = const. 
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Fig. 7 


The small circles on Figures 7 and 8 denote the balanced- bridge conditions n = 0, M=110 grams, I, =1_) = 
= 0.7 amp, 


The feedback voltage, picked off the diagonal of the bridge, can be determined from the motor charac- 
teristics, For this purpose, the value of I, is determined from the curves n = f(M, I,)) for any pair of values 
of M and n, and the quantities Zm and Z,= Z;,— Zy are then determined from the curves Z,, =f(n, Im) 
and cos %,,=f(n, Im). 









The feedback voltage will then be 


rela- 


), and the phase of the current I 
tive to the line voltage U can be determined from the vector diagrams, 


where the absolute value of I), is found from the curves Ih =f(n,I ph 
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Fig. 8 


Figure 9 shows experimental curves Us = f(n), plotted for two values of the reactor magnetization current. 


The averaged curve is close to a quadratic parabola; the 
voltage is thus Us sc y” and if the motor torque is limited, 
Fs V the transients due to command changes will be faster than 
iO -- perigpetennengsammcemjacnioninas when Us=cy. Since the motor current changes relatively 
little with n for.a constant torque, the voltage Ur depends 
basically on the variation of the impedance Z, when M = const, 


In a motor with a Shenfer rotor one usually has r'y >> Is, 
X', ® Xs, and in addition, r';/x'; ® const,, and therefore, the 
phase of the motor current changes relatively little over a wide 
range of torques and motor speeds, Calculations based on the 
characteristics of the motor as well as experimental investi- 
gations have shown that the phase of the feedback voltage in 
| the case of reactor control changes only + 15° relative to the 
line voltage at n =0— 1200 rpm. This makes it possible to 
| | apply the signal from the bridge speed- measuring circuit di- 
0 0 Wh 6 $0 WD 1 Miiaxpm rectly tothe phase-sensitive a-c amplifier, 
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Fig. 9 Figure 10 shows the mechanical characteristics of the 

motor, plotted for a closed-loop speed-regulation system with 

a bridge measuring circuit at various values of the set-point voltage Us. A phase~sensitive vacuum-tube a-c 
amplifier with transformer input is used to amplify the signal applied from the measuring bridge, Magnetic 
or semiconductor amplifiers can be used as intermediate amplifiers, It follows from a comparison of Figures 

















7 and 10 that the addition of velocity feedback increases considerably the stiffness proportionality of the 
mechanical characteristics of the motor, The maximum relative stiffness of mechanical characteristics 


is obtained at low motor speeds, where it reaches 45, Here on is the maximum motor torque atn=0, The 
circuit was so adjusted, that the value of the feedback voltage Us diminished in the low-speed zone as the re- 
actor magnetizing current changed from maximum to minimum, i.e., as the torque changed from maximum to 
minimum (Fig. 9). Correspondingly, if U, is constant, it is necessary to have a lower droop in the motor speed 
characteristic to change the magnetizing current of the reactors within the same limits, 
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Fig. 10 


A shortcoming of the bridge circuit is the dependence of the motor resistance, and consequently of the 
voltage Us, on the temperature, A bridge balanced at a certain motor temperature may become unbalanced 
by motor heating. It is therefore necessary to tune the bridge to the most probable motor temperature. 


This shortcoming can be reduced considerably by using a bridge resistance r, that is dependent on the 
motor temperature, For example, it is possible to imbed an additional resistance r,q( Fig. 3a), comprising 
the greater part of resistance ry, into the front part of the motor stator winding. The effect of variation of line 
voltage U on the magnitude of the feedback voltage Ur= f( Zs, I ph) is relatively small, since at constant speed 
an increase in the voltage U causes along with an increase in the current iph also a decrease in Z,,, and accor- 
dingly in Z,= Z— Zx- 

Experience has shown that the proposed circuit is quite simple to adjust. The resistances and the reactance 


in the bridge arms are small in size, 


The investigation of the bridge-type speed-regulation system for a three-phase induction motor results in 
the following conclusions: 


1, In the case of a motor with an ordinary squirrel cage (or wound-rotor) rotor the feedback voltage, picked 
off the diagonal of the bridge circuit, depends on the motor current, The ratio-meter principle can be used to 
eliminate the effect of the motor current on the feedback voltage. 


2, For a motor with a massive Shenfer rotor, where the current changes relatively little for constant torque 
and variable speed, the use of the circuit of Figure 3 makes it possible to obtain a considerable stiffness of the 





mechanical characteristic, on the order of 40-50, over a certain range of speeds, 


3. The curve showing the dependence of the feedback voltage on the speed of a motor with a Shenfer 
rotor has an approximately quadratic character, 


4. The bridge circuit for speed measurement can be recommended for nonreversing adjustable- speed 
drives with induction motors having a Shenfer rotor, 
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A METHOD FOR THE SYNTHESIS OF COMPUTING AND 
CONTROL CONTACT CIRCUITS* 


G. N. Povarov 


( Moscow) 


A method is given for the synthesis of computing and control contact circuits 

with a single input and k outputs, or with k inputs and a single output, with the con- 
duction conditions between the inputs and outputs being arbitrary, In this method the 
circuit is built up in an unambiguous regular manner, employing bridge junctions and 
joining the circuits between different pole pairs, Except for a few exceptional cases, 
the method yields relatively — economical circuits (with respect to the number of con- 
tacts), without consuming too much time, The Appendix contains an extension of this 
method to include contactless switching circuits, 


1. Introduction 





Automatic computers and other modern automatic and remote-control installations make extensive use 
of contact circuits, Even high-speed electronic computers contain control contact circuits in some of their 
units, 


The synthesis of contact circuits is changing at present from an art, based on experience and intuition, 
into a science, based on accurate calculations, Thanks to the work by P, S. Erenfest [1], V. I. Shestakov, [2], 
C, E, Shannon [3], M. A. Gavrilov [4, 5] and others it became clear that the basic mathematical discipline 
representing the laws of contact circuits is Boolean algebra ("Algebraic logic"), 


The use of Boolean algebra has made it relatively easy to synthesize parallel-series contact two-terminal 
networks, which can in turn be used to construct circuits having any number of poles. Matters are worse in the 
mathematical synthesis of contact-circuits containing bridge junctions or common contacts in the circuits be- 
tween different pairs of poles. The known methods (see Ch, 11 and 13 of [5) are for the most part not appli- 
cable for all conductance conditions * *, or else require a considerable number of circuit transformations, 


As shown by M. A. Gavrilov [5, 6], contact circuits consist in general of multi-terminal networks con- 
nected either in parallel or in series, The way toward improving the methods for the synthesis of contact cir- 
cuits containing bridge junctions or containing common contacts in the circuits between terminal pairs must 





+ The contents of this article, with the exception of the Appendix, is part of the author's Candidate dis- 
sertation [7]. A preliminary report on the results cited is contained in[8, 9]. The method described was also 
reported at the Seminar on Relay Action and Algebraic Logic held at the Moscow State University on April 28, 
1954, and at the Moscow City-Wide Seminar on Telemechanics at the Institute of Automation and Remote 
Control , Academy of Sciences, USSR, on February 8, 1956. 

* « Conductance conditions are conditions that determine, for the required pole pairs, what combinations 
of operating and non- operating receiving elements will produce a closed path between the poles. 





therefore be sought in a deeper study of the laws of multi-terminal connections, This path was chosen by 
C, E, Shannon [10], whose results were employed by this author, and by R, Righi [11]. The same path was 
chosen also by the author of [7-9]. Another noteworthy path is based on systematic evaluation of the “inde- 
terminate” conductance in contact circuits [12-15]. 


The Appendix contains a brief report on the extension of the procedure used in the synthesis of contact 
circuits to include contactless circuits. 


2. Contact 2(p, q)-Terminal Networks 





A contact multi-terminal network can be called oriented, if its terminal pairs are grouped by some feature 
into inputs and outputs, and unoriented otherwise. The rectangle of Fig. 1 may serve as agraphic symbol for 
an oriented multi-terminal network and the regular polygon of Fig. 2 can be used to represent an unoriented one, 
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An oriented multi-terminal network with p inputs and q outputs is called for short a (p,q)-terminal network. 
The inputs and outputs will be numbered separately 1, 2, 3,... (Fig. 1). 


A contact (p,q)-terminal network is called isolating (in the direction from the inputs to the outputs) if the 
structural conductances hk] of this (p,q)-terminal network between the outputs k,J where k, 7 =1, 2, ..., q and 
k # 1 vanish for some states of the receiving elements .* 


Assume we have a (p,q)-terminal network M and an (r,s)-terminal network N, Let us connect each out- 
put of M with one and one only input of N(Fig. 3). Certain inputs of N may remain free, The result is a 
certain (p,s)-terminal network, which we shall call a cascade connection or a cascade of multi-terminal net- 
works M and N. 
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Let r (k) denote the input of N to which the output k of M is connected. 


+A structural conductance is one that equals either zero or unity, It equals zero if the circuit is open and 
unity if the circuit is closed, 
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Assume that multi-terminal network M is isolating and let us denote the structural conductance between 


input i and output j by f yo in M and by f (Nw) in N. The structural conductance between input i and output 
j of the cascade will then be 


qd 
1M) AN) 
hij= > Vik Tek); 
- (a) 


where i © 2,..., p and j =1,2,..., 8. In fact, the right half of the equation describes the current paths from the 
input i to the output j, crossing the line L only once, and there can be no other paths because M is isolating, 
since any other path would intersect L not less than three times (Fig. 4) and would contain a section inside the 
multi-terminal network M between any two of its outputs k andl . This means that at any one state of the 
receiving elements, the structural admittance be of M between k and] would be unity, contradicting the 
assumption that it is isolating. 


3. Synthesis of Contact (k, 1)- and (1,k)-Terminal Networks by the Cascade 
Method 





A relay-contact circuit with k operating elements can be realized in the form of a contact (k,1)- or (1,k)- 
terminal network, having a source of voltage connected to its output (or input, respectively), and having opera~ 
ting elements connected to its inputs (or outputs, respectively) (Fig. 5). The latter operate if there is conduc- 
tance between the output and the inputs of the (k,1)-terminal network or between the input and the outputs of 

the(1,k)-terminal network, A relay-contact circuit of this type is called nor- 
mal ({16], Sections 2, 6). 




















= Equation (A) affords a mathematical method for synthesizing contact 
(k,1)-terminal networks. This method can be called the cascade method. 
It is suitable also for the synthesis of (1,k)-terminal networks, for the latter 
are obtainable from (k,1)-terminal networks by interchanging inputs and out- 
puts, 
Let the synthesized (k,1)-terminal network have n receiving elements 





X4,Xg,....X,- The state of receiving element Xj is algebraically represented 
by the variable xj, which assumes a value 1 when the element Xj has operated 
(is connected) and a value 0 when Xj is at rest (disconnected). Using the cor- 
respondence between the words “or”, "and", "no" and the addition, multi- 
plication, and inversion operations of Boolean agebra any verbal specification of the conductance of the (k,1)- 
terminal networks can be written in the form of Boolean functions of the variables x4,X9,...,Xp, i. €., in the form 
of equations made up of the letters’ x,,X9,...,Xp, with the aid of these three operations ({16], Sec, 2, 8). We shall 
therefore assume that the conductance conditions of a contact (k,1)-terminal network with n receiving elements 


X4,X2,....Xp, Can be specified in the form of k Boolean functions of n variables 


Fig. 5 
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where the variable x; represents the state of receiving element X; and the function f; specifies the conductance 
between the output and the mthinput. For simplicity, we shall denote the function fj by the symbol (i). 


The case when some of these functions are identical can be reduced to the case when they are all different, 
for each group of identical functions can be realized by a single contact circuit by placing together the corres- 
ponding inputs, We therefore, assume the functions (1), (2), ..., (k) to be all different from each other, We 
also assume that they equal identically either zero or unity, 7 


The cascade method consists of constructing a table for the expansion of functions (1), (2),...,(k) and a 
subsequent translation of the data of this table into graphic language. 








Table 1 is an example of such an expansion, Here k =n =3, The general case can be readily understood 
from this example. 






































(1) = F172 + W323 -++- Lorg 
Table 1 (2) Bi sstaciallt ta lid Log 
(:4) = TM17Te%s ot X1ToXg -}- 
+ Y1Forq + r4%o%s 
(1) = 7, (4) + 7; (5) (A) fo+ 75, (5) roy 
(2) = 7, (6) + ry (7) (6) = rots, (7) = Io + 7 


(3) = 7, (8) + 7 (9) (8) = rery + Ferg 


(4) = 72+ 22 (10) 
(5) = rq (10) 
(63 = x2 (11) | 
(7) = rq (11) -+ 2, 
(8) = 72 (10) + xp (11) 
(9) = rq (11) +- rq (10) 


————————— 

















The expansion table consists of n rows. The right half of the uppermost row contains the functions (‘1), 
(2),...4k). Thus, the right half of the first row of Table 1 contains the functions 





(1) = 2%y + 173 + 1273; 
(2) = 24%_ + 2423 + Ter; 


(3) = 1, %oXy + TyXo%y + XyzXoXyg + 1 Lo%3. 


To obtain the sécond row of the table, it is necessary to expand each function (1), (2),..., (kK) in terms of 
the variable x, according to the known equation ([16], Sec. 2, 4) 


I Gea, Sey 2+ Sa) = Hah Ch, Kes + + 5 Bad 4 Sah CO, Bq, 2 +s Za) (B) 


and to compile a list of the expansion coefficients {1,x9,...,Xp) and f(0, X»,...,Xp). We obtain a total of 2k 
expansion coefficients, They are functions of(n-1) variables, Some of these coefficients may equal zero or 
unity, and some may equal each other, Let us cross off the list all the zeros, all the ones, and all the functions 
that are encountered twice or more, Let us renumber the remaining functions as k +1, k + 2, etc., and let us 
write them in the right half of Row 2 of the expansion table, denoting function No, j by (j). In our example, 
the list of the coefficients of the expansion of the functions (1), (2), and (3) in terms of x, will contain 6 coef- 
ficients: 





Lo + 1g, Laz, Xz, To + Xg, Xy%3 + XyXg, La%3 + L27q. 







































None is equal to zero or unity and all are different from each other, There is nothing to cross off, and all 
are therefore listed in the right half of the second row of Table 1, In the left part of the second row we write 
down the equations for the functions of the first row in terms of the functions of the second row, 


To compare these coefficients with each other, and also to simplify the notation, the coefficients can be 
subjected to algebraic transformation, For example, writing unity in lieu of x, in the function (1) = x4x9+ x4Xg+ 
4X9X3 yields directly the coefficient x9 + X3+ X»x3. According to the rules of Boolean algebra ({16], Section 1.7) 


Le + Ty + oly = Te + Tz. 


The third row is obtained from the second in the same manner as the second from the first, but the func- 
tions of the second row are expanded in terms of x, rather than of xy, and the numbering of the coefficients 
that are not crossed off is started not with k +1, but with k*+1, where k* is the number of the last function 
of the second row. In our example we obtain 12 expansion coefficients: 





1, 2, 3, 0, O, Lg, Ty, 1, 13, F3, Ta, 3- 


This time the list of expansion coefficients contains zeros, ones and repeated terms, After crossing these 

| off we obtain functions (10) = x3 and (11) =X, , which are written down in the right part of the third row, In 

; the left part of the third row we write the equations expressing the functions of the second row in terms of the 
functions of the third row, The reader must pay attention to the manner in which these equations are influenced 
by the previously crossed-off ones and zeros, The effect of unity is seen in the equation for function (4), while 
the effect of the zeros is seen in the equations for functions(5) and (6). 


If nn =3, the third row is the last, and ifn > 3 it is necessary to construct the fourth, fifth,..., n-th rews. 
The fourth row is obtained from the third, the : fifth from the fourth..., and the n*th from the (n- 1)th in the 
same way as the second is obtained from the first or the third from the second, except that the i-throw is con- 
structed by expanding the functions of the preceding (i-1}th row in terms of x;_, and the numbering of ex- 

f pansion coefficients not crossed off begins with k lies 41, where k (i-2) is the number of the last function in 
the (i-1}th row, 





ea 


: It is easy to see that the i-th row of the table contains functions of n-i+1 variables Xj,X; 4 45+00Xp» While 
the n'th row contains functions of only one variable x,. Since there are only two functions of one variable that 
differ from zero or one, namely the functions x, and X,, the n-throw of the table contains only one or two 
terms, as is indeed the case with the third row of Table 1. 


Once the expansion table is constructed, it remains to convert its left half into graphic language, The 
sequences ofthe functions in the rows of the table are replaced by parallel rows of circuit nodes, We shall 
draw these rows horizontally, but other directions are naturally also possible. The numbering of the functions 
is transferred to the nodes, and the equations in the right part of the table are replaced by junctions between 
the nodes through the contacts of the receiving elements, As is customary, x; is replaced by the closing con- 
tact of element X;,and*X; by the opening contact of element X;. Contacts xp and Xp are connected to the out- 
put node, to which are also connected the contacts representing the variables whose expansion coefficients 
equal one, For example, in the case of Equation (4) = x,+X, (10) of Table 1, Contact x, is connected to the 
output, Nodes 1, 2,.,., k are the inputs, 





For example, Table 1 is represented by the circuit of Fig. 6. 


The circuit obtained is a cascade connection of oriented multi-terminal networks My, Mg...,Mn, where 
M; is made up only of contacts of element Xj and short-circuited terminals, Since xj Xj = 0, all these multi- 
terminal networks, with the exception of M,, are isolating ones (in the direction from the inputs to the output)® 
and Equation (A) is therefore applicable. It is thus clear that the resulting circuit actually realizes the specified 
functions, 


* M,, can be called isolating in the direction from the output to the inputs, 








The results of the expansion of the conductance conditions can be represented directly in the form of a 
circuit, making the left part of the table superfluous. 

























Contacts x; and xj, which are connected to the same node, can be unified into a single double-throw con- 
tact. The circuit of Fig. 6 becomes then the circuit of Fig. 7, where the contacts are represented by their 
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traditional symbols.* Let us remark that Equation (B) is indeed the equation for identifying a double-throw 
contact in element Xy. A circuit synthesized with the cascade method therefore consists, generally speaking, 
of double-throw contacts, 


Since the contacts of the same receiving elements are always shown by us on a single line, it is easy to 
change over from the schematic to the wiring diagram. 


With some practice it is possible to use the cascade method to construct directly the wiring diagram, using 
any of the traditional official symbols, 


Let us note that D, Zeheb's and W. D, Caywood's synthesis method [21], which was developed independently 
of the cascade method, essentially duplicates the latter, but only as applied to two-terminal networks, 


4. Placement of the Receiving Elements in the Circuit 





As is known, n receiving elements can be numbered inn! ways, Each method of numbering yields its 
own table for the expansion of the functions (1), (2),...,(k), and determines in which order these variables will 
participate in the expansion of these functions, For specified conductance conditions of a(k,1)-terminal net- 
work with n receiving elements, the cascade method yields n : circuits, differing from each other in the ar- 
rangement of the receiving elements, The number of contacts depends, in general, on the arrangement of the 
receiving elements, but so far there are no known methods of finding the best arrangement (except by surveying 
alln ! circuits), An exception is the case of the so-called symmetrical circuits, the action of which is unaf- 
fected by any rearrangement of the receiving elements [5] (see Fig. 6 for an example), In the case of sym- 
metrical circuits any arrangement is best. A method forrecognizing asymmetrical circuit is described in [18]. 


5. Effectiveness of the Cascade Method 





The cascade method is applicable for all conductance conditions of (k,1)- or (1,k)-terminal networks, and 
is universal in this sense, It usually results in bridge circuits, but parallel-series circuits are sometimes obtained, 
A characteristic feature of the cascade method is that bridge circuits can be constructed directly, without first 
constructing the parallel-series two-terminal networks, This feature is also shared by the combinatorial method 
of F. Svoboda [12, 13], based on the use of indeterminate Boolean functions, 


* According to [17]. 
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The cascade method represents a single-valued regular process and makes it possible to construct complex 
circuits without excessive loss of time, Compared with other methods, the cascade method results frequently, 
although not always, in a smaller number of contacts, However, other methods of constructing circuits with 
bridges and for producing interconnections between terminal pairs are either not universal, or else require a 
large number of circuit transformations, The cascade method frequently results in a circuit that serves as the 
initial material for further simplification through the use of other methods, The cascade method can there- 
fore be recommended for practical use (along with and inconjuction with other methods). 


One can, in particular, propose the following considerations, 


Let us define as irreducible a circuit in which (as in Fig. 6) not one of the contacts can be replaced by an 
open or solidly-closed connection. By testing the contacts of any circuit, it is possible to obtain an irreducible 
circuit that is equivalent to the initial one.“ If all the expansion coefficients of the realizable functions (1), 
( 2),...4k) (with respect fo xy, with respect to x, and xX», with respect to xy, X», and Xg, etc,) are not equal to 
unity, the circuit constructed by the cascade method is irreducible. If certain coefficients are equal to unity, 
Equation (B) assumes the form: 


f (x;, Dip yorers z,) = x; f(A, Vigp eog ¥,) + 2; 


or 


f (Xj, Lis yoeres Mq) = HF x, f (0, Tip grees Dy) 


Since 2,f+2,;=f/+2;,2,+2,;f=2,+/, the corresponding contacts x; and xj can be eliminated, pro- 
vided that this does not disturb the isolation properties of the multi-terminal networks My, Mgy...»Mj. 


In the worse case, the function can be represented for any x; in the form 


f=2, +f 0,...) or f= a; + f(1,...). 


The circuit can then be built up of relays having either closing circuits only or opening circuits only. It 
is most convenient to employ here not the cascade method, but methods for the synthesis of bridge circuits by 
separating the initial and final elements, as developed by H, Piesch, A. M. Bryleev, and M. A. Gavrilov ([5], 
Ch, 11), In general, however, these methods are more coinplicated than the cascade method, since the presence 
of only open circuits makes the separation of the initial, final, and bridge elements quite complicated, In 
many Cases the most convenient way is to construct parallel-series two-terminal networks by algebraic simpli- 
fication of their equations [4, 5, 16] or by "mapping" methods [19,20]. 


C, E. Shannon [10] proposed a method for the synthesis of bridge two-terminal networks, which this author 
extended to include (1,k)- and (k ,1)-terminal networks, This method can be called the method of universal 
multi-terminal networks, It is based on the same laws of the series multi-terminal network connection as the 
cascade method, It was shown[7,9] that the method of cascades is more convenient than the method of uni- 
versal multi-terminal networks and gives better circuits, and should therefore be given preference in practical 
synthesis, However, the method of universal multi-terminal networks retains a theoretical value, for it makes 
it possible to estimate the complexity of contact circuits, 


The cascade method gives a better synthesis of symmetrical circuits than the method ** proposed in [5], 
Cn. 33, 





«A circuit with a minimum number of contacts is irreducible, but the converse is not necessarily true, 
*+« This method was proposed by C, E, Shannon [3]. 






















Examples 








We give below six examples of the synthesis of contact computing and control circuits by the cascade 
method, These examples merely illustrate the method and do not represent finished technical designs, The 
conditions of the problems were taken for the most part from other authors, With this reservation, we do not 
make reference to them. In some examples, the cascade method results in circuits already obtained by other 
methods or intuitively, In these cases, the advantages of the cascade method are simplicity and naturalness | 
of the synthesis procedure, 
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Example 1, Order channel of single-stroke binary adder, Relay X, represents the order of the augend, and 
relay Xg,the same order of the addend, and relay X3,the carry from the preceding order; operation is denoted 
by 1 and nonoperation by 0. The channel represents a (3,1)- or (1-3)-terminal network, which represents by 
closing of its circuits the order of the sum, the carry to the next order, and the inversion of this carry, The 
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Fig. 9 Fig. 10 
algebraic conductance condition can be written as 
fy (1, Zo, Xg) = %yXq + TyLg +- Lory, 


fa (21, 22, %3) = 22a + 2125 + Tels ’ 


fg (Xi, Lo, Lg) = VyXoLg + T1ToLg + TyLoFg + 1 Torq, 
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te. 








where f, is the carry to the next order, fp = fy, and f, is the order of the sum, The expansion is given in Table 
1, and the circuit in Figures 6 and 7, 


To construct the entire adder, it is enough to note that contacts xg and X, can be replaced by circuits one 
and two of the channels of the preceding order, It is thus possible to connect any number of orders, By con- 
necting the first channel to the last one it is possible to make the adder perform also subtraction of binary num- 
bers with the aid of order by order complements and with the aid of cyclic transfer from the higher order to the 
lower.” With this, an n-digit adder can add and subtract in modulo 2 Mt and the number 11... 1 = 1 plays 
the part of zero. Figure 8 shows the compressed diagram of such an adder for n=4, Here the relays X;» Y;, and 
S; represent respectively the orders of the augend, the addend, and of the sum. 
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This state is of interest since it comprises a ring circuit, The signofa(n — 1)-digit binary number can be 
considered as its mth order, by representing the plus by zero and the minus by unity; a number 11,.,1, playing 


the role of zero, is considered negative, The adder of Fig. 8 will then work with positive and negative three- 
digit numbers, 


Example 2, Order channel of one-stroke binary subtraction circuit, The relay X, represents one order of 
the minuend and relay X, the same order of the subtrahend, while relay Xg represents the “borrow” from the 
higher order; operation is denoted as before by the digit one, and nonoperation by zero, The channel is (3,1) 








(1) = 22q + yxy + ryr5 

Table D) (2) = 2125 + 2425 + 2r5 

(3) = 1 2a%s + LyX_l3 + 
+ © Xql3 + %Tqry 





(1) = 2, (4) +2; (5) (4) = zor, (5) = 2,425 
(2) = 7 (6) +2 (7) (6) _= Zs + Zs, (7) = Lory 
(3) = a, (8) + 2 (9) (8) = ots + Tors 


(9) = rg + ory 





(4) = rq (10) (10) = 2,(11) = zy 
(5) = xg 4+ 22 (10) 
(6) = xq (11) + 2, 

(7) = 2, (11) 

(8) = xq (10° + x, (11) 
(9) = aq (11) +25 (10) 














* See [22] Chapter VI, Section 8, for such subtraction. 
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ample 1). 





or(1,3)-terminal network, which represents by closing of circuits the unknown order ofthe differences, the 
“borrow” from the next higher order, and the inversion of this "borrow." Algebraically, the conduction con- 
ditions are written in the following form: 


where f, is the “borrow” from the next higher order, f, =f,,and f, is the order of the difference. The expansion : 
is given in Table 2, and the circuit in Fig. 9. 














fy (21, Xe, Ty) = 1y%q + Tyry + rere, 
fa (21, Za, %g) = aX + 42s + Tals, y 


fa (21, La, Lg) = 4X yXy + TyToTy + Ty TyTy + 2yTyTq, 


Replacing contacts Xg,and Xs by circuits 1 and 2 of the channel of the next higher order, we can construct 
the entire subtraction circuit. 


Connecting the channel of the first order with the channel of the last order makes it possible to subtract 
larger numbers from smaller ones, and also operate with negative subtrahend and minuends, Negative numbers 
are represented in that case by the order complements, and the sign is considered to be senior order (see Ex- 
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Example 3. Order channel of decimal inverter (circuits translating negative decimal numbers into their 


Fig. 12 Fig. 13 










TABLE 3 


order by order complements). 
cordance with Table 3, Relay S represents the sign of the decimal number (operation corresponds to minus). 


The Relays X4, Xg, Xs and X, represent the order of a decimal number in ac- 


The channel is a(4,1)- or (1,4)-terminal network, and the closing of 
its circuit represents the order of the number formed by the inverter, 





Decimal 
number 





x, 


Xa 


Xs 


in accordance with the same code, This number equalstheinitial num- 
ber at s =0 and to its order complement at s =1, Turning now to Table 
3 and taking into account the unused states 1010, 1011, 1101, 1110, 1100 
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and 1111 ([{16], Section 3.1), the conduction conditions can be written 
in the following form: 


fy (X1, Loy Lg, Xe) = SX + $TjTgVg, 
fa (21, Lo, Lg, L4) = Sq + 8 (TqXq + Lozz), 


fs (Z1, Za, Lay XZ) = Ze, fa (21, Tay Zg, Z4) = 8x4 + oxy: 











Let us employ the following arrangement of variables 
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%, Zo, Tz, Ty, §, 


placing the variable s in the last place, so that it becomes possible to connect the contacts of Relay S in all 
channels, The expansion is given in Table 4, the circuit in Fig. 10. It can be simplified somewhat. Figure 11 
shows the entire inverter for three-digit decimal numbers, composed of simplified channels, Here the relays 
of the first channel are denoted by the letter A, the relays of the second channel by the letter B, and the relays 


of the third channel by the letter C. 


This example shows how to apply the method of cascades to functions that depend on different arguments. 
Indeed, we write ( 2) =(7), (3) =(8), etc., because according to Equation (B) 


(2) = 24 (7) + 2%, (7) = (xy + 4%) (7) = (7), 
(3) = 2 (8) + x, (8) = (x, + 23) (8) = (8) 


etc., (it must be borne in mind that x, +x, = 1). 





Table 4 


(1) = st + 821 LyF 
(2) = st_ + s(X2r5 + X2%3) 
(3) = zs 


(4) = srq + sary 





(1) = 2, (5)+4+ 2, (6) 


(5) = s, (6) = szgrs 

(7) = sq + s(tgry + x75) 
(8) = x3 

(9) = sag + 8X4 





(2) = (7) 
(3) = (8) 
(4) = (9) 
(5) = (10), 


(6) = x» (41) 
(7) = a (12) + x» (13) 


(10) = s, (11) = sxy 

(12) = s+ 25, (13) = say 
(14) = a 

(15) wm sq + sxq 





(8) = (14) 
(9) == (15) 
(10) = (16) 


(11) = 2g (17) 
(12) = zg (16) + 2, 
(13) = 23 (17) 

(14) = 23 


(15) = (18) 


(16) = 3, (17)=s 
(18) = Sx “+ S24 





(16) = (19), (17) = (20) 
(18) = xq (19) + 24 (20) 








(19) <= s, (20) =s 
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Example 4. Circuit to convert decimal numbers (for example, subscriber pulses in automatic telephone 
stations) from the Code 1, 2, 4, 8 into the Code1,2,4,5. Relays A, B, C and D represent the digit in the Code 
1, 2, 4, 8 and their circuits f,, fp, fy and {, represent the digit in the Code 1, 2, 4, 5(see Table 5), Turning 
to Table 5 and taking into account the unused states 1011, 1100, 1101, 1110, 1111 ([16], Section 3.1),* we 
can write 








fy = ab(c+d) ac, fe= abed+a(c+d), 


fy == abe + abed +- acd, fg = abd + abed + ad. 

















TABLE 5 | 

Decimal Decimal| spin 
number ABCD I fahele num " ABCD lafate fe | 
7 

1 0001 0001 i 6 0110 1004 

2 0010 0010 7 0111 1010 

3 0011 Oot4 8 1000 1014 

4 0100 0100 9 1001 1100 

5 O01 1000 | 0 1010 oO101 






































Table 6 | een Sees 

(3)=fs (4)=fe 

(1) =a (5) +a (6) (j)=c, (6)=b (e+) | 

(2) =a (7) +<a (8) (7) =e -+-d, (8) = bed 

(3) = a (9) +a (10) (9) = cd 

(4) =a (411) + @ (12) (10) = be + bed 
(11) = d, (12) = bd + bed 

(5) == (13), (6) = b (14) (13)=c (14)—c+d 

(7) = (14), (8) = b (15) (15)=cd (16)=cd 

(9) = (45), (17)=c  (18)=d 

(10) == b (16) + b (17) (19)=cd (20)=d 

(11) = (18) 

(12) = b (19) + b (20) 

(13) =e (21) =d 

(14) =e-+c (24) (22)=d 

(15) =e (22) 

(16) =e (21) 

(17) =c, (18) = (22) 

(19) = (22), (20) = (21) 











+ The Code 1, 2, 4, 8 was also used in Table 3, but with the code combination 0000 for the number 0, The 
combination 1010 was therefore unused. In our example the combination 0000 is not included in the code, but 
nevertheless it is included among those employed, since it denotes the nonoperative state of the circuits. 
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The expansion is given in Table 6 and the circuit in Figure 12, This circuit can be simplified somewhat, 
Figure 13 shows the final developed circuit using traditional symbols. 


Example 5. Order channel of circuit for comparison of binary numbers, The Relay A, represents the ith 
order of a binary number & = ay apy...a 3 Relay Bj represents the i*th order of a binary number § = by, by-4...bys 
Relay C represents the result of comparison of the portions aj_4%j.2...a, and bj. bi-s... by of numbers a and g. 
Relay C operates if aj, aj_9...a < bj-, bj-»..,b;. The channel is a two-terminal network, which closes when 
aj aj.y...ay < bjbj-y...by. Algebraically 





f (jy by €) = 4b + (ay bj + 04 b,) 


The expansion is given in Table 7, the diagram in Fig. 14. Replacing Contact c by the channel of the 
next-higher order, it is easy to construct the entire comparison circuit (see Fig. 15, where n = 4),* 














Table 7 (1) = f (a,, b;, ¢) 
(1) =a; (2)+ a, (3) (2) = b,c 
(3) = b, +b,¢ 
(2) = 5; (4) (4)=c 
(3) = b, +, (4) 




















Examples 6. Symmetrical lattice with three receiving elements, This term is used to designate a (4,1)- 
terminal network, which represents by closing its circuits the number of receiving elements that have operated, 
Algebraically 





hi (z, y, 2) = 2yz, fa(z, y 2)=ayz+ryz+aeys, 
fa(z, y,.2) = xeyz4-cryz+aryz, f(z, y, 2) = 2 yz, 


where f, denotes the inoperative state of all the elements, f,,indicates operation of one element, f, operation 
of two elements, and f, operation of all three elements, The expansion is given in Table 8, the circuit, in 
Figure 16, 

APPENDIX 


On the Extension of the Cascade Method to Include Contactless Relay Circuits ** 





1. When designing devices with contactless relay elements (electronic tubes, valves, etc.) one frequently 
encounters the following problem. Given k Boolean functions of n variables 


hi (21, TQ, +--+, Zn) he (X15 2 tn), ooo 9 hy (x, Toy ores ,).- 





* Examples 1, 2 and 4,employ the technique proposed by W. Zuehlsdorf, of introducing "conditional" relays 
into the circuit [23]. 

* «The main contents of this Appendix was reported at the seminar of the Laboratory on the Development 
of Scientific Problems in Wire Communication of the Academy of Sciences of the USSR on February 9, 1955. 
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It is required to construct a circuit, in which the voltage of the #th output is a function fj(x,,x9...x,) of the 
input voltages xX; X»...X, when the circuit is in a stationary state, All the input and output voltages are con- 
sidered as quantities assuming only two values: 0, and 1, Physically this means classification of voltages 
into high or low, into negative or positives, or else as into on or off [24]. Such a circuit can be called a 
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switching (n,k)-terminal network.” Without loss of generality, one can assume that the functions fy,fy...f,, 
differ from zero and unity and are pairwise different. 








Table 8 (1)=f1, (2)=fe 
(3) = fs. (4) = fa 











(1) = x (5) (5) = yz 
(2) = x (5) +2 (6) (6) = yz + yz 
(3) = x (6) +2 (7) (7) = yz 

(4) =2 (7) 

(5) = y (8) (8) =z 

(6) = y (8) + y (9) (9) =z 


(7) = y (9) 

















«In the foreign literature such circuits are frequently logical. 





We shall start the construction of the circuit choosing its structure, i.e, the number and the composition 
of the elements of the circuit and the method of their interconnection. At the present time many algebraical 
methods are available for the description and synthesis of the structure of switching (n,k)-terminalnetworks with 
various contactless elements [24-29]. We shall show below on the basis of these developments how to apply the 


TABLE 9 





Values of 7, 7” Operator for 





=0 | fmt 
f'=0 f° =1 f=2 
o<f"<1 f = P,(z, f") 





f= fox 
j’ = 1 j* =1 f=0 
oer <5 f= T(z, f") 





f” =0 f = P,(z;, f’) 
0<f’'<1 j"=1 f=T(z, f’) 
0</"<1 { = Po(x,, f’) Pole, f” 














basic ideas of the cascade methods to the structural synthesis of electronic, valve, and transformer switching 
(n,k)-terminal networks. 


2. Let us start with electronic (n,k)-terminal networks, Their structure can be represented with the aid 
of the diagrams described in [24] under the designation of functional diagrams, Using the assumptions listed 
in [24], the algebraic solution of the problem of the structural synthesis of electronic (n,k)-terminal networks 
reduces directly or indirectly to the representation of each function fj (xq, Xg,...,Xp) in the form of a superposi- 
tion of elementary functions, describing the operation of the individual vacuum tubes or their simplest con- 
nections, Such elementary functions are sums of functions of the form C,(x) =x and products of functions of 














Fig. 17 


the form T, (x) =x and P,(x,y) =x|y, where xly =x +y is H. M. Sheffer*s function [30]. The symbol C, is the 
operator of cathode follower with one input, the symbols T, and P, denote tubes with plate loads, Here T, is 
the triode operator (tube with single input) and P, is the pentode operator (tube with two inputs),* Addition 


haa 


* Concerning the arbitrariness of the terms “triode” and “pentode” in this sense, see [31]. 
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represents the use of a common cathode resistor, multiplication,the use of a common plate resistance, For 
reasons indicated in [31], we use Boolean algebra and not its arithmetic equivalent used in [24]. 


For brevity we put 


m™m 


m 
Con (Yry => ++ Ym) = Dy Cr (ids Tn Yas +++ Yn) = [] 7 Cy. 


i=] i=1 





As in [24], it is assumed that the input voltage x, is always accompanied by its inversion Xj ; 


Depending on the method in which the signal is transmitted from the inputs to the outputs, electronic 
switching (n,k)-terminal networks are divided into (n,k)-terminal networks without feedback and (n,k)-ter- 
minal networks with feedback. An example of the latter is given in Figure 3 of [15]. We shall call a(n,k)- 
terminal network without feedback a converging one, if each of its tubes controls only one other tube, and a 
diverging one otherwise. Converging (n,1)-terminal networks are analogous to parallel-series contact two- 
terminal networks in that the structure of both can be represented algebraically in the form of a superposition 
of definite elementary functions, It is easy to see that converging (n,1)-terminal network can always be 
written in the form of a superposition of elementary vacuum-tube functions and that this representation speci- 
fies its structure uniquely. Converging (n,k)-terminal networks are divided into k (n,l)-terminal networks that 
are not connected with each other, Diverging (n,k)-terminal networks are analogous to contact (1,k)-terminal 
networks with bridge connections and with output circuits connected, The structure of a diverging (n,k)-ter- 
minai network cannot be represented in the form of a superposition of elementary functions, 


Diverging (n,k)-terminal are used quite frequently in [24], but are not analyzed in a systematic manner, 
We shall use the ideas of the cascade methods to propose certain systematic methods for structural synthesis 
of diverging (n,k)-terminal networks, 


Instead of Equation (B) we shall now use the equation 








(C) 


f (xy, La,e+ey z,) = [%1 | f(A, Te,-++5 z,,)] [71| f (0, To,++-9 x,,)]. 


Expanding the functions f,, fp,...,f,, one after another in terms of the variablesx;,X9,...,X,_, in accordance 
with Equation (C) and using Table 9, where ft =f(1, X»,...,Xp), f* = £(0,X9,...,Xp), we shall represent these 
functions in the form of superpositions of elementary functions and thereby synthesize the converging (n,k)- 
terminal network, Here we shall consider that 


P2(y, 1) = T2(y,0) =. Po(y,% =1, Te(y, 1)=9 


m 


and that if m > 2 function of the form aE is realized by an operator C p(y4,...,Ym) and a function 
m = 


of the form IT» by an operator Ty (y4,...:Yp)). This process is the Boolean equivalent of the third princi- 


pal method described in [24], Chapter IV, Page 44-50. 


The cascade method consists essentially of interconnecting circuits that realize equal coefficients of the 
expansion, This idea can be used also in the case of expansion in accordance with Equation(C), It is possible 
to use(C) to compile an expansion table and to translate its left half into graphic language, obtaining a struc- 
tural diagram (functional diagram), We shall illustrate how this is done with an example. 


Let us synthesize a (3,4)-terminal network which realizes the following functions 








ce 


ion 


nci- 


he 
ible 
1c- 





f(z, y, 2) = xyz, f(z, y, 2) = xyz + rye + xys, 


fs (2, y, 2) = rye + xyz + zyz, fa(x, y, 2) = xyt. 


This is none other but an electronic symmetrical lattice, the electronic analogue of the circuit of Fig. 16, 


The expansion is given in Table 10, the diagram in Fig. 17. We obtain a diverging circuit. 





(4)=fi, (2) =f 





— (3)= fe, (=f 
(1) <= Ts{z, (5)] (5) = y +2 
(2) = Ps[z, (5)] Palz, (6)] (6) = yz + yz 
(3) = Pafx, (6)) Pelz, (7) ()}=y+2 


(4) = 73 [z, (7)] 





(5) = Ps (y, 2) 
(6) = Ps (y, 2) Poly, 2) 
(7) = Poy, 2) 














For further economy in nets it is possible to discard from the list of coefficients of each expansion not only 
the functions that are encountered for a second time, but also the functions that are inversions of the preceding 
functions. In the circuit these inversions are realized with the aid of the operators T,, For example, let us 
construct a circuit for binary summation w © x © y @z. The expansion is given in Table 11 and the dia- 
gram in Fig. 18, 


The method of cascades fills to some extent the gap in the procedure for selecting common elements for 
circuits with several outputs, referred to in [24], Chapter VII. 





Table it (ij=ewG@zrQy@z 





(1) = Pa[w, (2)|Pa{w,Ts[(2)]}} | (2) =2@y@s 
(2) = Paz, (3)] Pofz, Til(3)}}_ | (3) —y @z 
(3) = Pa(y, 2) Poly, 2) 














3. Everything that was said in Section 2 concerning switching (n,k)-terminal networks composed of valve 
elements, such as vacuum-tube diodes, crystal diodes, selenium and copper oxide rectifiers, remains the same, 
except that the elementary functions will be different, In the case of valve (n,k)-terminal networks the ele- 

m m 
i 1 
Oy Ee ited Fete, d= fig, eee eee Ree ee 
i=t 
26-29]). Equation (C) is replaced here by Equation (B) 





¢ The possibility of applying the cascade method to the synthesis of diverging electronic (n,k)-terminal 
networks was first disclosed by the author in a report [32]. 
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f(a, ae z,,) x,f (A, Taqy-++% z,,) + xf (0, Zaye. ey 2.) 





or by equation 


f(*1, Tq,- ++) Zp) _ [ry | f(, Ly 00 » Fy LF1 +- f(i, Dayeeey z,,)I- 


It is possible to construct for each of these equations operator tables, analogous to Table 9. The cascade 
method makes it possible to construct diverging valve (n,k)-terminal networks and thereby effect an economy 
in the number of valves, 





Usual valve (n,k)-terminal networks are needed when intermediate 


; j 2 amplifiers are needed in the connections of intermediate amplifiers 
y between a definite number of their stages, Recently there have been ' 
developed methods for constructing multi-stage valve (n,k)-terminal 


| r networks with input circuits employing germanium transistors [27]. 
/ : F . . : . 
Such valve circuits do not require intermediate amplifiers. * 








The inversion operation is not realized directly with valve cir- 





cuits, If triode tubes are introduced for this purpose, we obtain the 


| I, set of elementary functions Bint Fa’ Ty, considered in [28]. In this 
case it is possible upon synthesis by the cascade method to invert the 





w expansion coefficients as indicated in Section 2, The inversion can : 
be obtained also with the aid of a transformer [29]. 








4. Ch, Raiskii [29] proposed a transformer circuit for binary sum- 
mation of x @ y. Raiskii called this function a symmetrical difference 
and denotes it as x —— y. With the aid of this circuit and a valve cir- 
cuit B,,, it is possible to construct switching (n,k)-terminal networks, 
both converging and diverging, for any Boolean function, The method 
is the same as in the preceding paragraphs, but (C) is replaced by the following equation 


Fig. 18 








f (%1, Lar-+++9 2.) == [21 + f (9, Ta,- 224 z,)I ® {v1 + f( l, >) z,,)I- (D) 


The method of cascades makes it possible to construct diverging circuits by joining equal expansion coef- 
ficients. 





The author thanks V, I. Ivanov, V. A. Khvoshchuk, A. A. Shavrov, Iu. L. Tomfel'd and G. K. Moskatov 
for reviewing this article. Their remarks improved considerably the presentation of the material. 
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STABLE OPERATION OF TWO-PHASE INDUCTION MOTOR WITH 
NEGATIVE VELOCITY FEEDBACK 


E. I. Slepushkin 


(Moscow) 


The conditions of stable operation of a generally asymmetrical two- 
phase induction motor with negative-velocity feedback are considered for 
arbitrary machine parameters and for arbitrary supply parameters, Criteria 
for stable operation of the servo motor are established, It is recommended 
that the feedback parameters be determined from the parameters of the me- 
chanical characteristic at the pull-out point, The design equations are ex- 
pressed in terms of the so-called generalized parameters: rated critical slip 
of the equivalent circuits of the motor windings and the ratio of the resistances 
of the primary and secondary circuits, 


The theoretical deductions are experimentally confirmed, 


INTRODUCTION 


The customarily employed two-phase induction servo motors with critical slip* S, > 1 have the property 
that they can be adjusted continuously from zero up to the maximum possible speed for a given load [1]. 
However, if the control winding of the motor is fed from an amplifier having a high internal impedance [ for 
example, from a magnetic amplifier (Fig. 1) ], the servo motor may lose its adjustable properties, The de- 
tivative dy/dy becomes positive in a certain range of speeds [2, 3]. In this case it is necessary to change ar- 
tificially the mechanical characteristics of the motor, so as to make the derivative of the torque with respect 
to speed negative both in running and plugging operation for all values of y. Such a change in mechanical 
characteristics is effected in a squirrel cage rotor motor most simply by introducing negative velocity feedback. 


The choice of feedback parameters for the case of zero phase shift between the phase voltages and for a 
zero static torque on the shaft of the motor was considered in [2], In this work we shall derive equations for 
the choice of feedback parameters for the general case of asymmetry [4], in which the regulation is effected 
by changing the voltage and the phase shift, In this case the servo motor is treated as a link in an automatic 
regulation system in which the error frequency is considerably smaller than the frequency of the supply vol- 
tage [5]. The design equations are given with allowances for all the parameters of the equivalent circuits 
and of the supply circuit impedances [4], and for the load torque of the servo motor, The static torque is as- 
sumed constant in magnitude, corresponding to the operating conditions of the drive mechanisms of regulating 
devices used in the majority of automatic equipment. 


The design equations are expressed in terms of the so-called generalized parameters [4]. When presented 
in this form, the design equations are suitable for both analysis and calculation, 





*The notation used in this article corresponds to that used in [3, 4, and 6), 


1, Choice of Feedback Parameters for Stable Continuous Regulation 








The two-phase servo motor used in a feedback circuit represents a closed system, When analyzing its 
operation it is necessary to investigate problems in its static [3] and dynamic stability .” The determination 
of the criterion for dynamic stability for the most general case and for any speed v > 0 is a rather complicated 
task. The connection between the input signal and the motor speed is given by an equation containing the gain 
K,, of the link and the time constant T,,. The values of K,,, and T,,, are variable, and depend on the speed of 
the motor and on the value of the input signal, No particular difficulty is involved in the investigation of the 
dynamic stability at low speeds, for in this case the coefficients K,,, and T,, are rather easy to determine, 
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Fig. 1. Regulation of two-phase servo motor with the aid of a magnetic amplifier ; 
a) electric circuit, b) vector diagram explaining the method of connecting the 
servo- motor windings, c) block diagram of the regulating circuit for a servo motor 
with velocity feedback, 


Analysis of the criteria for dynamic and static stability at low speeds shows that this particular case is of great- 
est practical interest, In addition, study of this operating condition of the motor makes it possible to choose 
the feedback parameter with an accuracy that is also adequate for the general case, 


Let us determine the stability criterion of a linearized system and let us see under what condition does 
the linearization of the system in the vicinity of y =0 make it possible to determine the feedback parameters; 
namely its gain Kr and time constant Tf. 


The control circuit of a two-phase servo motor with negative velocity feedback consists in most practical 
cases of three elements; amplifier (magnetic or electronic) with a gain Kg and a time constant Ta, a motor, 
and the feedback loop, In magnetic amplifiers, as is known, it sometimes becomes necessary to determine 
separately the time constant of the control circuit and the time constant of the a-c circuit, The equations 





+ An explanation of the concepts of static and dynamic stability is given below (see inequalitites 6 and 8). 
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obtained in this work can also be used for the case when Tf is approximately zero, 


The transfer function of a linearized system (Fig. 1c) in the vicinity of vy = 0 is 


Wa Ww 
ee a 
1+ WaWml’¢ (1) 
where 
? Ka , Km , K¢ 
VW a= plat) ’ W m= FO a u = pry +1 (2) 


are respectively the transfer functions of the amplifier, of the motor at dy /dv > 0 (linearized [6, 7] unstable 
link), and of the feedback loop. If regulation is by varying the voltage and phase shift, the coefficients Km 
will be respectively 


Ov. Ou . 
Km ra day aw’ 
(3) 
Ov. Ou. 
Am = 03, | ov * 
(4) 
The time constant of the motor will be 
T - cD du 
mT Sid / dy * (5) 


According to the Hurwitz criterion, the conditions for the stability of the servo motor with feedback will 
be 


' » ™ 1 
Ki =KKt >= (6) 


Tat+Tt <Tm; 
(7) 


-+ Fe — F(T m— Ta —TH) > Kt KaK m—1. 
r m 


\T a 


(8) 


For the sake of simplification, let us consider the system déscribed by a second-order equation, assuming 
T,=0. The deductions obtained with such an assumption can be extended, as will be shown below, also to the 
case when T, # 0. If Ta =0, the static stability condition (6) does not change, and the dynamic stability con- 
dition assumes the form: 


T's <x Cm: 


(9) 


















It follows from inequalities (6) and (9) that the parameters of the feedback loop can be determined by 
linearizing the system in the vicinity of v =0, provided the coefficient K,,, and the time constant T,,, are 
a minimum at speeds close to zero, for in this case the required gain K'y will have a maximum value and the 
permissible time constant T,¢ will be a minimum, The quantities Ky) and Ty) have minimum values at p= 0 
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Fig. 2, Calculated mechanical characteristics of a servo 
motor operating in single phase at Scc < 1. 


if the positive value of the derivative@p/@v is a maximum at this point, It is therefore necessary to investi- 
gate the slope of the mechanical characteristics over a range of speeds v = 0, so as to show in what cases the 
calculation of the feedback parameters can be carried out using inequalities (6) and (9). 


The mechanical characteristic has a maximum slope in the unstable region at v = 0, if it has no point of in- 
flection at y > 0. Consequently, when designing the feedback loop it is first necessary to determine whether a 
point of inflection exists in the speed range v = 0. An analytical determination of the coordinates of the point 
of inflection of the mechanical characteristic is impossible for a motor having an asymmetrical impedance in 


general form, owing to the complexity of the expression for 0%/av”,. To solve the problem let us investigate the 
expression for the derivative [3] 


» Sec 
1— S&c-+  —-(1 — Se) 
du See 


pm a : (10) 
dv \y=o 2 [S&e (2b e+ 1) +1] 





and let us calculate the mechanical characteristics of servo motors with different parameters, 


As can be seen from Equation (10), if Soc and Soe are both less than unity, the value of the derivative 


increases with the voltage gain a, of the signal, Calculations show 
that at small values of S,, and S,., the point of inflection may cor- 
respond to a speed greater than zero (Fig. 2). If Soe < 1 and S,,> 1, 





values of quantities 











curve Sec | Sce | be | be the derivative du/dy‘has a maximum at zero signal, The mechanical 
characteristics of motors operating in single-phase mode are shown in 
1 031201 141.01 02 Fig. 2(the values for the curves are given in the table). 
3 O14 4 10 "0 It is seen from Fig. 2 that when a motor with S.g > 1(S¢ >1) is 
4 0.4 | 4.0 | 4.0 | 0.5 | used the mechanical characteristic has no point of inflection at y> 0 
4 0.1 | 2.0 | 1.0 | 0.2 even at S$. =0.1. Consequently, one can assume under actual condi- 
6 0.3 | 0.3 | 1.0 | 1.0 














tions that if S .¢ < 1, the maximum value of du/dv always corres- 
Curve 3torque valueson1:4scale, ponds to v =0, 

















Calculation of the characteristics of a servo motor with a phase-shifting impedance in the excitation 
winding shows thatif Soc > 1 and Soe < 1, the maximum value of dy/dy for loads ranging up to the nominal 
torque can also be expected in practice at yp =0, 


In the case when the impedances of the motor circuits are symmetrical the coordinates of the point of 
inflection vary slightly with the speed as a function of the regulating parameter (voltage, phase-shift angle), 
It is therefore enough to determine the coordinates of the points of inflection of the mechanical characteristic 
of the motor for a symmetrical supply, using the equation 


(4 — v)*—- 32,(1 — v) — 2b5! = 0, (11) 


obtained from the condition d?/dy? = 0, Putting v = 0 in Equation (11) we find that the point of inflection of 
the mechanical characteristic at vy = 0 will occur if the following equation is satisfied 


2¢o2 
1— 35%, 


9¢4 
256 





a (12) 


It is possible to show that the point of inflection occurs at vy <0 if the real value of b turns out to be 
greater than the value obtained from Equation (12), It also follows from Equation (12) that if S.>1/y 3, the 
point of inflection of the mechanical characteristic of a motor with symmetrical impedances always occurs 
at v < 0, 


Thus, if we take into consideration the fact that the two-phase induction motor, intended for use in asym- 
metrical regulation circuits, is usually manufactured with S. > 1(S, 2), as dictated by heating conditions 
and by the desire for obtaining optimum plugging properties in single-phase operation, it is possible to conclude 
that inequalities(6) and(9) are valid in the majority of cases. 


Using inequalities (6) and (9) and taking Equations (3), (4), (5) and the expression for the starting torque of 
the motor [6] into account, we obtain the following expressions for the parameters of the feedback loop of an 
asymmetrical motor, regulated by voltage variation [Equation (13) ] or regulated by phase-shift variation [Equa- 
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When calculating the velocity feedback parameters of a voltage-regulated servo motor, the signal,a, , 
must be assumed to equal a value at which the starting torque equals the static torque, i.e., [6] 


@.=z2=@s= Mst Scehes_ 
t . sin’, Res) Sockes (19) 


cc 6es 





It is possible to show that with such a choice of feedback parameters it is possible to achieve continuous 
regulation over the entire range of speeds, An exception may be the case with Soc < land S.. > 1. Here 
it is necessary to determine the quantities K's and Tr from the parameters of the mechanical characteristics 
of the single-phase mode or from the parameters of the starting 
point(u sat 7H start) With subsequent verification of the static 





+ he stability in the latter case by plotting the mechanical charac- 
12 teristic, When using Equations (13), (14), and (19) it is neces- 
sary to observe the following sign convention: the minus sign 

0 is used in front of Yc, if the phase of the control voltage lags 


the excitation voltage, while plus is used in the case of lead[4]. 
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If the derivative du/dv has a maximum value at v > 0, the 
value of the feedback gain can be determined in the following 
manner, The equation for the mechanical characteristic of a 









































aad drive with feedback u =f ( py) isderived by replacing the sig- 
nal a, in the usual equation of the mechanical characteristic 
G4 with the quantity a;— K'gv. From the static-stability condi- 
tion dit¢/d v < 0 we obtain the dependence of the coefficient 
Nn? Was K's on motor parameters, on the signal amplitude, and on the 
speed vy, Thus, for example, in the case of symmetry of the 
0 \ motor supply circuits with respect to impedance, this depen- 
G2 46 g6 Vv dence assumes the following form if voltage regulation is used 


Fig. 3. Values of the function K';= f(v) cemereos 
for different mechanical characteristics of ht a Lee (20) 





the servo motor, Curves1: S,.=0.1, b= . 
=1.0,a=1.0, Curves 2; S.=0.3, b=1.0 
a=1,0 (values of the torque are given for 
: where 
Curve 1 in a 1:2 scale), 
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and 


Dz = {SQ [2b (1 + v) + 1] + (4 + v)?}. 


It is next necessary to plot the curve K's= f(y) for the signal a; = ars (Fig. 3). The gain of the feedback 
loop must be assumed to be the maximum value of the function K's= f(y), if it corresponds to the speed y =0, 
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Fig. 4. Calculated mechanical characteristics of a servo motor in a 
feedback circuit: Curves 1: S, =0.1, b=1.0, Kp = 1.27 (corresponds 
to a maximum of the function Fr=f(y) at a,,=1), Curve 2: 


, m du \ -— 
= 0.3. b= 1.0, = (0.72. a kT 3:S5,™ 
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or somewhat greater than this quantity, if K';= f(y) has a maximum value at y > 0, It is necessary to in- 

crease the value of the gain in the latter case because zones of discontinuous regulation (Fig. 4, Curves 1) may 
appear if the feedback gain is chosen to be equal to the maximum value of the function, In practive, however, 
the determination (estimate) of the feedback gain must be made using Equations (13) and (14), for calculations 
show that even if S, = 0.1, the maximum value of the function K's= f(y) exceeds the value of the coefficient 
K'r at the starting point by merely 30% (Fig. 3). 

















To estimate the value of the time constant T, from inequality (9) in the case when the derivative dyAlv 
has a maximum value at yp > 0, it is necessary to determine the time constant of the motor from the value of 
the derivative du/dy , corresponding to the point of inflection, 


The parameters of the feedback circuits are easy to determine by using experimental mechanical servo 
motor characteristics obtained for a circuit without feedback. For this purpose it is necessary to know the value 
of the stiffness of the mechanical characteristics without feedback g = Ap/Av andKy = Ayp/ Aa, (or Ky = 
= Au/A6,) and to determine the unknown parameters from Equations (6) and (9). 


Thus, an analysis of a second-order system shows that the quantities K's and Tr should be calculated from 
the parameters of the starting-point of the mechanical characteristic, Comparing Equations (7) and (9), ex- 
amining inequality (8) for | dy/dy| vy < Vcy = 0*, and examining an analogous condition for | du/dy]y = vo, = 0, 
it is possible to show that this deduction can be extended to include also the case when T, # 0. Here the feed- 
back parameters must first be determined from Expressions (6) and(7), followed by a check of Equation (8). 


When choosing the supply circuit for the induction motor it is necessary to bear in mind that at low static 
torques a motor operating in a velocity feedback loop may operate with a negative net signal on the control 
winding, and consequently, the supply circuit should be reversible at py < peo (co is the critical torque in 
single-phase operating mode). This can be deduced from an analysis of the calculated mechanical characteris- 
tics of a motor operating in a feedback loop, given in Fig. 4. At low signals the mechanical characteristics 
intersect the Curve 3, Thus, starting with a speed corresponding to the point of intersection of these curves, 
the signal (a,—K',) is negative. 


2. Determination of the Value of the Feedback Coefficient for a Specified Stiff- 
ness or for a Specified Motor Gain 








In practical cases it is frequently necessary to solve also the problem of determing the feedback coefficient 
so as to obtain a specified stiffness of mechanical characteristic g! or a gain coefficient K'j, at low speeds, or, 
conversely, it is necessary to estimate the value of K's at low speeds from the experimental mechanical and 
regulation characteristics of the motor operating in the feedback loop. The relationships between the feedback 
coefficient and the stiffness of the mechanical characteristic g' of a drive with feedback, which must be known 
to solve these problems, can be determined from the expression 





a’ ° ( 21) 


whence 





3. Experimental Verification of Conclusions 





Tests made on a regulator for a two-phase 50 watt induction motor using a magnetic amplifier ( Fig. 1) 
confirms qualitatively the theoretical premises concerning the regulating properties of a motor used in a feed- 
back circuit. Experiments have shown that such a system contains natural negative velocity feedback, The 
voltage induced in the control winding of the motor causes the same change in the parameters of the system 
as does a signal from a tachometer generator applied to the input of the amplifier. The effect of the control- 
winding voltage on the parameters of the amplifier is based on the sensitivity of a magnetic amplifier with 
heavy current feedback to changes in supply voltage. The voltage from the control winding reduces the supply 


* v,, is the speed corresponding to the critical torque y.,= st’ 

















voltage of one arm of the amplifier (which becomes magnetized) and increases the voltage of the second arin, 
This change in the supply voltage causes the impedances of the arms of the magnetic amplifier to change at 


y <h,ohm 
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Fig. 5. Regulation and mechanical characteristics of a servo motor in a circuit with 


magnetic amplifier (Fig. 
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1): a) regulation characteristic at S.. < 1, See > 1, 
echanical characteristics of servo motor at various feedback 


coefficients of the amplifier. 


low signals in such a manner as to produce at the output of the amplifier a voltage of a polarity opposed to the 
starting voltage (Fig. 5a; see the sign of the difference between the impedances of the amplifier arms for a 
stationary and for a moving servo motor). 


The voltage produces a maximum action as velocity feedback, as expected, in the case when the phase 
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Fig. 6. Dependence of the speed of 
the servo motor in a circuit with 
magnetic amplifiter (Fig. 1) on the 
angle 6.— 9... S., = 2.09, bos 
= b, = 0.148, So, < 1, a, =0. 


1.0 and 0,835 respectively, The ge 


of w= 0.2 are: Soe 


angle between the motor winding voltages is 90° (Fig. 6). Such an 
angle can be obtained if a three-phase line is available (Fig. 1b). 

The same phenomenon is observed in differential and bridge magnetic- 
amplifier circuits with external current feedback, 


Experiments have shown that the motor can be continuously regu- 
lated at no load without introducing special velocity feedback even if 
Soc = 0.32 (Soe = 2.09, be ™ be = 0.148). In this case the calculated 
value of the coefficient K's =KaK¢, required to insure continous regu- 
lation, is approximately unity, If the amplifier has different para- 
‘meters and if a suitable bias is chosen, it is possible to obtain continu- 
ous regulation of the machine apparently also at smaller values of Soc. 
Experiments have shown (Fig. 7) that the plugging times of the servo 
motor (S,.. = 2.09, b = 0,148) are approximately the same upon 
short circuiting the control winding of the motor as when removing the 
signal from the input of the amplifier (S.~ < 1). Consequently, the 
internal negative velocity feedback is sufficiently effective. 


Figure 5, b shows experimental mechanical characteristics of the 
motor at different amplifier current feedback coefficients, confirming 
the effect of the magnitude of this coefficient on the degree of velocity- 
feedback action of the voltage. Equation (22) was used to determine the 
coefficients K's for these characteristics at low speeds; the resultant 
values were 0.6 and 0,5 at amplifier current feedback coefficients of 

neralized parameters of the motor circuits at the starting point in the case 


= 2.09, S., = 0.5, b, = 0.148 and be w be; in the case when ys = 0.45, the parameters 
areS_  =2,09, S.. = 0.56, b, = 0.148, and be w b,. 
ce cc e c 








When a capacitor is connected in parallel with the servo- motor control winding to obtain a phase shift 
of 90° between the currents in the motor windings, the reaction of the above circuit on the voltage of the con- 
trol winding of the motor is opposite, analogous to the action of positive feedback. Therefore when the sig- 
nal is removed from the input of the amplifier, the motor does not plug even at S.- > 1 (Fig. 8). Connecting 
the capacitor increases also the heating of the motor, 
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Fig. 7. Process of plugging 4 servo motor in single-phase operation: a) short 
circuiting the control winding of the motor, b) removing the signal at the input 
of the magnetic amplifier. 


The information given here on the effect of the control- winding voltage on the operation of its supply 
circuit should be taken into account when choosing the amplifier circuit, when choosing the method for pro- 
ducing the phase shift between the motor winding voltages, 












Zh » ohm " and when choosing the parameters of the feedback loop. 
See 
CONCLUSIONS 
1200+ 24 lL The negative velocity feedback parameters for a 
two-phase servo motor can be selected by linearizing the 
900+ 18 mechanical characteristics of the servo motor at low speeds, 
2. The values of the gain K's and of the maximum 
600+ {2+ permissible time constant T¢ of the feedback loop, required 
to obtain stable continuous regulation of a two-phase servo 
00+ asl motor, are determined in an overwhelming majority of prac- 
tical cases by the parameters at the starting point of the me- 
el ¢ ehanical characteristics for a specified static torque. 


20 0 OO bp 3. When regulating a two-phase servo motor with a 


circuit containing a full- wave magnetic amplifier, the 
natural velocity feedback can insure no-load stable opera- 


Fig. 8. Dependence of the speed of th 
8 7 ee tion of the servo motor at See < 1. 


motor in single-phase operation (a, = 0) on the 
size of the capacitor connected in parallel with 
the control winding (circuit of Fig. I): Soe = 
= 2.09, b, = 0.148, aw, = 0 (aw, — control am- 
pere turns of the magnetic amplifier). 
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SUMMARY 


The paper deals with the conditions of stable operation of a two-phase servomotor possessing any para- 
meters of machine and supply system with negative speed feedback for general case of asymmetry. 


Criteria for stable operation of the servomotor are stated, The author recommends to define parameters 
of the negative feedback through parameters of mechanical characteristics at the starting point. 

















The expressions for the calculation are given in terms of generalized parameters, 


Theoretical results are confirmed by experiments, 
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REDUCING THE LAG OF MAGNETIC AMPLIFIERS BY INTRODUCING 


DERIVATIVE FEEDBACK 


O. I. Aven 


(Moscow) 


Examination of methods for reducing the lag of magnetic amplifiers by 
introducing derivative feedback, and a proposed simplified method for deter- 
mining its parameters, The effect of tuned accelerating networks on the gain 
of the magnetic amplifier is estimated. The experimental results are given. 


In a magnetic amplifier, a new steady-state inductance of the a~c winding is attained after the d-c com- 
ponent of the magnetic induction stops changing. Consequently, whenever the input voltage experiences an 
abrupt change, the output current reaches a new steadv-state value after a certain time lag, which is called 
the lag of the magnetic amplifier. In this article, this lag will be characterized by the transient time t,. 





The parameters of magnetic amplifiers should be such as to insure the fastest possible change in the d-c 
component of the magnetic flux, i.e., should insure a minimum possible value of t,. The known methods for 
reducing the lag (introducing proportional feedback, use of multi-stage amplifiers, etc.) do not always produce 
the desired results, In addition, it is frequently necessary in practice to use a magnetic amplifier with excessive 
time delay simply because one is on hand, In this case the amplifier lag can be reduced by including tuned 
accelerating networks at the input of the magnetic amplifiers or else by introducing positive derivative feedback 
in the amplifier. Figures 1 and 2 show magnetic amplifiers with derivative feedback, produced by an RC network 
and an additional winding W, wound in the same manner as a proportional feedback winding. 





Fig. 1 Fig. 2 


Figure 3 shows a circuit where the derivative feedback is produced with the aid of a differentiating trans- 
former. 


Let us explain the action of the derivative feedback in a magnetic amplifier, In the steady state, the vol- 
tage drop across the load Ry (Fig. 1) is constant and no current flows in the derivative feedback winding. When- 
ever the signal changes, the value of the voltage drop across the load starts to change, the capacitor Cg starts 











recharging and a current i, begins to flow in winding W,. This current produces an mmf in the same direction 
as the control mmf, and the d-c component of the flux will change faster, It is evident that the mmf of the 
derivative feedback can also act in opposition to the control mmf. In this case the derivative feedback will 
have a retarding action [1]. After the end of the transient the voltage across capacitor Cg again becomes con- 
stant and the velocity feedback (current ig) disappears. 





Fig. 3 Fig. 4 


In the circuit of Fig, 2, the input to the derivative feedback network is connected directly to the output 
of the rectifier, 


In the circuit of Fig. 3, the primary winding of the derivative feedback transformer is connected in series 
with a proportional feedback network. The secondary winding of the transformer is connected across winding Wa. 
Whenever the load current changes, a current i, appears in winding W,, reducing the lag of the amplifier. The 
circuits in Figs. 1-3 have thatshortcoming, that a special winding is needed to produce derivative feedback. If 
derivative feedback is to be produced in an already~built magnetic amplifier, it is not always possible to use a 
supplementary winding. To introduce derivative feedback it is possible to employ the control winding. 


In the diagram of Fig. 4 the derivative feedback is produced by shunting the load with a capacitance. 


The derivative feedback circuit is chosen in accordance with the type of magnetic amplifier, its power, 
operating conditions, and the points to which the load is connected (d-c or a-c), 


The parameters of an accelerating network are chosen to make the d-c component of the flux rise as fast 
as possible. The core material and the amplifier-circuit parameters (without the accelerating network) are 
usually specified; the parameters of the accelerating network (C,, W,,R,) must be chosen, The freedom of 
choice of parameters of winding W, is usually limited. When derivative feedback is added to an already 
built magnetic amplifier, the winding W, must be some available unused winding. 


When a new amplifier is being constructed, the winding space is filled with other windings and as a rule 
it is possible to wind only a small number of additional turns for the winding Wz. Thus, the condition of 
maximum amplifier speed must be sought by properly choosing the values of Cg and R,. The values of Ca and 
Ra are either chosen experimentally, or else are found by solving the differential equation that defines the 
variation of the d-c component of the magnetic flux @, with time after a change in the amplifier-input sig- 
nal[2)]. The transient behavior of the flux @, depends on many parameters, which in themselves do not remain 
constant during the transient. It is quite difficult to derive and solve the equations of the magnetic amplifier 
with allowance for all these factors, If the flux is assumed to be linearly dependent on the control ampere 
turns, do = y AW, [3], and if the losses in the steel are neglected, etc., the equation of the amplifier reduces 
to a linear differential equation of the second order, By way of an example, let us determine the parameters 
of derivative feedback circuit for the amplifier shown in Fig. 1. For this circuit, the following system of equa- 
tions holds: 


d), 
dt’ 





Ry = ih, + c-\igdt+Wa 
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-, (2) 


Ut = igcl tre 


Uc=i Rete, (3) 

= 4 + la, (4) 

AW, = iW, +i, WwW atisWe, (5) 
®, = {AW,. (6) 


Here i, ,ig, andi, are respectively the currents flowing in the load, in the proportional feedback winding 
We and in the additional derivative feedback winding W,, while Us and U,, are the feedback and control vol- 
tages, 
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Fig. 5 


Instead of using Equation (2) it is possible to make additional assumptions (absence of lag in the a-c cir- 
cuit, absence of time intervals in which the rectifying bridge is short-circuited) it is possible to employ the 
ampere-turns balance law 


AW, 


W~ (7) 





iav=if =m + 


where ini is the no-load current, 


From Equations (1) and (3)—(7) we obtain an equation for 4): 
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Subject to the assumptions made, Equation (8) determines the variation of the d-c component of flux 4, 
with time, after the control voltage U,, is connected to the input of the magnetic amplifier. 


The capacitance C, (for a chosen value of R,) is determined from the condition that a critical aperiodic 
transient to be obtained for the d-c component of the magnetic flux, i.e., from the condition that the roots of 
the characteristic equation be equal. We obtain the following equation for the capacitance: 
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Here 8,=R,+Ry,B2=W~ — Wy. As can be seen from the example, the value C, depends on the winding 
data, on the operating conditions, and on the core material used in the magnetic amplifier. An experimental 
check shows that Equations (9) and (8) can be used for a qualitative investigation of the transient in magnetic 


























Fig. 6 


amplifiers, The coefficient y can be determined either experimentally, or by calculations [3]. Equation (9) 
can also be used for an approximate determination of the capacitance C,. Analysis of the equations for the 
transients show that the most favorable conditions for accelerating the change in the d-c component of the 

magnetic flux in the amplifier cores can be obtained not in an 

aperiodic transient, but in an oscillatory one, In practice we 

are interested in those parameters of the accelerating network, 
ly ma which insure the necessary settling time of the transient, with- 
out permitting the current to deviate too widely during the os- 
3 A cillations, 
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In practice it is not ‘always possible to assume a linear con- 
/ nection between the flux and the ampere turns, and consequently, 
the magnetic amplifier cannot always be assumed to be a linear 
1 2 element, Figure 5 shows an oscillogram of self-oscillations oc- 

Y curring in the magnetic amplifier at a certain value of capaci- 
tance, 
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/ Experiments have shown that sometimes it is possible to 
/ employ the self-oscillations in the amplifier to select experi- 
| mentally the value of the capacitance Cg. For this purpose it 
}/ is necessary to connect to the circuit a capacitance of such a 
y size to produce self-oscillations in the circuit. The capacitance 
be-25-2 15 7 “Q50 051 U 2 G3tme is then reduced until the self-oscillations cease. Equation (9) 
makes it possible to determine the order of magnitude of the 
Fig. 7 capacitance necessary for the circuit to operate properly. As 
shown experimentally, connecting the accelerating circuit as 
shown in Fig. 1 gives best results, Figure 1 shows the diagram 
of a magnetic amplifier with external proportional feedback, In the case of a magnetic amplifier with internal 
feedback, the derivative feedback network is also connected in parallel with the load (d-c load). 
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We give below the results of an investigation of an amplifier with internal proportional feedback, For 
this purpose we used a commercial model power amplifier UM-3, designed for a supply frequency of 400-500 
cycles and intended to amplify d-c signals or slowly- varying a-~c signals, as well as an amplifier with a core 
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made of transformer steel for f=50 cycles, The bias winding, having 50 turns, was used as the derivative feed- 
back winding, Figure 6 shows an oscillogram of the transient process, plotted in the absence of an accelerating 
network (Amplifier UM-3). In Figure 7, this case is illustrated by Curve 1. Figures 8-10 show oscillograms of 
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the transient for the amplifier to which derivative feedback is added, The oscillograms differ in the size of 
the capacitor. The value of Cc, for Figs. 8, 9, and 10 was 40, 370, and 1400 microfarads respectively, 


When considering problems in lag and in the addition of accelerating networks to amplifiers, particular 
attention must be paid to the gain of the amplifier, It was shown in [4] that the even harmonics of the mag- 
netic field intensity reinforce the magnetizing action of the d-c component of the magnetic field, The easier 
passage of even harmonics resulting from shunting the load with the derivative feedback network leads to an 
increase in the gain, Figure 11 shows the characteristic 1, = f(i,), plotted for the 50 cycle amplifier, The 
number 1 designates the characteristic of the amplifier without derivative feedback, and 2 the characteristic 
in the presence of a derivative feedback with a resistance of 306 ohms (load resistance 200 ohms), while 3 
corresponds to a derivative feedback network resistance of 6 ohms, As can be seen from Fig. 6, the largest 
even-harmonic currents flow in the load circuit of the amplifier without derivative feedback. In the presence 
of derivative feedback, there are hardlyany even-harmonics in the loads, but their magnitude increases in the 
control winding ( Fig. 9). 


The use of derivative feedback increases the gain of a magnetic amplifier and decreases its lag, If an 
increase in the gain is not required, it is possible to reduce the lag by a factor of several times by reducing 
the proportional feedback coefficient retaining the same power gain, The characteristics shown in Fig. 7 were 
obtained for the UM-3 amplifier. Curve 1 was obtained in the absence of derivative feedback and for a maxi- 
mum proportional feedback coefficient. Curve 3 shows the effect of adding derivative feedback to the ampli- 
fier (the proportional feedback is the same as for Curve 1), The proportional feedback coefficient was then 





reduced to such a value as to keep the total gain constant, Curve 2(Fig. 7) was obtained at a reduced propor- 

tional feedback coefficient with a derivative feedback network added, When the derivative feedback network 

is added, Curve 2 becomes the same as Curve 1. Experimental and theoretical investigations show that increa- 
sing the resistance in the derivative feedback network affects 
both the speed and the power gain adversely. 


by ma 


Figures 10 and 12 show two oscillograms, which differ from 
each other only in the resistances in the derivative feedback 
circuits, The oscillograms of Fig. 12 were taken with an addi- 
tional 300 ohm resistance added to the derivative feedback cir- 
cuit. This caused an increase in the lag time. The oscillogram 
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also shows the change in the distribution of the even-harmonics as a function of the resistance Ra. Increasing 

the capacitance C, (the other parameters of the amplifier circuit remaining constant) first increases the speed, 
and then causes a certain drawing out of the transient (Figs. 9 and 10), Attention must also be paid to the change 
in the slope of the rise and fall of the load current curve, The oscillograms of Figs, 9 and 10, for which the 
capacitance C, is 370 and 1400 microfarads respectively, show that increasing Ca leads to a greater maximum 
slope of the current rise, but the total transient time increases because of the slower rise of the curve at the start 
of the process, It is evident that the problem of increasing the capacitance must be solved with allowances for 
practical requirements. 


The curves given above were plotted for a purely- active load. The conclusions drawn can be extended to 
inductive loads. Figure 13 shows an oscillogram for an inductive load with a proportional feedback coefficient 
K = 1 without derivative feedback, and Figure 14 shows one with the derivative feedback added, 




















Fig. 13 


Comparison of various derivative feedback networks has shown that best results are obtained with the cir- 
cuit of Fig. 1. In the case of a d-c load it is always necessary to employ the circuit of Fig. 1. It must be noted 
that for the number of turns of winding W, used it is necessary to employ considerable capacitors C,. Figure 15 
shows the character of the function C, = f( W,). Figure 16 shows a theoretical curve for the dependence of the 


196 








transient time t, = f(W,) for C, =const. It is clear from the curve that it is desirable to increase the number - 
of turns of the winding W,. This, however, is not always possible. In some cases it is possible to use for the 
derivative feedback winding some of the winding space intended for the control or proportional feedback win- 
dings, taking into account the increasing gain caused by introducing the latter into the magnetic amplifier. 
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The use of the circuit of Fig. 2 has many limitations. The circuit of Fig. 2 gives satisfactory results if 
W,> We. If W.< W such a circuit leads in many cases not to an acceleration, but to retardation of the transient. 
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Connecting the output of the derivative feedback to the input of the amplifier also gives poorer results, for 
the control winding is shunted by the transducer of the control signal, and in addition, it is not always permis- 
sible to have the current i, flow through the transducer. 


Received July 25, 1956 


LITERATURE CITED 


[1] I. S. Mikadze and I, B. Negnevitskii, "Contactless Magnetic Time Relay” Trudy (Transaction) of Mos- 
cow Power Inst. In name of V. M. Molotov, No. XIV (1953). 


[2] L. A. Bessonov, Transients in Electric Circuits with Steel, Gosenergoizdat (1951), 
[3] M.A. Rozenblat, Magnetic Amplifiers, Gosenergoizdat (1949). 


[4] M.A. Rozenblat, "Effect of Even Harmonics on the Characteristics of Ferromagnetic Materials Subject 
to Simultaneous Magnetization with Alternating and Constant Magnetic Fields” J, Tech, Physics (USSR), XVIII, 
No. 6 (1948), 


197 

















NEWS 
SESSION OF THE ACADEMY OF SCIENCES OF THE USSR 


ON AUTOMATIZATION 


A session of the Academy of Sciences of the USSR was held from October 15-20, 1956 at the Moscow State 
University and was devoted to problems of automation. 


Participating in this session were approximately 2,000 scientists and engineering-technical workers of 
industry. Thesession summarized the accomplishments in the development of automation in the USSR and 
marked the future scientific trends in its development, 


The problems of the technical sciences in the development of machines and the technological processes 
in connection with automatization were outlined in a joint article by Academician A. A.Vlagonravov, Aca- 
demician I. I. Artobolevskii, Academician V. I. Dikushin and Academician V, S. Kulebakin; the problems of 
the technical sciences in the development of automatic control and technical means of automation were touched 
upon in a paper by Associate Member of the USSR Academy of Sciences, V. A. Trapenznikov. 


The level of development of modern technology is characterized to a considerable extent by the develop- 
ment of computing machinery and its application to automatic control of production and for other specialized 
purposes, A large group of scientific problems, connected with the development and application of mathema- 
tical machines, was treated in a series of papers. 


1) "Mathematical Problems of Machine Computation" by Academician M, V. Keldysh, Doctor of Physical- 
Mathematical Sciences A, A. Liapunov, and Doctor of Physical-Mathematical Sciences M. R, Shura-Bura; 


2) "Electronic Computers" by Academician A. L, Lebedev; 


3) “Prospect for Application of Controlling Machines in Automatization” by Associate Member of the USSR 
Academy of Sciences I. S, Bruk; 


4) “Automatization of Translation from one Language Into Another" by Doctor of Technical Sciences D, 
Iu. Panov, Doctor of Physical- Mathematical Sciences A, A. Liapunov, and Candidate of Physical- Mathematical 
Sciences M. R. Muzin., 


Partly belonging to this series of papers is also the paper by Academician A, N. Kolmogorov "Theory of 
Transmission of Information and Limits of Applicability." However, the contents of this paper is devoted to 
a considerable extent to the theoretical foundation of new scientific trends, which have recently been noted in 
automation, remote control, communication theory, etc. 


The problems of economic sciences in the field of automatization of manufacturing processes were de- 
tailed in a paper by Academician S, G. Strumilin and Doctor of Economic Sciences G, D. Bakulev. 


The sessions of the USSR Academy of Sciences were grouped into six sections, which concentrated their 
attention to the individual basic divisions of modern automation, 
SECTION NO. 1. "FUNDAMENTAL PROBLEMS OF AUTOMATIC 
REGULATION AND CONTROL" 


The work of the first section was devoted to problems of automatic regulation and control, The section 


paid attention to new principles of construction of automatic apparatus and to new scientific trends along with 
the development of paths already embarked on in the theory of automatic regulation, 








The meetings of the section began on October 16 with a paper by Associate Member of the USSR Academy 
of Sciences V, N, Petroy "Fundamental Trends in the Development of the Theory of Automatic Regulation and 
Control,” The lecturer noted that in recent time the theory of automatic regulation became enriched by many 
effective methods of design and construction of automatic regulation and control systems, that the accomplish- 
ments of Soviet scientists in this field are ona par withthe accomplishments of foreign science and even surpass 
the latter in individual topics, However, thus far the accomplishments of the theory are being slowing adopted 
in the practice of engineering caiculations and little attention is being paid to the development of new princi- 
ples of contruction of automatic regulation and control systems. Among the most important trends in the de- 
velopment of the theory of automatic regulation are the development of a theory of self-adaptive systems and 
of systems of extremal regulation, the development of the theory of optimum processes and of the theory of 
combined systems, and the application of computational techniques, 


The problems of the development of one of the most important regions of the theory of regulation, namely 
the theory of stability of nonlinear systems of automatic regulation, were treated in a paper by Professor A. M. 
Letov and Professor A. I. Lur'e, . 


Doctor of Technical Sciences M. A. Aizerman lectured on the topic: "Problems Arising in Connection 
with the Theory of Self-Excited Oscillations in Systems of Automatic Regulation." The problem of calculating 
the self-oscillations, as noted by the lecturer, acquires particular significance in connection with the fact that 
recently it has been possible to employ self-oscillations in many cases to improve the regulation process, 


A paper on the status and on the tasks in the study of the dynamics of nonlinear systems with the aid of 
phase space and on questions in dynamic accuracy was delivered by Candidates of Technical Sciences V. V. 
Petrov and G, N. Ulanov. 


Problems in the theory of optimum automatic regulation systems, self- adaptive systems, systems of ex- 
tremal regulation and also examples of their construction were given in the papers by Associate Member of 
the USSR Academy of Sciences L. S, Pontriagin, Professor Solodovnikov, and Doctor of Technical Sciences 
A. G. Ivakhnenko, 


L. S. Pontriagin considered certain mathematical problems arising in connection with the theory of opti- 
mal automatic regulation processes, 


V. V. Solodovnikov devoted his paper to the principles of construction and to problems in the theory of 
self- adaptive automatic-control systems, The paper gave rise to a discussion concerning the theory of self- 
adaptive systems, and also concerning the terminology used; the discussion raised also many objections, Par- 
ticipating in the discussion were Professor V. S, Pugachev, Doctor of Technical Sciences A. A, Fel’dbaum, 
Engineer A. M. Batkov and Professor V. V. Solodovnikov. 


A paper by A. G. Ivakhnenko "Automatic Regulation Systems with Elements of Logical Action", considered 
several examples of extremal-regulation systems. The status and problems in the development of the theory 
of intermittent automatic regulation systems were the subject of a paper by Ya, Z. Tsypkin. Three basic'types 
of intermittent automatic systems were considered in this paper: relay, pulse and digital. 


The basic trends in the development of the theory of random processes as applied to problems of automatic 
regulation are illustrated in a paper by Professor V. S. Pugachev “Status and Problems in the Development of 
the Theory of Random Functions and Probability Methods of the Theory of Automatic Control.” 


Problems in information theory in systems ofautomatic-regulation, remote control, and telemetering were 
the subject of a paper by Professor A. A, Kharkevich, 


The section participants heard also a paper by Professor M. A. Gavrilov on “Status and Problems in the 
Development of the Structural Theory of the Construction of Intermittent Automatic and Telemechanical Dis- 
crete-Action Apparatus,” 


Computing apparatus is of great significance in the construction and investigation of automatic regulation 
systems at the present time. Three lectures were devoted at the meetings of the sectionto problems in the de- 
velopment of computational techniques, 


1, A. A. Fel’dbaum's "Fundamental Trends in the Development of Computing Devices for Automatic 
Systems,” in which he considered the trends in the development of computing devices for automatic regulation 

















and self- adaptive systems, and also several problems in their theory, 


2. A paper by Associate Member of the Academy of Sciences of the USSR V. A. Trapeznikov and by Can- 
didate of Technical Sciences B. Ia. Kogan, "Electronic Analogues, the Prospect of Their Development, and of 
Their use in Automation.” It is noted in the paper, that since 1946 the USSR has produced more than 18 modi- 
fications of simulating apparatus and many new elements distinguished for high precision and reliability were 
created, However, there is still a considerable lag in the field of manufacture of analogue devices compared 
with foreign countries, The greatest drag on the manufacture is the shortage of high-grade parts and components 
which should be supplied by the radio-industry factories, The paper indicated the prospective trends in the de- 
velopment of further work in the field of simulation, 


3. A paper by Candidate of Technical Sciences V. B, Ushakov considered the principal paths of construc- 
ting the simulating elements in the SKB- 245 of the MPSA. The lecturer cited as illustrations many new models 
of simulating apparatus, produced and developed at the SKB in recent times, 


In addition to the lectures scheduled for the section, five additional reports were heard, Professor E. P. 
Popov reported on the use of the method of harmonic linearization in the investigation of transients in non- 
linear systems. G. P. Tartakovskii devoted his remarks to an investigation of intermittent automatic systems 
with variable parameters, Remarks were heard also from G, E. Pukhov, G. A, Bendrikov and S, A. Stebakov. 


The last day of the sessions of the section was devoted to discussions and additional talks, In general, 
more than 20 persons participated in the discussions, 


Comrades F, M. Kilin and O, P, Sitnikov remarked in their talks on the great significance of the method 
of canonical transformation for the calculation of systems that are subject to continuous random driving func- 
tions, and to the solution of radio-engineering problems, At the same time, they formulated many engineering 
problems, of importance to practical application, for which the methods of static dynamics do not give ex- 
haustive solutions, 


Many critical remarks concerning the status report contained in the lecture by A. M. Letov and A. I, Lure 
were made by Professor N, P. Erugin and by V. B. Astaurov, while Professor V. V. Solodovnikov made comments 
on the paper by V. S. Pugachev. Comments by I. K. Kiselev and S, A. Stebakov pointed out the great significance 
of phase-space methods for the solution of many pracitcal problems. 


A. A, Fel'dbaum, Professor B. A. Riabov, M. Sh. Shirin, Doctor of Technical Sciences M. V. Meerov, and 
G. A. Monastyrshin made critical remarks concerning the delivered lectures and raised many problems of prat- 
tical significance in the field of extremal regulation, synthesis, theory of multi-loop systems, simulation, and 
remarked also concerning the working practices of academic and branch institutes, problems in information and 
publication of the work on the theory of automatic regulation and control, 


SECTION NO, 2. “*“SCIENTIFIC FOUNDATIONS OF THE DESIGN OF 
TECHNICAL MEANS OF AUTOMATION 


The sessions of the section scheduled ten papers and three communications, More than 500 persons parti- 
cipated in the work of the section, 


General problems in the theory of elements and devices of automation were the subject of papers by Pro- 
fessor B, S, Sotskov, Doctor of Technical Sciences N. N. Shumilovskii, and Candidate of Technical Sciences 
B. S. Sinitsyn. 


In a paper "Principal Trends in the Development of the Theory and of the Principles of Construction of 
Automation Elements*, B. S, Sotskov reported on general and fundamental theoretical problems, such as the 
development of theory of transformations in the elements and automatic control devices for automatic control, 
guidance, and regulation, as well as the development of theory of reliability of the building blocks and of their 
assemblies, No less important are the search for and the development of new principles of construction of these 
elements, and also further developments of methods of design and calculation of known types of elements and 
devices, 











A paper by N. N. Shumilovskii and B. S. Sinitsyn, "Fundamental Problems of the Theory of Automatic 
Measurements,” was devoted to the theory of automatic measurements. 


Doctor of Physical- Mathematical Sciences B, T. Kolomiets reported in a paper "Semiconductors and Their 
Application in Automation” on the fundamental data on modern status of work on semiconductors and on the 
properties and parameters of the fundamental groups of semiconductor elements, such as photoresistors, photo~ 
diodes, germanium and silicon rectifiers and amplifiers, varistors, thermistors, etc, The lecturer pointed out 
the fact that the industry has not yet sufficiently well mastered the developments of the scientific-research 
organizations, thus creating a lag in the application of semiconductors, 


Doctor of Physical- Mathematical Sciences V. M. Tuchkevich, dwelled in his report on the need for a new 
approach to the design of semiconductor instruments taking into account their specific properties and the opera- 
ting conditions of automation devices, 


The prospects for the development of new types of electronic instruments for automatic and remote con- 
trol devices were the topic of a lecture by Associate Member of the USSR Academy of Sciences D, V. Zernov, 
Candidate of Technical Sciences M. I. Elinson and Engineer A. M. Kharchenko, The paper contains an analysis 
of the present-day status and the prospects of the development of special types of electronic vacuum instruments: 
transducers for the measurement of the magnetic field, amplifiers, instruments of the commutator type, con- 
verters, etc. A general estimate is made of the development of special electronic instruments in our country, 


A paper by Doctor of Technical Sciences L, I, Gutenmakher considers the prospects of employing contact- 
less magnetic and capacitive blocks and elements in automatic systems, These elements and blocks can be 
used to produce memory devices, pulse transmission systems, etc, Many devices of such type were developed 
in the Laboratory of Electric Simulation of the Academy of Sciences of the USSR. 


Many lectures were devoted to the prospect of employing radiations of various types (radioactive, electro- 
magnetic, acoustic, etc.) in automation. 


A paper by Candidate of Technical Sciences B. I, Verkhovskii, Professor N, N. Shumilovskii, and G, G. 
lordan on the "Prospects of Employing Radioactive Radiations in Automation” considers the advantages of con- 
trol methods based on the application of radioactive isotopes, and points out the fundamental trends in their 
application to instrument building and automation, and also discusses problems involving scientific- methods, 


Engineer E. A, Nekhaevskii (Goznak) reported on the development of an instrument with a radioactive trans- 
ducer for the measurement of the weight of paper tape. 


Doctor of Technical Sciences A. A. Prokhorov lectured on "Radiospectroscopical Methods and Prospects of 
Their Application in Automation" in which he discussed briefly four groups of radiospectroscopic methods: gas 


tadiospectroscopy, paramagnetic electronic resonance, nuclear paramagnetic resonance, and pure quadrupole 
transitions, 


Devoted to mass-spectroscopic methods were paper by Candidate of Physical- Mathematical Sciences V. 
L. Tal'roze "The Mass Spectrometer as an Instrument for the Control of Manufacturing Processes" and the paper 
by Professor N. N. Shumilovskii and R, I. Stakhovskii " Automatic Gas Analyzers of the Mass- Spectroscopic Type.” 


Professor L. D. Rozenberg delivered a lecture on "Acoustic Methods of Measuring Non-Acoustic Quantities," 
in which he showed how acoustic measurements can be used for the measurement of geometrical dimensions of 
bodies and volumes, parameters of mechanical media, measurement of the states of media, determination of 
internal defects, and inhomogeneities of structure, 


The work of the section has shown that the solution of the most important problems in the development of 
elements of automation and remote control requires large joint work on the part of mathematicians, physicists, 
chemists, and specialists in the field of technical means of automation and remote control, 


SECTION NO. 3, “SCIENTIFIC-TECHNICAL PROBLEMS IN 
AUTOMATIC ELECTRIC DRIVE" 


Three sessions of the section were held(October 16, 17 and 18), At each session more than 200 persons 
were in attendance, Participating in the work of the section were workers in science, the ministries, represen- 
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tatives of the design-construction bureaus, supervising technical workers, and engineers from the industrial 
enterprises in various cities: Moscow, Leningrad, Kiev, Kharkov, Riga, Sverdlovsk, Magnitogorsk, Cheliabinsk, 
Baku, Tbilisi and others, 


A paper by Academician V. S, Kulebakin and Associate Member of the Academy of Sciences of the USSR 
A. N. Larionov was devoted to the scientific problems, connected with the development of systems of automa- 
tized electric drive. V. S. Kulebakin emphasized the great role of electric drive as a basic link in the mechani- 
zation and automatization of manufacturing processes in all branches of the national economy and in special 
branches of engineering. V. S, Kulebakin indicated that the modern tendency in the automatization to higher 
speeds, rapid operation, and the production of required response and type of motion of machines requires further 
scientific investigations and a search for methods of creating automatic systems that operate in response to a- 
prescribed program, 


This complex problem should be solved by simultaneous consideration of the entire system as a single com- 
plicated aggregate, acting in mutual relationship with the working machine, the power system, and the control 
system. 


Further progress in the field of automatized electric drive requires an independent solution of problems in 
the creation of improved systems of automatized electric drive treated as a complex, multiply-related and com- 
plicated problem, which now is an independent field of the science of electrical engineering. The lecture by 
V. S. Kulebakin brought forward the fundamental problems and tasks in the field of automatized electric drive, 
including the following: development of theory and practice of automatized systems of electric drive using 
effective methods of control and regulation (combined methods, invariance methods, nonlinear feedback loops, 
semiconductor elements, computers, etc.), The lecture indicated the need for the development of theory and 
principles of construction of multi- motor electric drive systems with automatic synchronization of the motion 
of the individual motors at different speeds of rotation, power follow-up systems, and synchro-connection sys- 
tems for all-out automatization of manufacturing processes and particularly for automatized units that are ir 
terrelated into shops and factories; attention was also paid for the need of further development and improve= 
ment of electric drive using d-c motors, 


The choice of the most suitable frequency for commercial installations and for specialized purposes was 
the subject of a co-report by Associate Member of the Academy of Sciences of the USSR L. N. Larionov. 


Noting the great range of frequencies used in practice without justification, the lecturer made some pro- 
posals concerning its reduction, indicating thereby that the changeover to higher speeds in electric-drive sys- 
tems yields a substantial reduction in weight and dimensions, but requires the design of special machinery and 
converting devices, 


The theory of operation of automatized electric drive as a complex multiply-connected system in which 
many parameters are controlled and regulated have not been adequately developed. Doctor of Technical Sci- 


ences M, V, Meerov reported on results in the investigationonthe synthesis of structures comprising fundamen- 


tal elements and stabilizing (correcting) devices, meeting specified requirements concerning the fundamental 
dynamic properties, used in conjunction with regulated and controlled dynamoelectric systems consisting of 
motors and converters, 


Doctor of Technical Sciences V. D. Nagorski, considered in his paper the problems of the connection be- 
tween the speed and the power of a motor. A paper and a communication by Engineer V, M, Terekhov, indi- 
cated ways towards further investigation of the power relationships in electric drives in response to various con- 
trol and the driving signals, 


Great attention was paid in the second session of the section to new methods and means of controlling 
automatized electric drive systems, Included among the progressive idea raised in this portion are frequency 
control, which makes it possible to extend considerably the range of adjustable speeds, and to increase the ef- 
ficiency of the installation, 


The papers by Academician M. P. Kostenko and Doctor of Technical Sciences D. A. Zavalishin presented 
the fundamental theoretical premises of frequency control and derived analytic relationships between the indi- 
vidual parameters, namely voltage, frequency, and torque, and presented some idea on how to choose these 
parameters correctly to insure high power output from the regulated apparatus, Their paper reported on new 
systems for nigh- power frequency conversion, proposed by M. P. Kostenko and V, P, Andreev, These systems 








consist of single-phase slip-ring generators, connected into a two or three-phase group. For apparatus with 
limited power, a new system is proposed using dynamoelectric cross-field amplifiers, excited and controlled 
with a-c,using the method of M. P, Kostenko and V. V. Rudakov. The electron-ion frequency regulation cir- 
cuits, based on the method by D. A. Zavalishin, with which the range of frequency regulation is extended, are 
of technical interest, This proposed method in the lecturer's opinion, makes it possible to solve practically 
the problem of frequency control of the electric drive. 


Saturated reactor control was the subject of papers by Doctor of Technical Sciences A. G. Ivakhnenko, 
Candidate of Technical Sciences M. N, Gubanov, and Candidate of Technical Sciences Borisov, who considered 
the theory and methods of design of controllable reactors and systems of reactor control with a wide range of 
motor speed, at good stability and high proportionality of characteristics, both at low motor speeds and when 
plugging. 


The lectures also contained a formulation of the fundamental problems pertaining to reactor control and 
to investigation of the dynamics of the processes occurring in the saturated reactors themselves, 


Great interest was stimulated in the section by a paper by Doctor of Technical Sciences T. P. Gubenko on 
the use of the method of disturbing the symmetry of the stator winding and of the voltage to regulate and to 
brake induction motors, The lecturer set down a universal scheme he worked out for the connection of induc- 
tion machines, and his recommendations on the choice of rational circuits for specified conditions and opera- 
ting requirements of a manufacturing unit. 


In the third session of the section Engineer V, I, Krupovich, remarked in his lecture "Prospects of Further 
Development of Automatized Commercial Electric Drive and Problems in the Electrical Industry" that the 
electrical engineers, jointly with the technologists and the machine designers, should produce a regulating 
system that responds continuously and simultaneously to many technological parameters including the quality 
of the ingot and the temperature of the metal during the continuous pouring process, The lecturer reported 
that the Khar'kov Division of the Institute "Tiazhprom elektroproekt" [Electric Design Office for Heavy Industry] 
has worked out a new instantaneous (electronic) circuit for grid control of mercury rectifiers in conjuction with 
a regulator for the regulation of continuous rolling mills, 


The Ministry of Instrument Building and of Means of Automation must develop in the nearest future a 
whole series of reliable transducers for nonelectric quantities, for the lack of such transducers is a substantial 
hindrance to further automatization of manufacture, A paper by Candidates of Technical Sciences V, V. Pet- 
rov and N. S, Gorskaia set forth the principles of operation, the structural execution, and the results of a theo- 
retical and experimental investigation on high speed electropneumatic servomechanism developed in the Insti- 
tute of Automation and Remote Control of the USSR Academy of Sciences, 


A paper by Candidate of Technical Sciences O, V. Slezhanovskii, was devoted to a survey of the status of 
the Russian electric industry and in particular of electric drive both in Russia and abroad, It is noted in the 
paper that at the present time Russia lags considerably in volume of manufacture of semiconductor and pump- 
less mercury rectifiers, of a complete line of magnetic amplifiers and of saturated reactors, Much work is being 
done in the Soviet Union at the present time on the creation of cheaper and lighter lines of d-c and a-c ma- 
chinery using new brands of steels and new designs, In addition, lines of saturated reactors are being produced 
forusein reactor-control systems for automatized electric drives, 


Docent Krechetovich reported in his communication on a circuit for pulse regulation of the speed of ahigh 
power induction motor, distinguished for simplicity and high economy. The remarks by L. A. Milovidov was 
devoted to a procedure for determining the parameters of a system of induction drive with choke control for 
specified limits of the variation of torque, slip of the motor and the stiffness of the artificial mechanical cha- 
racteristic. Candidate of Technical Sciences A. G. Mekler, reported on controllable reactor systems for elec- 
tric drive that were developed and introduced for high- power cranes and elevators and also on methods for the 
design of saturated reactors using nomograms. 


L. A. Milovidov and A, G, Mekler remarked that reactor control systems for electric drives are sufficiently 
well developed at the present time and have been produced in practice, and that simple methods have been 
created for their design, These circuits should be introduced extensively in industry, for their regulating and 
economic indices are not inferior to systems employing d-c machinery and are considerably cheaper than the 
latter in those cases, when it is not necessary to regulate the speed over a long period of time. 

















Candidate of Technical Sciences G, V. Oreshkevich reported on a new system of control of synchronous 
motors with the aid of a reactive amplifier, which permits raising and lowering the line voltage. 


Communications by Engineers V, lu, Nevraev and Gul'mamedov reported on the results of investigations 
on the work of an induction electric drive fed from a power source of commensurate rating and discussed prob- 
lems on the stabilization of the voltage for such electric drives when starting the motors a procedure was pro- 
posed for the analysis of the transient and for the choice of the regulation system. 


Candidate of Technical Sciences V, M. Bogoiavlenskii reported in his remarks that laboratory investiga- 
tions have shown that theplanetary-gear control system, developed at the Institute of Automation and Remote 
Control of the Academy of Sciences of the USSR makes possible a frequency transformation over a 1; 2 range. 
In the lecturer’s opinion, such a system can be used for high-power installations, particularly for mobile agri- 
cultural machines fed from a self-contained power source, 


Work on ion-electronic drive was reported by Candidate of Technical Sciences M. Z, Khamudkhanov. He 
proposed a procedure designing the control system and suggested considerations concerning the choice of 
structural circuits, 


Docent N, E, Kuvaev and Candidate of Technical Sciences A, M, Miroshnik used a slip-ring frequency 
converter to illustrate a circuit they developed for controlling a group of a-c motors for the power mechanisms 
of multi- bucket excavators and traveling bridges; this system offers considerable advantages over analogous 
d-c systems with respect to stability and simplicity of control. 


An interesting investigation on the stabilization of d-c motor speeds are contained in the report by Candi- 
dates of Technical Sciences A. I, Bertinov and S, R, Miziurin, The lecturers report thatthe accuracy obtained 
in the circuit proposed by them is within + 0.05%. 


Candidates of Technical Sciences V. V. Petrov and G, M. Ulanov reported results of an investigation of 
combined automatic-regulation systems employing electro-hydraulic drives, It was shown that the use of 
error- proportional action effectively increases the accuracy and speed of the control systems, 


Many of the comrades who addressed the session made demands on the scientific institutions that they de- 
velop engineering methods for the design of systems of electric-drive control, 


The participants in the sessions of the section were given a list of problems and topics recommended for 
further attention, This list covers 60 individual problems and topics, pertaining to individual] question in science 
and to methods of design and calculation in the field ‘of automatized electric drive, 


SECTION NO. 4. "THEORY AND METHODS OF CALCULATION 
AND DESIGN OF MECHANISMS FOR AUTOMATIC 


MACHINES AND AUTOMATIC LINES" 


The section heard 11 papers and two communications, while seven persons participated in the discussion 
of the papers. 


The paper by Academician I. I. Artobolevskii, showed the connection between problems in automatiza- 
tion of machines and methods for further improvement of labor productivity, and formulated the fundamental 
problems of the theory of mechanisms of machines in connection with the development of automatic machinery 
and automatic lines, particularly those using electronic control devices, The lecturer formulated the problems 
in the field of the theory of programming of technological processes, of the dynamics of actuating mechanisms 
of automatic control systems, of the synthesis of computing devices, and also in the field of development ofthe 
theory of design of mechanisms of complex type including hydraulic, pneumatic,electric , and electronic de- 
vices, The role of experimental methods in the study of the theory of automatic machinery was emphasized, 


A paper by Professor F. S, Dem'ianiuk analyzed various methods of automatization technological pro- 
cesses in machine building, and showed the effectiveness of all-inclusive automatization based on strict se- 
quence of the flow of the process of parts manufacture. The importance of work on standardization of techno- 
logical processes was noted and a procedure for calculating the optimum output was given, 








Candidate of Technical Sciences A, P. Vladzievskii, reported on new automatic production lines, de- 
veloped by the enterprises of the Machine-Construction and Tool-Construction Industry. The lecturer dwelled 
on the most important problems in the design of individual units of automatic lines and on the status of the 
theoretical problems, and.also on the problem of insuring reliable operation of the production line. 


A paper by Professor S. I. Artobolevskii was devoted to problems connected with the development of the 
general theory of automatic machinery as a base for the creation of a scientifically- founded method for their 
design, and for the organization of work on the analysis and exchange of experience in the field of production 
automatization between branches of industry. The lecturer indicated that particular attention must be paid to 
the development of methods of comparative technical-economical analysis of different models of automatic 
machinery and automatic production lines, 


The lecture by Doctor of Technical Sciences N. I. Levitskii and Candidate of Technical Sciences S. A. 
Cherkudinov was devoted to an exposition of the basic problems in the design of mechanisms for automatic 
machinery. Particular attention was paid to the justification of the choice of the scherne of mechanisms that 
reproduce a given motion. The lecturers pointed out problems in the synthesis of mechanisms that remain to 
be solved and also paid attention to the need for systematizing the records of operating experiences with me- 
chanisms and the development of handbook data. 


The paper by Academician N. G. Bruevich considered the inputs to and outputs of the simplest devices 
that comprise the complicated mechanical and electrical systems used to realize implicit functional relation- 
ships. The lecturer formulated the conditions under which such systems can be assembled using simplest de- 
vices of directional or mixed action. 


Reports by P. A. Metevosian (Institute of Machinery, Academy of Sciences, USSR) and A, K. Ganulich 
(VVIA in the name of Zhukovskii) presented the result of experimental investigations of mechanical and elec- 
tronic systems, which confirmed in principle the theoretical results indicated in the paper by Academician 
N. G. Bruevich, 


The paper by Doctor of Technical Sciences M..L. Bykhovskii was devoted to problems in the dynamic 
accuracy of the automatic controllers of automatic assembly lines. The paper expounded on methods for the 
analysis of the dynamic accuracy of mechanical and electric circuits and formulated the most important prob- 
lems occurring in connection with the development of systems for programmed digital control of machine 


tools, and also in connection with the development and improvement of control circuits for automatic ma- 
chinery. 


Doctor of Technical Sciences G. G, Baranov reported on research concerning technical conditions of 
bearings and the technology of their automatic manufacture. A prominent place in the lecture was devoted 
to problems of quality control of the shape of the bearing rings and, in connection with this, to a procedure 
for the investigating of the technological processes within the framework of correlation theory. The second 
part of the paper treated problems in dynamic investigation of the process of inside grinding of rings, carried 


out for the purpose of increasing their accuracy and to the development of methods of setting-up the automa- 
tic machine. 


A paper by Doctor of Technical Sciences A. E. Kobrinskii was devoted to the analysis of program-control 
systems for metal-cutting machinery. He considered two groups of technological problems involved in pro- 
gram-control systems and pointed out the distinguishing features that make possible classification of the sys- 
tems in accordance with the method used to convert the intermittent signals of the program, in accordance 
with the interpolation method, and in accordance with the number and type of controllable coordinates, In 
conclusion, the lecturer formulated the problems involved in the programming of technological processes of 
metal working, and also the problems involved in the design of automatic machines equipped with program- 
control systems. 


Candidate of Technical Sciences B. N, Bezhanov indicated in his paper the fundamental trends in the de- 
velopment of research in the field of hydro- pneumatic automation, and the improvement in the construction 
of various devices used in hydraulic and pneumatic systems. 


S. M. Kozhevnikov, Associate Member of the Academy of Sciences of the Ukraine SSR, lectured on prob- 
lems in the automatization of an extensive class of machinery used in metallurgical production, The most 

















important problem in this field is the automatization of the auxiliary and finishing operations. Using as ex- 
amples many specific technological processes, the lecturer pointed out the principal problems in the automa- 
tization of individual groups of machines and the topics in the theory of machines and mechanisms that are 
related to the solution of these problems. 


Engineer V, A. Morozov commented on the contradictory premises contained in the paper by F, S, Dem*- 
ianiuk, He noted that on the basis of experience of the automatic shop in the First State Bearing Plant, any 
further construction of automatic assembly lines in this plant should be based on all-out automatization of en- 
tire groups of machines, 


Doctor of Technical Sciences N. A. Borodachev (Mathematics Institute, Academy of Sciences, USSR) who 
participated in the discussion of the papers, pointed out those characteristics of mechanisms that must be borne 
in mind when compiling handbook data and when designing and calculating automatic machinery; he also 
called attention to the need for correct evaluation of the economies of automatic machines and assembly lines, 


Candidate of Technical Sciences V. F, Preis (Tula Mechanical Institute) devoted his comments to problems 
in the coordination of scientific-research work and the training of personnel in the field of automatization of 
manufacture, 


Doctor of Technical Sciences A, P. Malyshev (Moscow Textile Institute) proposed that the higher technical 
schools engage in the training of specialists on automatic machinery, and that the study of automatic machinery 
occupy a suitable place in the teaching of the theory of mechanisms of machines. A, P. Malyshev dwelled 
further on problems in terminology and classification, touched upon in the lectures by A. P. Vladzievskii, N. I. 
Levitskii, and S. A. Cherkudinov., 


Candidate of Technical Sciences K. V. Tir remarked on the need of resolving problems in the compensa- 
tion of dynamic forces, occurring in mechanisms, and also problems in optimum motion of their actuating de- 
vices, He also spoke of the need for developing simplified methods for the design of mechanisms, 


Doctor of Technical Sciences V. A, Iudin noted the importance of publication of materials on the design 
of standard mechanisms, used in various branches of machine building. He indicated the extreme desirability 
of further development of the theory of synthesis of mechanisms particularly the development of dynamic syn- 
thesis. 


Doctor of Technical Sciences S, I. Artobolevskii dwelled in his comments on shortcomings in the coordi- 
nation of scientific work in the field of automatization and on the discrepancies in methods used to evaluate 
technical-economic indices, 


SECTION NO. 5. “*SCIENTIFIC PROBLEMS IN TELEMECHANIZATION 
OF MANUFACTURING PROCESSES" 


The section of scientific problem of telemechanization of manufacturing processes held three sessions 
(October 16, 17 and 19). The first two were attended by approximately 130 persons, and the last by 80 persons. 
Seven papers and 15 reports were delivered at this section, Nineteen persons participated in the discussions. 


The papers and reports were devoted to an analysis of three fundamental problems: the status of tele- 
mechanization in different branches of the national economy of the USSR, scientific problems in telemechanics, 
and new technical means used in this field, 


Devoted to the status of telemechanization were papers by Engineer S, P. Krasivskii “Prospects of Develop- 
ment of Telemechanization in the National Economy," by Candidate of Technical Sciences V, N. Roginskii 
"Most Important Problems in the Development of Telemechanics in Communication," and by Candidate of 
Technical Sciences B. S. Riazantsev "Most Important Problems in the Development of Telemechanics in Trans- 
port.” 


The lecturers and those participating in the discussions after these lectures have noted that in spite of the 
great technical-economic effect, telemechanization is used in the USSR only in power systems and in trans- 
port. An obstacle to its wider adoption in the remaining branches of the national economy is the lack of pro- 
duction of telemechanical apparatus suitable for general industrial use. 











It was noted that it is extremely important to organize such manufacture as soon as possible. It was indi- 
cated that the metallurgical, chemical and other combines, and also the petroleum industry, coal mining, and 
agricultural irrigation, etc., are in bad need for telemechanization. In the paper by V. N. Roginskii and in re- 
marks made by many representatives of the organizations of the Ministry of Communication it was indicated 
that there is great need of employing telemechanical apparatus in communication installations for remote con- 
trol of unattended substations of intertoll cable automatic telephone station lines, radio relay lines, etc. B. S, 
Riazantsev touched in his paper on the great prospects of employing telemechanics in railroad transport and on 
the fact that so far Russia lags in this field behind the level reached in the USA. 


In a paper "Fundamental and Scientific Problems Involved in Telemechanization in the National Economy 
of the USSR, * Doctor of Technical Sciences M. A. Gavrilov indicated that the national economy poses before 
telemechanics two fundamental technical problems: the problem of telemechanical centralization of control 
and regulation, and the problem of remote automatization. The solution of these problems creates in turn 
many scientific problems both in the field of construction of new telemechanized processes and in the develop- 
ment of the theory of telemechanics and new technical needs. Those participating in the discussions empha- 
sized furthermore the great significance of the problem of remote automatization raised in the paper. As was 
already indicated in the paper, the most important theoretical divisions of telemechanics include the theory 
of design of telemechanical signals, the theory of the contruction of relay-action apparatus, the theory of re- 
liability and noise rejection, and the theory of telemetering converters, While certain success has been ac- 
complished in the first two divisions, the work in the remaining two is still in its initial stage, It was indicated 
in the paper that it is exceedingly important to employ telemechanical devices with contactless elements, 
which increase considerably the reliability, accuracy, and speed of these devices, Experimental models of the 
first fully contactless remote-control devices, developed by the Institute of Automation and Remote Control of 
the Academy of Sciences of the USSR, were demonstrated, 


Candidate of Technical Sciences O. A. Goriainov (Moscow Power Institute in the name of Molotov), also 
discussed in his communication contactless remote-control systems. M. A. Gavrilov's paper mentioned also 
the scientific problems connected with the creation of new technical means for telemechanics, These means 
should be created on the basis of extensive unification, subdivision into standard units, and new more effec- 
tive designs of telemechanical devices. The paper also raised the problem of producing a new type of all- 
purpose building-block telemechanical device of universal construction, unifying all the devices of the control 


point into a single unit. This idea was supported by many participants in the conference who participated in 
the discussion, 


Owing to the great complexity of telemechanical devices, which frequently contain thousands and tens of 
thousands of elements, it is very important to develop automatic machines for their construction, The first 
such models, demonstrated at the sessions of the section, were machines for the analysis of relay devices, 
created by the Institute of Automation and Remote Control, and machines for synthesis developed by the Labora- 
tory for Wire Communication Problems of the Academy of Sciences of the USSR, 


More detailed scientific problems in the field of telemetering and remote control were considered in a 
joint paper by Doctor of Technical Sciences V. A. Il'in and Candidate of Technical Sciences V. S. Malov 
"Basic Problems in the Theory of Telemetering,” and in a joint paper by Doctor of Technical Sciences M. A. 
Gavrilov and Candidate of Technical Sciences G. A, Shastova *Fundamental Problems in the Theory of Design 
of Signals and the Theory of Noise Rejection and Reliability." The latter considered also a new procedure for 
designing systems of signals that do not become converted into each other. The problem of constructing tele- 
mechanical signals, which is of great significance for the construction of telemechanical devices, was subjected 
to a detailed analysis in communications by Candidate of Technical Sciences R. I. lurgenson, Candidate of 
Technical Sciences B. K. Shchukin, Scientific Worker V. M. Ostianu and D, Abdulaev, and in comments by 
may conferees, 


Many theoretical questions, connected with the design of complicated telemechanical systems in telephone 
and telegraph communications, were raised in a paper by V. N. Roginskii, Problems of the application of tele- 
mechanics to communication were also the subject of reports by Candidate of Technical Sciences Iu, A. Grints 
and Engineer K. A. Kazarinov. 


The status of manufacture of telemechanical apparatus was the subject of a joint paper by Engineers V. N. 
Chepurin and V. A. Ambrosovich. Outlining the status of the manufacture of telemechanical apparatus at the 

















"Elektropul't,” plant, the lecturers touched upon many problems connected with the improvement of the tele- 
mechanical] apparatus already produced and that under development. Questions were also raised concerning 
progress in many theoretical problems and new principles of construction of remote-control and telemetering 
devices, and many demands on industry were made concerning the production of many new elements for tele- 
mechanical devices, 


Explanations of many new developments in the field of telemechanics were included in the reports by 
those attending the session and by representatives of the research and design organizations, They pointed out 
the need for considerable expansion of work in the field of telemechanics, It was indicated that the completed 
developments are very slow to be adpoted and that it is necessary to do research on new principles of construc- 
tion of telemechanical devices to develop criteria for their evaluation, etc, Shortcomings in the training of 
personnel to engage in the field of telemechanics were indicated, The need for better coordination was noted 
and it was emphasized that materials, specialists, physicists, physiologists, and economists must be enrolled in 
the coordination work and in work in the field of telemechanics, 


The work of the section resulted in a summary of the present-day status of telemechanics, It was stated 
that in many branches of the national economy there is a great unfilled demand for telemechanization, re- 
quiring a rapid organization of the manufacture of technical means of telemechanics suitable for general com- 
merical purposes. Note was made of the great promise of remote automatization as a new means for the tran- 
sition to a greater extent of automatization and production of all-purpose remote- automation systems for ap- 
paratus that is still decentralized, The scientific problems involved in telemechanics were discussed and it 
was established that with the present day state of telemechanics it is possible to build telemechanical equip- 
ment employing contactless elements exclusively and that this trend in the development of the technical means 
of telemechanics is one of the most promising ones, Another important trend is the development of efficient 
telemechanical apparatus, particularly for complex telemechanical systems, In connection with this, the 
theoretical work that is carried out at the present time on a scale that is far from sufficient acquires particular 
significance, The fundamental trends of this work were approved, as were the tasks in the field of mathema- 
tics, physics, physiology, etc., formulated in the papers heard at the section, 


SECTION NO. 6 (JOINT): “ALL-OUT AUTOMATIZATION 
OF MANUFACTURING PROCESSES" 


The sessions of the sixth (joint) section on "All-Out Automatization of Manufacturing Processes* was held 
on October 17-19 of this year under the chairmanship of Associate Member of the Academy of Sciences of the 
USSR A. I. Tselikov and Professor N, N. Shumilovskii. 


Sixteen papers and four reports were heard at the sessions of the section, and 24 persons participated in the 
discussion, In a paper. by Doctor of Technical Sciences N, N. Shumilovskii and Doctor of Technical Sciences 
V. L. Lossievskii "Fundamental Problems in the Development of Science in the Field of All-Out Automatiza- 
tion of Manufacturing Processes" it was stated that the tasks of automation should encompass two sets of prob- 
lems: problems in efficient construction of technological plans of manufacturing processes and of corresponding 
technological apparatus in various branches of industry, with allowances for further automatization of this equip- 
ment, and also problems of rational construction of the automatic control and regulation systems used for these 
processes, 


Many factors impede the development of all-out automatization of manufacture: 1) The use of obsoles- 
cent technological aggregates, not amenable to automatization, in many branches of the industry, 2) an insuf- 
ficiently developed instrument- building industry, 3) an insufficient number of specialists in the field of auto- 
mation, 4) poor organization of scientific-research in the field of automatization of manufacture and the lack 
of scientifically- founded methods for the construction of equipment, The paper then went on to formulate the 
tasks of scientific research in the field of automatization, 


A paper by Deputy Minister of Instrument Building and of Means of Automation of the USSR V. P. Lukin 
"Prospects of Development of Instrument Building and of Means of Automation and the Tasks of Science" 
dealt with equipment in various branches of industry, such as metallurgy, chemical, petroleum, food, and light 
industry, which should be the first to be automatized, The lecturer then turned to measures adopted by the 








Ministry for the purpose of increasing the output of instruments and of means of automation by the end of 1960 
by 5.3 times and the output of computing machines by 6 times, compared with the 1955 output. The increase 
in volume of manufacture should be accompanied by an expansion in the available types of new instruments. 
The lecturer noted many laggard fields of the technology of instrument building, such as the field of analytical 
instruments, etc, 


A paper by Engineer A. M. Nekrasov “Prospects of the Development of Automation in the Power Industry 
and the Tasks of Science” described experience in the application of automation in the power systems of the 
USSR and the problems raised by the progress of the power industry. 


Academician M. P. Kostenko in a paper "Problems of Automatic Control of Electric Power Systems Using 
Methods of Electrodynamic Models" threw light on the problems that can be studied with the aid of network 
analyzers, The paper considered the experience and the most important results obtained in the use of electro- 
dynamic simulation in the USSR. He indicated the most important tasks of automatic regulation of power sys- 
tems, which include the construction of new network analyzers, the development of excitation regulators for 
high power hydraulic generators, high speed excitation regulators, and the use of computing machinery. 


A paper by Doctor of Technical Sciences V. A. Venikov like the paper by Academician M, P. Kostenko, 
was devoted to automatic regulation of electric power systems, It listed the basic tasks of the development 
of laboratory and analytical investigation of operating conditions of electric transmissions and electric systems, 
and stated in particular that the development of physical simulation should be carried along a different path, 
namely the simulation of fields and their affine similarity. 


Doctor of Technical Sciences A. E. Khlebnikov delivered a paper on “New Metallurgical Processes and 
Problems in Their Automatization,” in which he established the need and possibility of producing continuous 
technological processes in metallurgy. 


Doctor of Technical Sciences V. G. Voskoboinikov and Engineer A, K. Adabash‘ian delivered a paper 
"Prospects for the Development of Automatization of Blast Furnace, Stee] Melting, and Steel-Rolling Manu- 
facture, and the Tasks of Science.” 


Associate Member of the Academy of Sciences of the USSR A. I. Tselikov, in a paper “Automatization 
of Pressure Metal Working by using Continuous Processes* indicated the trends in the automatization of 
pressure ntetal working and cited the results of investigations on the production of new processes for transverse 
thread rolling. 


Academician V, I. Dikushin delivered a paper "On the Results of Work of the Conference on Automatiza- 
tion in Machine Building Industry." 


A paper by Doctor of Technical Sciences F, A. Trebina, "Prospects of the Development of Automation in 
the Petroleum Industry and the Tasks of Science,” was devoted to the problems of the status of automation in 
the principal branches.of petroleum manufacture: prospecting for oil deposits, drilling oil wells, industrial- 
geological investigations, oil extraction, oil refining, and storage of oil and oil products, 


Engineer A, A. Matveev, in a paper “Level of Automation of the Petroleum Refining Plants with an Output 
of Six Million Tons of Crude Per Annum, Now Under Construction,” described the control and automation equip- 
ment that is being used at the plant and named the problems.that require the participation of the Academy of 
Sciences of the USSR and of the MPSA. 


Engineer V. A. Nikitin, in a paper "On the All-Out Automatization of the Moscow Refining Plant," re- 
ported on experience in realizing all-out automatization in an already-operating petroleum refining plant. 


It was shown in the paper how the adoption of automatization affects the scheme of the process and the 
entire production as a whole and what effect is produced by introducing automation. 


Professor E, I. Tagiev, delivered a paper on the drilling of oil wells. 


A paper by Engineer G, N, Kirikov, “Prospects of the Development of Automatization in the Chemical 
Industry and the Tasks of Science," indicated the obstacles to extensive use of automation and proved the need 
for all-out automatization of chemical manufacture, The lecturer cited data that described the economic effect 
of introducing automatization and increasing the producitivity of the processes. 

















A paper by I. L. Farberov, "Problems of Automatization of Underground Gasification of coal," described 
the development of methods of underground gasification of coal in the USSR. The paper raised many prob- 
lems on the control and running of the process of underground gasification of coal. 


A paper by Doctor of Economic Sciences K. I. Klimenko, "Development of Methods of Estimating the 
Technical-Economic Indices of the Effectiveness of Automation," gave a comparison of the scales of manu- 
facture of individual branches of industry in the USSR and in the capitalist countries. The paper considered 
problems of the recovery of expenditures for automation in many branches of industry, problems of the pro- 
cedure of determining the effectiveness of automation, and problems in the application of automatic equip- 
ment and of computing machinery in new branches of technology. The paper raised problems of determining 
and achieving economic effectiveness in automation of manufacture, 


Reports from the Republic Academies of Sciences were delivered by Vice President of the Academy of 
Science of the Ukraine SSR G, N. Savin, Associate Member of the Academy of Sciences of the Azerboidzhan 
SSR A. A. Efendizade, Academician of the Academy of Sciences of Estonian SSR I. G. Kheil, and Candidate 
of Chemical Sciences A. A. Zhukanskas (from the Academy of Sciences of the Lithuanian SSR). 


G. N. Savin reported on the development of research work in the Institutes of the Academy of Sciences 
of the Ukraine SSR, noting in particular the need of creating within the Academy of Sciences of the Ukraine 
SSR an Institute of Automation that would be the principal center of the development of work on automatiza- 
tion in the Ukraine SSR, 


Results of the investigation of the automation of objects in the oil industry and of the tasks faced by the 
Power Institute of the Academy of Sciences of the Azerboidzhan SSR in this field were reported by A. A. Efen- 
dizade. 


I. G. Kheil dwelled on the causes that impede a wide introduction of automation in the industry of the 
Estonian SSR. The report described the work performed by the Academy of Sciences of the Estonian SSR in 
the field of automation of manufacturing processes and made suggestions on the topics to be covered by 
scientific research in the field of automation, 


The development and organization of work on automation in the Lithuanian SSR was reported by A. A, 
Zhukauskas, 


Associate Member of the Academy of Sciences of the USSR V. A. Trapeznikov devoted his remarks to 
problems of the economic effectiveness of introduction of automation in industry, 


Professor Shaumian discussed automatization in machine building. 


The remarks by Comrades Gutnikov, Vorob'ev, Kogan, Kuznitskii and Gruzinov, and others were devoted 
to the automatization ofthe metallurgical industry. 


Comrade Fedorov commented after the lecture by I. L. Farberov on the automatization of underground 
gasification of coal, 


Participating in the general discussion were Professor Borodachev, Engineer Malyi, Doctor of Technical 
Sciences Kapustin, Engineer Gal'rode, and others, 
































DETERMINATION OF PERIODIC MODES IN SYSTEMS WITH PIECEWISE-LINEAR 
CHARACTERISTICS COMPOSED OF SEGMENTS PARALLEL TO TWO 


SPECIFIED LINES, Il, 


M, A, Aizerman and F, R, Gantmakher 
(Moscow ) 
The method described in the first part of this article [1], whereby the periodic modes 
are determined in the form of a complete Fourier series, without neglecting any harmonics, 


is extended to include arbitrary piecewise-linear characteristics, composed of segments that 
are parallel to two specified straight lines, and to arbitrary types of periodic modes, 


1. Generalization of the Problem 





The method proposed for the determination of periodic modes was demonstrated in [1] using as an example 
the simplest periodic mode in the following system 


n 
Xj = dy ajity + gf (11) + Fs () (j= 1,2,..., 2) 
— (1.1) 


subject to the following assumptions; 
a, The function f(x) is piecewise-linear and consists of two segments, 


b. The transition from the first segment to the second and from the second to the first is instantaneous, 
at the instant when x, attains for the first time the specified values o, and o2. 




















c. We seek the simplest periodic mode, in which the first and second straight-line segments are each 
followed once during the period (see Fig, 3) [1]. 


The functions Fj (t) are sufficiently smooth, i,e., not only Pj (t), but also all their derivatives that are 
encountered in the calculations are continuous and differentiable. 
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Fig. 2 


The class of problems that can be solved with this method can now be generalized in four manners, 


1, It is possible to consider characteristics that consist of more than two segments of the same two 
straight lines, i.e., one can specify not the simplest modes, but more complicated ones for systems with a 
two-piece characteristic curve, Examples of this kind are shown in Fig, 1, where the numbered points are 
passed-through in sequence during a single period, 

2. It is possible to consider either continuous or discontinuous characteristics composed of any number of 
different straight segments, provided each segment is parallel to one of only two specified straight lines, i.e., 
provided the slopes of the straight lines assume only one of two values, k* or k"*, 


Figure 2 shows examples of such characteristics, 











Fig, 3 
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3, One can consider more general transitions from one part of the characteristic to the other, Thus, for 
example, in the analysis of play or of dry friction in an inertialess element (Fig. 3), the coordinate y, either 
varies with x, (yy = xq + const) if the play is taken up, or remains unchanged (y, = const) if the play is not 
taken up, The characteristic consists of straight segments with slopes 1 or 0; the transition from the first segment 
to the second occurs the first time that X4 vanishes, no matter what the value of x, = %, is at that instant, and 
the transition back to the sloping line occurs the first time that x, differs from xX, by a specified value, Other 
examples can be cited, in which the characteristic 
consists of straight segments parallel to two speci- 
fied lines, but the conditions under which the 
change from one segment to the other occurs are 
determined not by equations such as xq = 0;, but 
by other (not necessarily linear) relationships be- 
tween x, and its derivative at various instants, 





4, One can, finally, consider a more general 
class of driving functions, i.e., of the functions 
Fj (t), assuming the latter to be piecewise -smooth 
and specified in terms of their own Fourier series, 
This generalization must be used in the analysis of 
stepwise and other discontinuous periodic driving 
Fig. 4 functions, 








Since it is our aim to generalize our class of 
problems in the above manners, let us turn to the 
derivation equation 


D (p*) x, = K (p*) y, + (0), 


(1,2) 
y= I (%), 


obtained by eliminating from the System (1,1) all the xj"s except X4, and let us assume now that the period T 
can be broken up into N stages, occuring at the instants ty-tg, te- ty, .-6+,ty -ty_y (here ty - to = T), and 


that during each stage the point xy, yy moves along a straight line having one of the two specified directions, 
characterized by the slopes k* and k**, 


We shall assume the following to be specified for each itth stage (i= 1, 2,..., Nk 


a) the equation of the straight line along which the point xy, y, moves during this stage, is in the form 


¥y,= kia, a Pity, i-1 ot bay, i-1+ 6;, (1.3) 


where k; is either k* ork", ¥j, Hj, amd 64 are specified numbers, and xy j-, amd yy j-4 is the point at 
which the preceding (i— 1) th stage terminated, i.e., 


Zy,i-1 = % (44, — 0), Yi, i-1 = Ys (4s — 0); 


b) the conditions under which the stage is terminated ("joining condition"), given in the form of a 
linear relationship between x, (t) and its derivatives at the instants tj and tj 4: 


n n 
SG aG-Y (4) + Ye e9-Y (4-1) + 0 = 0; (1.4) 
j=! =k 


the i-th stage terminates at the instant tj; when the Condition (1.4) is first satisfied, 


Since the degree of K (p* ) in (1,2) is less than the degree of D (p* ), the function x, is continuous and there 


is no need for writing down the starting conditions for each stage — these are determined from the "joining con- 
ditions” by the continuity of x,. 
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Let us illustrate the above with the following examples. 


Example 1, The characteristic f (x) is broken, consisting of three parts, of which the outer two are 
parallel Fig, 2, b), We seek the simplest continuous periodic mode, 


In this case N = 4, and 4 ~~ #j ~ 0 at all stages; k = k* and 6 ~ 0 for the middle part, and k — k" and 0 
equals either (k*— k*) o, for the outer right part or (k"— k") og for the outer left part 


- The conditions for the 
termination of each stage are the equations x, = oy and x» 


Og, respectively, 


Example 2, The same characteristic, but comprising a loop, If the point is ata during the timet to, 


it moves along line I (in particular, also down from a ) until it first reaches point b , from where it follows line 
Il until reaching point c, etc, 


In this case, too, N= 4, The data for this stage are listed in Table 1. 








TABLE 1 
Ta6Ganna i 
Stage of Joining 
motion Equation of straight line condition 
of point 
From a to b y = k’x + (hy — k’o), 
T.e. ky =k’, 9, = }, = 0, r= 0; 
0, == hy — k' oy 
From b toc y = k' x + (hy — k’a,), 
T. @, ky =k", == 2. = 0, x, = Og 
0. = hy — k' 191 
From c tod y = ke + [hy + (k — k’) 0, —k’o;), 
tT. @. kg = kh’, Qg9 = bg = 0, rT, = Gg 
0, = hy + (k” —k')c 6g — ko, 
From d toa y=k’x + [(k’ — k") og + hy — k’oy], 
T. @. kg=k', = =0, 71 = % 
0, = (k’ — k” )og+ hy — k’o, 








Example 3, The system differs from a linear one in that it contains an inertia-less element, subject to 
play or to dry (Coulomb) friction, 


The values of k, ¥, #, 9, and € for all stages of this example are given in Table 2, 








TABLE 2 
be ra) g . 
Sz, kilo} ]| 0 Joining conditions 
aA 
] 0 | 0 |—s £ (ty) = 
WO} 0) 1] 0 2) 2) = —2s 
WN 1}0}0] o ts) = 0 
Iviv}o}1] o Wei Fda De 

















The derivation Equation (1.2) differs from the derivation equation in [1] not only in a different definition 
of the function f (x4), discussed above, put also in a different definition of the function (t), The function 
® (t) in (1,2) is a Fourier series obtained from the Fourier series for Fj (t) by eliminating from (1,1) all the x;*s 
except x,;. Here the transformation from the Fj (t) series to the (t) seeles involves the use of a finite number of 
term-by-term differentiations, additions of cain, and multiplication of the series by numbers 


It can be seen from this method of obtaining the series @(t) from the series F; (t) that 
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D (t) = Do (t) + Di lxgh (t — te) + x43 (t— ty) +. «1, (1.5) 
qg 


where tq are the instants at which @(t) and its derivatives become discontinuous, coinciding with the instants 
at which the functions Fj (t) become discontinuous; Kk q: KG. etc. are the values of these discontinuities, § (t) 
is the Dirac function, and 9 (t) is a convergent Fourier series, 


Inserting (1.5) into (1,2), recalling Equation (1.4) of [1], and equating the terms that do not contain 
5, 5", etc.,* we get the equation 


D (p) x, = K (p) xy: + Do (6), 


4: = 1 (1), are 


which now replaces Equation (1.5) of [1] and describes the course of the process on the sections where x;, yj, 
their respective derivatives, and @(t) are continuous functions, 


9» 


2. Derivation of the Equation for the Periods in the Generalized Problem 





Let us now make the same change in variables in Equation (1,2) (see Equation (2,2) of [1] ), with the 
coefficients being determined from Equation (2.4) [1]. We shall take the values of h, and hg, which enter into 
(2.4) of [1], for any two arbitrary parts of the characteristic, having slopes k* and k", respectively, The trans- 
formation will cause the first of these line segments to become the x axis of the (x, y) plane, with the second 
segment becoming the y axis, The linear transformation (Equations (2,2)] of [1] keeps the straight lines parallel. 


All lines with slope k* thus become parallel to the x axis in the (x, y) plane, and all lines with slope k" become 
parallel to the y axis, ** 


As in [1], Equation (1,2) becomes 


L(p*)z=M (p*)y+ ¥ (0), (2.1) 
and (1,6) becomes ° 
L(p)x = M (p)y + ¥o(?), (2.2) 


where ¥(t) and Wg (t) are Fourier series differing from @(t) and 49 (t), respectively only by constant terms, 


The joining Conditions (1,4) are changed by this transformation into 


> Sj [ax'-0 (04) + By (t4)] + 


j=1 


+ D) x, [oexti-(ty_1) + By (444+ 6+ %(G + 2,) =0 ee 
j=1 aa 


If the coefficients of 5, 5°, etc, are also equated the results are the “jump conditions,* which differ in 
this problem from the *jump conditions* mentioned in [1] in that the discontinuities of (t) must be allowed 
for, These jump conditions are of no use to us, and will not be written down here, 


** 


Indeed, the need for insuring this circumstance forces us to restrict ourselves to characteristics composed 
of segments parallel to specified straight lines, Were the characteristic to contain segments with more than two 
slopes, the affine-transformed system would contain segments not pafallel to the x andy axes, and the entire 
subsequent argument (in particular, the calculation of y), could no longer be made with this method, 
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The motion of the point in the (x, y) plane during the periodic mode can be represented as follows 
(example in Fig. 5), At the instant tg,the point is on line I (for exainple, on the x axis), along which it moves 
until it reaches at the instant t, the point 2, where the first of Conditions (2,3) is satisfied for the first time. 

If line Il passes through this point 2, the motion will continue on this line; if it does not, the point will jump 
instantaneously onto line II along a line having a slope tan y= 6/a, The point moves then along line I 
until reaching, at the instant t,, point 4, where the second condition of (2.3) is satisfied for the first time, etc, 
Since the motion in the (x, y) plane is only along lines parallel to the x or the y axis, either x or y are con- 
stant on each of the intervals, Figure 6 shows an example of the variation of x and y, corresponding to the 
periodic process of Fig, 5, 
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Fig. 5 


If we retain the former symbols €, for the Fourier coefficient of the series ¥(t), and if we seek again 
periodic solutions in the form of Fourier series with Fourier coefficients &, and 6, , then Equations (3,1) of [1], 
which relate &, and 6, to the Fourier coefficients u,* of the function M(p*) y, remain in force, 


Let us retain the symbol y for the Fourier coefficients of the periodic function M(p)y. Equation (3,2) of 
[1 J; relating »,* with py, can now be used also for the general case, but it becomes necessary to keep in this 
equation not two, but N terms — each term pertains to,the instant t,, tg,..., ty, respectively, Equation (3,2) 
of [1] therefore contains now Nn unknown quantities 7; — the discontinuities of the function y: and of its de - 
rivatives up to the (n— 1)-th at these instants t,, tz, ty. All these unknown discontinuities enter linearly into 
(3,2), while the unknown ty, tz,..., ty are nonlinear, 


The values of 1, are determined generally in the same manner as in the simplest case examined in [1) 
since the integral in the expression 


tn 


4 . 
tr = ge \ M (p) ye tote 
t 


° (2,4) 
can be expressed in terms of ty, tg,..., ty if it is broken up into N integrals 
ti 
4 
tr = ae [| (p) yer*rotdt + 
te 
ty tn 
+ | M(p) ye~ trotdt +--+ + \ M (p) ye-"otdt] 
ty tn-1 (2.5) 


and use is made of the fact that either x or y is constant between the integration limits of every one of these 
integrals, 
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In fact, if y - const, in the interval tj _, < t < tj, this condition can be replaced with 


M (p) y _ by, consti, 
y (4; —0) = const;, y’ (ti —0) = y” (4; —0) =--- = y(t, — 0) =. eisai 


(2.7) 


Using (2.6), we can calculate the corresponding integral in (2.5) 


ti tj 
\ M (p) ye -*°'dt = b, const; \ e—iretd, = 
ti-4 ti-y 


—b,, const; 


—irwl; —irotl 
: e ie - * 
ir@ 


If, on the other hand, x = const j in the interval tj-1< t< tj, we get for this interval 


L(p)x = a, const;, 
x(t; —0) = const;, x’ (t; —0) = a" (t; — 0) meee 
.. = 2 (1; — 0) = 0. 


(2.8) 
(2.9) 
It follows from (2.8) and (2,2) that 


M (p) y = a, const; — ‘Vy (t) 


and the corresponding integral in (6,11) 


? a. const, 
== trest ae ae i iret; — frets, _— 
( M (p) ye~*"@'dt = cone eee [e e ] 
= 
oe ty 
on \ 7, (t) e— iroldt 


can be readily calculated, for the function ¥9 (t) is specified, 


We can thus compute all the integrals in (2.5), ice., the values of , but Nn initial conditions of the 
(2,7) or (2,9) type remain unused, 


Substituting the found value of fy into (3,2) of [1], we obtain yf, which when substituted into (3,1) ex- 
presses all O, and 6, in terms of the Nn linearly related unknowns 7; and in terms of the N nonlinearly 
related unknowns ty, tg, ..., tne 


If we now require that the Fourier series x(t) and y(t), obtained in this manner, satisfy all the Nn con- 
ditions of the (2,7) and (2,9) type, we obtain an inhomogeneous system of linear algebraic equations with re- 


J 
spect to the Nn unknowns nj. The coefficients of these linear algebraic equations depend upon the sought 
unknowns ca, Te, eee, ty . 


Assuming for the time being the determinant of this system to be different from zero and solving this 


J 
systeni, we obtain all the nj; ‘s as functions of ty, tg,..., ty: 
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j j é=0,1,...,.8—4 
= MN (ty bere ty) ( ‘) : 


j=1,2,..., N (2.10) 
Substituting now these nj ‘s directly into the expressions for @, and B; we obtain 
x(t, th, to, . “ey ty and y (t, th, ie “+s t y). Q 11) 


So far we did not use the “joining conditions" (2,3), Inserting now (2,11) into (2,3) we arrive at a system 
of N transcendental equations for the N unknowns ty, tz, ..., tn, i.e., at the equations for the periods, 


The sought periodic modes are determined by the solutions of the equations for the periods, satisfying the 
following conditions; 


a) the inequality 
toc ty<ctg<c...<tn, 


is satisfied, with tg = 0 for self-oscillations and tg = T—ty for forced oscillations; 
b) there are no “switchovers” within the period, i.e., at instants t other than ty, tz,...,tyn. 


Everything mentioned in [1] concerning the need for verifying whether the vanishing of the determinant 
of the system of the algebraic equations leads to additional solutions, and the entire contents of Section 4 of the 
first half of this work, concerning improvement to the convergence of the Fourier series, are equally in force for 
the more general case discussed here, 


Let us remark in conclusion that the number of the unknown instants of time is reduced by one half if the 
mode is symmetrical, i.e., if it is known beforehand that 


x(t) -#—2(t+ 7), y())=—y(t+ 4). 


T 
In this case one can consider only half the period . instead of the period T, as was done in [2]. 
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ON THE CALCULATION OF THE CORRELATION FUNCTION OF A STATIONARY 


RANDOM PROCESS FROM EXPERIMENTAL DATA 


B. N. Kutin 


(Moscow ) 


Discussion of the errors arising in the calculation of the correlation function of a 
stationary random process from experimental data and resulting from the fact that the pro- 
cess is observed during a finite time. The errors are estimated for the existing types of 
autocorrelation functions, which are determined approximately from the experimental 
data by various methods, Equations are derived for the mean-squared error in a so-obtained 
correlation function as a function of its argument, 


To analyze the response of a dynamic system to a random action it is necessary to know the fundamental 
characteristic, namely the correlation function of the action or the related spectral density [1, 2). 


In some cases the correlation function of the action can be calculated from theoretical probability con- 
siderations, In practice, however, this function must frequently be calculated from a set of curves that comprise 
the record of the random action x(t) (t is the running time) during a finite time interval, The correlation 
function so calculated is subject to errors, resulting from the finite time of observation of the random process 
x(t). This article is devoted to an estimate of these errors, 


The correlation function of a random process x (t) is defined as M[x (t)x (t + 7)J, whete M is the symbol 
for the mathematical expectation (mean value) [1-3]. 


The correlation function of the random process x(t) is sometimes defined somewhat differently [4, 5], 
for example, as M[E (t) © (t + 7)J, where € (t) = x(t)— M [{x(t)], 


For a stationary random process x(t), the quantities M[x(t)x(t + 7 )J)and M[E (ty& (t + 7 )) are functions 
of the variable 7 only and are independent of t 


R(t) = M [x(t) x(t +>), 


(0.1) 
B(x) = M[E(t)5(¢ + *)], (0.2) 
and M[x(t)J- m = const and € (t) = x(t)— m, 
One can obtain from (0.1) and (0,2) the following expression for B (T ): 
B (x) = M{(x(t)—m) (x(t +1) —m)] = R(t) —m’. 0.3) 


We shall call the function B (7 ) the middle correlation function to distinguish it from R(t), thus emphasizing 
that B (7) is calculated for the random function x (t) taken with respect to its mean value m, 
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In the particular case when m = 0 identically, the functions R (7) and B(7 ) become identical, 
From the ergodic theorem, the function R(T ) of a stationary random process with unity probability is 
expressed as; 
T 


I (=) = tim Ja (t + +) dt. 


@ 
0 (0.4) 


Analogous relationships with unity probability hold also for the function B (7) and for the quantity m 
M[ x(t)J: 


T 
B (=) = lim a! ORC + )dt, (0.5) 
T-@ rm. a 
0 
T 
m= lim > \ r(s) dt. (0.6) 
T+ @ 


0 


The functions R (7) and B (7) can be calculated approximately from an experimentally-obtained record 
of the random function x(t), using Equations (0.4) - (0.6).* We shall denote the approximate values of the 
functions R(T) and B (7 ), calculated from experimental data, by Ry (7) and By (7), respectively. Owing to the 
finite time of observation T,}, of the random process x(t), the quantities Ry (7) and By (7) are also random 
functions, 


The degree to which the function R(t ) is approximated by Ry (7) can be characterized by the mean- 
square of (7) of the deviation of the function Ry (rT) from R(T) [6, 7] 


of (2) = M ((Rr(t) — R(*))I- (0.7) 


Analogously, the degree of the approximation of B(T ) by the function B(T) is given by the quantity 


33, (t) = M [(Br(t)— B (t))?}. (0.8) 


References [6] and [7] give an expression for oR (T) only for T = 0, and for m identically equal to zero, 
In practice this is not enough, 


One must bear in mind, in particular, that if tT # 0 the function R7(T ) can be calculated in various 
manners from the recorded random process x (t) during the time Top, and these will yield results that differ 
somewhat from each other, This, in turn results in different variations of oR(T) with T, The same can also 
be said of the quantities By (T) and o 6 (tT), Furthermore, the quantity m can in general not be assumed be- 
forehand to vanish identically, It is therefore necessary to take into account, as will be shown below, the de- 
pendence of o R(T) on the quantity m and the dependence of o é (7) on the error that the finite time of 
observation Tj}, introduces in the values of m calculated from the experimental data, This causes the quantities 


0 H and 0% to differ if m does not vanish identically, 


It is also essential to know op (T) and oR (7) to estimate the error in the calculation of the normalized 
correlation functions 


_ R(t) 
0(*) = Foy: 0.9) 
° Relationships (0.4) - (0.6) are subject to certain conditions (which are almost always satisfied), indicated, 


for example, in [3] and [4]. 
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__ B(t) (0.10) 
P()= B (0) * 


The purpose of this investigation is to fill the above-mentioned gaps, 


1. Errors in Calculation of the Correlation Function T (rT) 





We shall estimate the errors in the calculation of the correlation function R(t ) from the experimental 
data for several possible methods that can be used to calculate its approximate values Ry7(T). 


Method 1, For a given Top, the maximum value of the time shift T (T,,,, > 0) is chosen and used to 
determine the integration time 


T = Tob — Tmax = Const, (1,1) 
for all values of T satisfying the relationship 


0<t<T max (1.2) 


The function R7 (7 ) is now calculated from the equation 


T 
Ry (t) = 7 \e()a(t+-)dt, (1.3) 


0 


where the quantity t + 7 turns out in this case to lie within the segment Top if0 = T = Tray amd 0 =t <= T, 
i.e., G6sat+T S& Top (Pig. 2% 
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Fig. 1, Calculation of the function Ry (tT) by Method 1, 


The function R+ (7) can also be calculated by averaging the product x (t)x(t + 7) over the same segment 
T, shifting the start and the end of the integration by an amount tg: 


T+t, 
Rr() = \ a()z(t+ at, 


te 


(1,4) 
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where tg = 0 must be chosen such as to make 0 = t+T <= T, i.e., 


O<h<t t. (1.5) 


Method 2, The integration time T is taken to vary with T and to equal 
T= 4“, (1.6) 
where 7 > 0, and the function R(T) is calculated from Equation (1,3), i.e., 


Tot 
Rr (t) = 7— \ x(t) x(t +) dt. (1.7) 
0 


1 
ob * 


This method is illustrated graphically in Fig, 2. 





hy 


wT + ntegration limits 


Fig, 2, Calculation of the function R(T) by Methods 2 and 3, 


Method 3, The integration time T is chosen as in the preceding method, but the value of the integral 
of x(t)x(t + T) is referred to the time of observation To, ie., 


T Ty5* 
Rr (*) = 73) xz(t)x(t++)dt = i, \ x (t) x (t+ *) dt. (1.8) 
0 


Method 4, The specified function x(t) is replaced over the segment To} by a periodic function x , (t) 
having a period Tp}, and identical with the specified function x(t) over the interval 0 = t= Tg). The value 
of Ry (tT) is calculated from 


: Top F Ty's 
Rr (t) = =\ Lp (2) z (¢ +1) dt = % \ Z p(t) tp (t + t)dt, (1.9) 
0 0 


where tg is an arbitrary constant (Fig. 3), 


The function R+(T ) is perfodic with a period T,,. 
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Let us proceed to calculate the mean-squared error o p(T) in the determination of the function R(T) 


from the experimental data, 
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Fig. 3. Calculation of the function Ry (tT) by Method 4, 


Since R(T) is constant if T is constant, then, by virtue of the known properties of the mathematical 
expectation, Equation (0.7) can be rewritten as 


oh (t) = M [R¥ (x)] —2R (x) M [Rr (2)] + F2(2). 
(1,10) 


Equation (1,10) also yields an expression for o p(T) when Ry(T) is calculated by the above-mentioned 
methods, 


Using Method 1, Inasmuch as the operation of the mathematical expectation and integration can be 
interchanged, we obtain from (0,1) and (1,3) 





M [Rr (*)] = R(*) (1,11) 


and consequently 


oR (t) = M [RZ (t)] — R? (+). 
(1,12) 


M IR? (T ) ] becomes 
‘ z 
M [Re (2)) = a M |(\ vane], (1.13) 
0 
where y(t) = x(t)x(t+T). 


Assuming the probability distribution of the function x(t) to be normal, * we obtain [see Equation (1,14) 
of Appendix I] 








Such an assumption is valid in many practical cases, 








My (9) = M [y () y (t + 0)) = 
= R(t) + HR? (0) + RO + 2) R(O— ) — 2m, (1.14) 


where R(O) = M[x(t)x(t + 0)), and m = M[x(t)]. 


From (1.12), (1.13), (1.14), and (1.4) we get the following expression: 


T 
oh (2) = F5\ (7 —0) PH) + R42) R(O—x)] dd — 2m, (1.15) 
0 


As was already remarked, the function R7 (tT ) can be calculated for a chosen integration time T also 
with a certain shift in the start of the integration by an amount tg, satisfying the Relationship (1.5), ice., R(T) 
can be calculated in two ways 


T 
Roy (*) = 7 \ e()a(t +4) dt 
° (1,3) 


T+t, 


Rriy(t) => a(t) a(t + *) dt. ae 


The quantity Ry [2] (T ) represents an approximate value of the function R(T), subject to the same mean- 
squared error R (7) as the approximation RT [4] (7). This is seen from (1.4), (1.11) - (1.14), and (I, 6), 


The quantity Ry (2}(7 ), being a random function like Ry 1) (7), may differ somewhat from Ry (1) (7). 


The distinction between the functions Ry [1] (T) and Ry [2] (7) can be estimated by the mean square of 
their difference: 


8 (t) = M[(Rr y(t) — Rr (2))*1- 





(1.16) 
Using (1,3) and (1,14), we get 
se 
08 (t) = | (to — 9) [2 (0) -+ RYO +2) RO a1 dd — 
t, ‘ 
— Fal (to— 9) [REO +-7)+ RO+T+)ROFT 2] dO — 
0 . 
— 7:5 (t, — 6) [R2(0—T) + R(O—T +7) R(O—T —>)Id0. 
0 (1,17) 
Using Method 2, It is easy to see that in this case, as in Method 1: 
M [Rr (*)] =R (t), (1,18) 





and the expression for o #.(T) is 

















1% 


- \ (74p— * — 9) | R? (6) + RO 4 2) R(O— )] dd — 2m‘. (1.19) 
0 


2 
SR (t) So 

7 ise 2 
“~. 7 


Let us determine, for example, the quantity af (Top) from (1,19). Denoting 


F (0, T) = R2(6) + R(O+ QRy— 7) RO — Topt 7) (1,20) 


and assuming the function R(@) to be continuous, the well-known theorems on the mean value of an integral 
yield in the limit 





‘ 
of (fy) = 2 lim F (Oy, 1) \ a0 - 
0 
T 
—2lim F (4%, 7) 7i\ id) — 2m! = F (0,0) — 2m, 1.21) 
T+0 § ° 
where 0 = 90, =T and 0 = 9, = T, 
Hence 
a2 (7',) = R2(0) + R2(7) — 2m. 
ke ob) ' (1.22) 
Using Method 3, In the calculation of R--(17) by Method 3, we obtain 
T t 
M [Rr ()] =2- R(t =(1-7 R (2), 
(Rr (2) = 7 BO) Z,) RO) uals 
where 
lim M [Rr (*)] = R(t) (1.24) 
Top © ° 
and 
») T 
o}, (t) = = \ (T — 6) [R? (6) +. RO + 2) R(O —*)] dd + 
T3b 3 
a / 2 
+ —— R? (ct) — 2m4(/1— z,) ; 
73," \~ T% (1,25) 


where T = Top —-T. 


Equation (1,25) yields for T = Top» 1€-, for T = Ty, — T = 0, the following obvious expression for on (T): 


oe (Zp) = R(T), (1,26) 


which can be obtained also directly from (0.7) by recalling that Ry (Top) = 0. 


Using Method 4, It is evident from Fig, 3 that 








T T 


and this means, from (1.9) 
T t 


Rr (*) = Taye e+) dt + 7) 2 () x(t + T)dt 


where T = Tob > # 


It follows from the equations employed above that 


M [Rr (2)] = 7 Re) +; R(T) = (1— 7) RO) +4 z RD) 


Typ 
where 
lim M [Rr (t)]| = R(t). 
tp © 


Using (1,3) and (1,14) we get 


7 
oh (1) = =, | (T—9)[F2(0) + RO +2) RO—2)] do + 
obo 


+27 \ [R(@—T) R(9—2) + RO) R(O—T —1)] ds — 
Tob 3 
T 
—£\oIRO—7)RO+)+RORO—T +2) dd + 
ob? 
T 
+=\ a[R(0O—T)R(0—2) + R(0)R(O—T —*)] dd + 
Tbe 


+ 7a \ (« — 6) [R2(0) + R(O+ 7) R(O—T)] do + 
obo 


+ Sp [R (®) — R(T) — Amt, 


ob 


where T = Top - 
Let us note the following corollary of (1.31): 


OR (Ty) = % (0) +1 (Ty) — R(0)P. 


(x, (0 2, (¢+ t)dt= \ x(t) x(t +)dt+\ x(t) (t+ 7) dt, 


(1,27) 


(1.28) 


(1.29) 


(1,30) 


(1,31) 


(1,32) 


Equations (1.32) can be given a simple interpretation on the basis of (0.7), taking into account Equation 


(1,29) and the fact that the function Ry(T) is periodic, 
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2. Errors in Calculation of the Middle Correlation Function B(T) 





One can calculate the function B (tT) approximately from the experimental data by one of two ways: 
Variant 1, The approximate value of B (rT) is assumed to be, from (0.3), 


Br (t) = Rr (t) — m>, (2.1) 


where R(T) is calculated for the random function x(t) by one of the methods considered above (see Section 1), 
and m7 is the approximate value of m = M[x(t)], Here mz is calculated from an Equation similar to (0.6): 


4 > 
r.\ 7 dt, 
ob 5 


— (2.2) 
where T,}, is the time of observation of the random process x(t). 


The quantity m7, like Ry(T), is a random function, as a consequence of the finite time of observation 
Tob« 


Variant 2, The function B(T) is assumed approximately equal to 


Br (t) = Rar (*), (2.3) 


where Ry 7 (7) is calculated from the value of m+ obtained from (2,2) for the random function 1 (t) = x(t)— m+, 
using one of the methods of Section 1, 


Let us examine the expressions for the mean-squared error o R(T). 


If B--(7) is calculated by the first variant, of (7) can be represented as 


oh (t) = oh (x) —2u (x) + ohn, (2.4) 
where 
oe (t) = M [(Rr (t) — R(t)", 
p(t) = M [(Rr (t) — R(*)) (mp —m’)], 
o*1 = M [(m> — m?)?}. 


One can readily obtain a similar equation for oO. : 


of = (xp — m?) (3xp + m?),: (2.5) 
where 


Tob 
2 
Ob 


0 
The quantities OR (tT) and wp (T) that enter into (2,4) in addition to of depend on the method used to 


Calculate the function R(T), Equations for o 2 (tT ) were derived earlier, The four methods indicated for 
the calculation of the function R(T ) yield: 
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T 
2 
w(t) = 5 \ P(t) P(t + %)dt—2m’, T = Top—* max 
0 





(2.6) 
Tyy* 
HO) =F | P(t) P(t-++) dt — 2m, an 
u(t) = it P (t) P(t + =) dt+ 
OD 9 
(2.8) 
+7 R (x) (m? _— *R) — 2(1— Zz m4, 
ry 
p(x) = By Pore +2) dt+ 7 H\POPesnars 
+ g-[R (*) — R (T)] (m? — xn) — 2mé om 
ob 
T = Top—*; 
Tob 
where P(t) =z \ RO— Hat. 


ob 5 


-y the estertomen of oF (T) it may be more convenient to employ the function B(@) in the equations 
for oR (T) , om , and p(T) in lieu of R (6); this is readily done with the aid of (0.3), 


If B+ (7) is calculated in the second of the two variants in the form of a function Ry T (7), Obtained in 
turn (by one of the methods discussed in Section 1, for the random function 7 (t) = x(t)— m7, the function 
B+ (T) can be expressed in terms of Rp (T): 


By (t) = Rr (t) — Er (*). (2.10) 


Here R(T ) represents an approximate value of the function R(T), which can be calculated for the random 
function x(t) as indicated in Section 1, Depending on the function used to calculate the function Ry T (T)= 
=By(T), the quantity E7(T) is given by one of the following equations: 





Fy 
Ex (2) =F( te) +2(¢+91dt— mi, T= Ty —* max (2.11) 

0 

Ty t 
Er (t) = Tt \ [x (t) + x(t + t)] dt — mj, (2,12) 
0 
Tot 

Er()= 7 \ (x(t) +a(t+ ydt—(1— 7) mi, (2,13) 


0 
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T 


Ey (t) = "7 \ [x (t) + a(t + e)] dt + 
Tob 
+ T\ [x (t) + a(t + T)] dt — m> = mij, (2.14) 
OP 5 
T = T~— tT. 


In this manner, taking (0,3) into account, we obtain for o g(T) 


oh (t) = op (ty — 2v(t) + of, (2.15) 


where 


oh(s) = M (Rr (1) — ROL 
v(t) = M [(Rr (t) — R()) (Er (*) -- m’)], 
of = M {(Er(s)—m!)’]. 


Equations for of (7), in which R(@) is replaced by B(®) [according to (0,3)], as well as equations for 
oF and v (T), all applying to the second variant for the calculation of By; (7), are given in Appendix II, 


3, Errors in the Determination of the Normalized Correlation Function p(t) 





R 
An approximate expression for the function p(T) = 13) is given by 


Rpt) 
pr) = ROO)’ (3,1) 


where Ry (T) and Rp (0) are calculated from experimental data (see Section 1), 
It is evident that p 7(T), like the functions Ry (7) and Ry (0), is a random function, 


In analogy with the above, the error in calculating p(7) from experimental data is estimated by means 
of the quantity 


R> (t - 
3) = Mer )—e = M[ (gre) |. 


(3,2) 


Since we have p7(0)= p (0)= 1, for 7 = 0, and consequently oF (0) = 0, the only values of o . (T) 
of interest are at T # 0, It will be shown below that o > (T) depends on the quantity o a(t) discussed 
above, 


We shall merely approximate o 3 (rT), since the exact calculation is quite complicated, We shall assume 
RT (T) 
Ry (0) 
with an accuracy sufficient for practical purposes by the linear terms of a Taylor expansion of the function 
f(Ry(T), Rp @)): 





here (as is frequently done; see, for example [8]) that the ratio = f (R7(7T), Ry (@)) can be represented 
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Rr ( 
pa to =/(Rr(t), Rr (0)) = f(M [Rr (*)], M[Rr (0)]) + 
+ RAG ARr () + sR ARr (0), 


(3.3) 


where 
ARr (t) = Rr (t) — M[Rr (t)], ARr (0) = Rr (0) — M [Rr (0)], 


and the partial derivatives of the function f[Ry(T), Ry(0)] are taken at the point M[R7(T)J, MiR7(0)). 


Let us remark that the assumption made above concerning the possibility of using (3.3) to represent the 

RT (T) 

RT) 
deviate from their mathematical expectations in a sufficiently narrow range, We are essentially using here a 
device commonly employed in the theory of errors to calculate the error of a quantity that is a function of 
several directly-measured quantities (see, for example, [9]). 





ratio follows from the assumption of a rather high probability that the quantities Ry (T) and Ry (0) 


From (3,3), we get 
Rr (7) Ry (t) — R(t) M [R- (t)] 
Rr — 9) =—aikp OL — WTR, pe (Rr () — RO) + 


< (M [Rr (0)] —R (0)) (R (0) M [Ry (t)]| — R(t) M [Rp OD 
R (0) (M [Rp (U))* 








(3.4) 


Taking into account that all the methods used above to calculate R(T) yield 


M [Rr (0)] = R(0), (3.5) 


and bearing in mind only these methods for the calculation of R;(T), we obtain from (3.2) and (3,4) as a final 
result 


M [Ry (7)] (M [Rp (x)])? 
0B (2) = at of (2) —2— erg bn (0) + pay — 2h (0), (3.6) 
where 
hr (t) = M [(Rr (t=) — R(2)) (Rr (0) — R(0))). (3.7) 


Let us incidentally remark that it follows from (3,7) that at T = 0 
Ar (0) = of (0), (3.8) 
and (3.5) and (3.6) yield the obvious expression o 5 (0)=0. 


With the aid of the above equations one can derive for Ap (T) the following expressions for the four 
methods of calculating R+(T): 
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T 
dn (*) = 7i\ (T — 9) R(0) [RO +) + R(O—x)] dd — 2m, 


0 
_ max 
4 


T)- 
hr (t) = TT, —) . (%— — 6) R(6) R(O+ t) dd + 


(3.9) 


rom a 
+S 
T—t 


hr (t) =— \ (Ty—+— 6) RO) R (O42) dd + 


0-2) 


Ty» 


( R(6) R(6 —*) d0— 2m, (3.10) 
0 


{ Rw Ra — 2m (1— 2), ete 


T 
hr (t) = ~~ | (T — 6) R (6) R (6 + +) dd 4 
ob 0 


T 
+2 ( R (6) R(6— 7) dd + 
0 


4 ~ \ (© —9) RW) RO +7) a6 + 


Pe (3,12) 
+2 =a\ R (6) R (6 — x) dd — 2mt, 


obo ' 
7 = Too— Se 


4, Errors in the Normalized Middle Correlation Function B(T) 





Using the following approximate equation for the function 8 (T) = a 5 ) 


By (* 4.1 
Br (*) = Go ol) 


we introduce the following estimate for the error resulting when 6(T) is computed from experimental data: 


By (t) 2 
e300) = Mier) —Bom=M| (FG —B) |, (4.2) 
with By(T) and By(0) calculated as shown in Section 2, 
R 
Reasoning exactly as in the derivation of Equation (3.4) for the difference ner — p(T), we obtain 
BT (T) — , , 
Pte tical: 
Br (0) B (Tt) an identical approximate equation 
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By (*) _ By (t)— B(t) M [Br (t)| 
By 0) — 8) = ~~ — WB, op (Br (0) — B(0)) + 





‘ (M [By (0)] — B (0)) (B (0) M [By (z)] — B(t) M [By (0)}) 








4, 
BOM [By Ip —_ 
From (4,2) and (4,3), we get 
2 yon 1 2 M [By (t)] 
78 (*) = (M [By O) °2 ()— 2 (M [By (0)1)8 hp (t) + 
(M [Br (t)])? 
+ Gra Opt % ) +12), si 
where 
hp (*) = M [(Br (t) — B(x)) (Br (0) — B(0))], (4.5) 
(2) = {(M [Bp (0)])? — B? (0)} {B (0) M [By (x)] — B (t) M [B, (0)]}* 
- BF) (M By ON" sone 


Appendix II gives the equations for Ag (T) and yg(T) used in the calculation of the function By (T) 
in the first and second variants, 


Let us also remark that the function 67(T) can also be calculated directly from known values of p7(T): 


— + 
er (tT) — mp 











T= = ’ 
Br (7) {ale _ 
where 
= Mr 
m = ‘ 
TR VRz() 


Equation (4,7) follows from the expression 


B, (t) - Ry (t) — m3, 
by (Vv) Rr (0) — m3, © 





Br (t) = 


° An analogous equation, incidentally, also holds for the exact values of 68(T)and p(T); 


e (t) — m?, 
P(t) =» ———._= 
1— mi, 
where 
R— TRO 
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It is readily seen that Equation (4,7) gives for B7(T) the same values that By(T) and By (0), calculated 
BT(T) 
By (0) 

(4,7), it is necessary to estimate the error in the calculation of § (tT) with the aid of Equations (4.4) - (4.6), 


by means of the first variant above, give for” B T(T) = . Therefore, if 6B 7(T) is obtained from 


5. Remarks on the Calculation of the Mean-Squared Errors a(t ) 





It follows from the above that to obtain o%(T) it is necessary in general to know the true correlation 
function R(T) and the true value of m = M [x(t)]. On the other hand, the experimental data yield only the 
approximate quantities R_(T) and m7, from which it is possible to calculate oR(T) approximately, It is 
possible here to estimate whether the time of observation Tp} was correctly chosen and to calculate the maxi- 
mum time shift, starting with the condition 

Sp (t)< 


co 
R , 
ani (5.1) 


where OR per is the maximum permissible value of the mean-squared error op(T), 


If op(T) turns out to be greater than Opper When Gp (7) is calculated for the values of 1 of interest 
to us, it is obvious from the above that the time of observation T,}, must be increased, At the same time any 
analytic approximation of the function Ry (tT) yields an analytic form for the function oR(T) , thus simplify- 
ing the calculation in many cases, Analogous remarks can be made also concerning the calculation of og 
O(T) , and 0 g(T). 





Let us remark further that instead of the mean-squared error op(7), it may be more convenient to cal- 
culate the error with respect to the correlation function at T = 0: 


ay Sp (T) 
Sp (t) = RO) ° (5,2) 


Equations for of (T) are obtained from the expressions given above for of (T), by replacing the corre- 
lation function R(T) and the quantity m in these expressions by the normalized correlation function pp (T) = 


eet) and the quantit m _ respectivel 
: = ee e ely. 
R(0) yomR” VR (0) ” 4 


For example, if the function R7(T) is calculated by the first method, we obtain from (1,15) the 
following expression for Of (T ): 


y 
= 2 9 ice 
On (t) = a5 \ (T — 6) [p? (8) + p (9 + =) p (6 — *)] db — 2m}... (5.3) 
0 


In exactly the same manner, one can consider instead of Op (T) the relative error 


- Sp (T) 


OR i: ee, (5,4) 
7n() = BO ° 


The functions 35 (7) are calculated from the equations given above for o é (T ), in which the functions 


(T ) , - m ‘ , 
R(7) and B(7 ) are replaced bv fArL,- and 6(7T)respectively, where Mp = ————_, With this, the 
juantity m is replaced by either ——— or i —_—— 
( , a ; e c m —_ - 
i: ndee x caen BB] 


Let us also remark that oF (T) and a 5 (7) can be expressed in terms of GR(T ), 36 5 (7), and the 
functions p(t)and 8 (T), 





By way of an illustration, if Ry (rT) is calculated by Method 1, we obtain for o by (Tt) from (1.11), (3.6), 
and (3,9): 


25 (*) = 9% (t) — 2p (=) Xp (2) + 6%(t) 08, (0), 


where 


i 


kn (2) = gs \ (7 —9) 0 (0) [9 (0 + 2) + 


0 








+ p(6—*)] dd — 2m}, (5.6) 





In conclusion, let us consider one example of the cal- 
culation of the mean-squared error, 





Assume that the normalized correlation function p(T )= 


R 
- mind , calculated from the experimental data, can be 


\ R7T @O) 
=m approximated by the expression 




















0 Z JT sec Py (t) = (4 —_ a*) eat" + a’, 
Fig. 4, Function p 7(T) = 

2. -a°T 2 where © and a are constants, Let us also assume here 
=(l-a)e +a at = 
a= 1sec™* and a= 0.3. 
ain mr 


SS a. 
mTR = TRO) 


Figure 4 shows the function py (tT) for a= 1 sec and a = 0.3. 


maia2/o5 sec 
2011,=20 sec 


242545 /20 
u 
=Q/ 2 


4 6 8 ” f2 % 16 18 g sec 


Fie. 5. Mean-squared error in the calculation of the normalized correlation function 
of the form shown in Fig. 4. 
















Assuming that the function R7 (rT) was calculated by Method 1 for o,(T) = v o} (T) at a=1sec™ 
and a= 0.3, we obtain the values shown in Fig. 5 for Top = 200 and 600 sec, From Fig. 5, incidentally, it 
is evident that o,(7) diminishes with increasing T,}, and with diminishing Ty 4x. With the aid of curves 

similar to those shown in Fig. 5 one can choose the time of observation T,}, to suit a specified accuracy of 
the correlation function for the required values of the time shift rT, 









APPENDIX I 


Derivation of Certain Equations 





Let us consider the mathematical expectation of the product of two definite integrals of stationarily-re- 
lated random functions y, (t) and yg (t): 


















by 2 ibs 
m[\ x way (i)de] = M \ « () ve(9) at do}. 





By “stationarily-related functions" we mean here two functions y, (t) and y(t) having a mutual correla- 
tion function 


R,. (6) =M [v1 (t) Ya (t + 6)] 
(1,2) 


that depends only on the time shift 6 [3]. 





Introducing in (1,1) a new variable 6 = ®—t instead of %, and interchanging the operations of integra- 
tion and mathematical expectation, we obtain with the aid of (1,2) 





by bs b, bs—t 
u|\ ys (t) at us(t) at] =( \ Ry, (0) dO dt = 
a, as a, a;—t 
ba—b, bs—a1 
- \ R,” (9) 40 — ay \ R,,», (0) d0— 
a—by a3—a, 
bs—bs ‘ as—b; 
= \ (b, —~- 8) R,,,, (0) d® + \ (ay — 0) R,, (0) d0. 


bs— a, a3—a, 


(1.3) 


In particular, if we put in (1,3) 


yi (t) = yo(t) = y(t), a =ag=0 2nd, = db, = T, 





we obtain (see also [7]) 
T 


m|(( var) |=2 (T — 0) Ry @) a0, (14) 
0 


0 


R,, (8) = M [y (t) y (¢ + 9)}. 





For stationarily-related random functions y, (t) and y,(t) we have 


dita bat by bs 
m| \ Yr (¢) de \ Yo (t) at| =M \ Y3 (t) at\ Yo ( at] (1.5) 
a,+4 3+ a, a3 


where & is constant but arbitrary, 


To prove (1,5) it is enough to prove that the left half of (1.5) is independent of , i.e,, that its derivative 
with respect to & vanishes identically, This can be readily seen by differentiating the left half of (1.5) with 
respect to a, 


By way of illustration, we have from (1.5) 


M (S y(t)dt) |= ( vinat) |, (1.6) 


where tg is an arbitrary constant, 


Let us further consider the mathematical expectation of the product of four values of a stationary random 
function x(t) taken at four different instants of time, and the function € (t) = x(t)—m, where m = M[x(t)]= 
= const, In other words, let us examine the quantities M[x (t,) x (tg) x(tg) x (tg)J amd M[E (ty)€ (t2) & (ts).€ (t)), 
where t,, tg, tg, amd tg are generally different. 


Since x(t)= & (t) +m, we have 
M [x1 %_%qxq] = M [6,528 sha) + (M [EsEoEs] + M [E1E0Es] + M [EE Ei] + M [FoF s&q]) m + 


+ (M [E1Ea] + M [E:Es) + ME Eg) + M [EsEs] + M [0&4] + 
+ M [&s&)) m* + (M [E,] + M [Ea] + M [Es] + M [&4]) m3 + ms, 


(1.7) 
where xj = x(tj)amd €,4 = & (tj), (i= 1, 2, 3, 4). 
In Expression (1,7) 
M[EJ=0 (i=41, 2, 3, 4) (1.8) 
Let us introduce the following designations for M [&j& J, (i, k= 1, 2, 3,4; i# k) 
By, = M [E,E,). Cm) 
Evidently Bj; is the middle correlation function: 
By, = M (E (ty) & (t,)] = B (t, — ty). 
(1,10) 


In most practical cases the distribution of the probabilities of the stationary random functions is close to 
a normal (Gaussian) distribution, Therefore, considering the distribution of the probabilities of the stationary 
random function x(t), and consequently that of the function € (t), to be normal, we can obtain (see [4]) 


M (E1508) =M [E15 2E4} =M [E18 ska] =M [exe sb] =0, sien 


M [5:8s&s&s)] = BioBoq + BygBog + By Bos. (1,12) 


With the aid of the above equations, we get 
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M [x;22%3%4] = By2Byq + BygRoq + BygPog + 
+ (Biz + Big + Brg + Bog + Bog + Begg) m® + mé. (1,13) 


Since the middle correlation function B (tT) can be expressed in terms of the correlation function R (T) 
by means of (0.3), we have 


M [21%2%grq] = RyoRsq + RigRog + RigRog — 2m4, (1,14) 
where 


Ri, = R (ty — t,). (1.15) 


APPENDIX II 


Equations for oR(T), of, and v(t) to Determine o B(T ) When By (T) 





Is Calculated by the Second Variant 





Let us rewrite the equations given above for oR (T ), merely replacing R(@) by B(®@) in accordance with 





(0.3): 
Method 1: 
9 7 
oR) = \ (T — 6) [B? (0) + B (6 + 7) B (0 — t)] dO + 2m*d,, 
0 (11.1) 
where 
i T+t T—t 
®, = ns [2\ (T — 8) B (6) dd + \ (T + 7—6) B(6) dd + \ (T — + —0) B(0) dd — 
se 4 ; : 
—2\ ¢« -6) B(6) do}, T=Ty—T 
0 
Method 2: 
2 be 
oh) = ap \ Zp— + — 8) [B* (0) + BO +) BO — +)] d0 + 2m? ¥,, (11.2) 
oe 0 

where 

F Top Tor* 

Yo= Ta | \ (Tp — 9) B (6) a6 + 2 \ (To5— T — 9) B (6) dd + 
0 0 
T ofy2* 


re \ (Typ— 2¢ — 0) B (0) d — 2 { (x — 0) B (0) a0}; 


0 









Method 3: 


9 —t 
on) = i (Top— t — 8) [B* (6) + B (8 + +) B(O — +)] d04 
ob 0 


+ 2m* + [B (2) + mi] 


Top 
(11.3) 
where 
‘ Tob 
Qe = ait" ob 9) B (0) do+2 | (Ty +—0) BO) dd + 
ob 0 
(Topx- 2 — 0) B (0) a0 —2\ (x0) B (0) a0); 
0 
Method 4: 
4 
oh (2) = 2 | (7-0) 18*(0) + BO +2) BO— =) 40+ 
obo 
+= \[B0—7)BO—1+B@BO—7 T —7)] do — 
T po 
3 T 
“ \epe—T)B @) B(0 — 
“iE [B(®— T) B+ 7)+B(0)B(O—T +7)]d0+ (11.4) 
z 
+4.\ 0(B@—7)B@—1)+B0)BO—T —)] do + 
et 
+ 2.| 0) ("+ BO+ 7) BO—7)) a0 + 4mrep, 
T5b0 
where 


Ob 
2 
Xp = 7% (Tp — ©) B (8) dO. 


Using the alseady-known, procedure and replacing R(®) by B(@) in the resulting equations, we obtain 
the following expression for oF: 
Method 1: 


oF =2(0,+ ®,)* + 2m*@, — 2x, [3 (®, + ®,) —®,] + 3x4, eed 
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where 


* max 


m 
om piel tar 0) DO a0+( ro) B a0 — \ max 9) B (6)a0], 
0 


0 


T+t 


Fil oe (To5— ™ — 0) B (6) a6 +- \ (T + +—6) B(6)d0— 


0 


sj. 


max t 
— (Tt mart @ B (6) ao —| (t — 6) B(8) a0] » T=T oh T max 
0 


Method 2: 
of, = BY? + 2m?¥, — 2xp [6'F, — Vo] + 3x}, (11.6) 
where 
x T 3—t 
1 
Y= = T..— 9) B(6) d0 t —+—6) B(6) dd — 
TF marl} ee ) B (6) d0 + \ (Ty, 
Tt 
—\¢e—0) B a0); 
0 
Method 3: 


of, = 80? — 4m? Q, ip. + 2m? 5 — 2p | 60, 1-7 —2,—m*(1— 5) | + 


T9 Top To 
A - 1.7 
+ ox (1— pe) + me, (11,7) 
ob Ob 
where 
1 Tob Topt : 
Q, = Pr ab (T. ob— 9) B (8) dé + ( (T. ob~ <0) BO) a0 —( (0) B (0) ao] 
Od* 5 3 . 
Method 4: 
OF, = Xp (3%p + 4m?). 


(11.8 ) 


Analogously, we obtain for v (T): 


Method 1: 
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- 
v(t) = > \ (C+ DH(WY+GW)N(t+74+E6(t+ 70 (t—1)+ 
0 
(11.9) 
+ G (t) HT (t) —- 2G (t) G (t + t)] dt + 2m2M,, 








where 
G(tj)= a B (8 —t)d0, Il (t)= F \ B (8 — t)d8, T = Tob— TF max 
ob> 3 
Method 2: 
, ORT 
=F =F \ [G (t+) K(t) 4+ G(t) K(¢+7)4+ G6(t+ 7) K (¢—1) + 
0 
+ G (t) K (t) — 2G (t) G(t + +)] dt + 2m2¥,, ai1.10) 
where 
‘ 7 
K()=7 a B (6 — t) d6; 
ob 4 
Method 3; 
‘ Ty 7 
0) = 7 q G(t4-DLM+EMLE+74+6¢4+)7L¢—)4+ELQ— 
0 
— 2G (t) G(t+-+) (1 — 7) dt + 2m?Q, + 
Ty 
+ [B (x) + m3] [x, — 20,4 (m? — xp) Ta -. (11.11) 
where 
Tt 
4? 
L(t) =F t B (6 — t) d6; 
ob $ 
Method 4: 
iy t 
2 - 
v= | G (t) G (t + +) dt +- Ton G(t)G (t+ T) dt + 
bs oO 
+ pl (B (0) — BO) q+ ame], _— 
ob 
T= Top t. 
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APPENDIX III 


Equations for Ap(T) and yp(t ) to Determine the Quantities o f(T) 





Using the previous notation in the calculation of the function B7(7T) by the first variant, we obtain for 
the various calculation methods the following equations for the quantities MIBy7(T)}, Apt), and Y p(T): 


Method 1: 

















M |B (t)] = B (t) — xp, (111.1) 
‘9 
Ay (2) = Aa | (T—0) BO) [BO ++) + BO— 2) d0— 
0 
; r 
- \e@ [G (t) + G (t + +)] dt — 2m? (3, + D, — Mp) + xp (3p, -}- 4m?), q.2) 
0 
xh (%p_ — 2B (0)) (B (z=) — B (0))2 
Yp(t) = p 4 ' 
B? (0) (B (0) — %p) (111.3) 
P= ie —* won 
Method 2: 
(111.4) 
M [By (+)] = By (+) —xp, 
P Tob-t at 
A lr 7 .—t— - owen — 
n (*) TAF 3) (T.,— * — 0) B (0) B(O + +) d0+ T,\ 2(0) B@O— 2) d0— 
’ (11.5) 
° Bb ‘ Topt 
_ ix \ a as \ G(t)G (t+) dt + 3x3, 
: 3 ° (III ,6) 
— *p (Xp — 2B (0)) (B (t) — B(O))? 
” B? (0) (B (0) —x,)* . 
Method 3: 
J Tt 
M [By (1)] = B(z) (1 —#)—-" Fo 
(111.7) 
P t-* 
Ap (t) = = \ (Tp— * — 0) B (6) B(O +) d0+ 
ob 1) 
2 7 
an (t—ao- \ 8) Be— do — 
+7( Tx) (0) B(@— =) 
Bb Toy-* e 
aiid \ G?(t) dt — —2- \ GG (t+ 2) dt +x5 (Bey + mt), 
T,, Tob Rb 
ob 5 » 9 (I11,8) 
2 
p Op — 2B (0) | xp (B (3)—B (O)—B (0 (B ()+m4) 
Ya) = B? (0) (B (0) — xg)" 


(I1I,9) 
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Method 4: 


T 
M [By (t)] = B (t) T,? B(T) rT *p» (111,10) 





4 T 
dp (*) y= \ or — 0) BO) BO++)d04+2—, | B@)B@—T7)a0+ 
Ob TO 
+ Fz) —9BO)BO+7)d+2 7 | BO BO—=)a0— 
ob 6 obo 
2 et 2¢ 2¢ 
——— \ G(t) dt —— \ G(t)Git dt — —-\ G(t)G(t+ T)dt 
Te | (t) To) (1)G (t+) To) ()G (tT) ae + 
+5 [Sep + (BOs) — BIT) 7], 
oO (111,11) 
< 72 
Xp (Xp — 2B (0)) l*s (B (=) — B (0)) — B(0)(B(=) — B(7)) al 
he oO 
Yp(t) = B? (UV) (B (0) — xp) ' (111,12) 


Fn Tags *. 


Bearing in mind the methods discussed above for the calculation of the function By(T) by the second 
variant, we obtain: 





Method 1: 
p. .-_.. BE M [Bp (x)] = B(t) —(®, + ®, — xp), 
2° 26 
Ap (t) = 7 \ (T — 6) B (6) [8 (0 + +) + BO—*)1a0+ | [G (t) + (111,13) 
0 0 
9 T 
+E (+ IG) — Ha — F\ GMM E—) +H E+ a+ 
0 
+ 2m? (@, — ®,) + xp (3x_ — 9D, — 3, + 20,) + 4, (, + ®,), (111,14) 
__ AO, — xp) 20, — xp — 27 (0) [B (4) 20, —xp) — BO) (+O, p)P_ 
YB (t) = B? (U0) (B (0) — 20, + xp) 
T=T 57 *max (111,15) 
Method 2; 
(111.16) 


M [By (t)] = B(t) —(2¥, — Xp), 
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= 
t 











4 0 
BO= Tr sD \ (%,— * — 9) B (8) BO + +) dd + 
: 0 
of » bb 
4 Fy 2 B (0 — x) d0 — =~ \ 6wik@ + K(t—)—G()|at— 
oO ob « 
0 0 
° pt 
Ty t G (t) G (t + +) dt + 3x, (2¥, — xp), (111.17) 
Xp Oty — 2B (0) [B (+) xp — B (0) (2Y, —% pF? 
Ya) = B* (V) (B (0) — xp)* omens 
Method 3: 
M [By (2)] = B(s) (1 _ 7) _ [29, —xp (1— 7) . 
Ty 15 (111,19) 
4 Tory * e ‘a t 
Ap(t)=—- | (T.—+—6)B(O) BO + +) dd + 7 (' —7) B (6) B (® — +) dd — 
B 73 ob Ep Tp \ 
2 27 = Tob 
—F \GWILO+LE— Nae +7 (1 — 7) \ G2 (t) dt — 
ob : ob : (III,20 ) 
2 eo" ‘ 
—_ \ G (t) G(t +- t) dt + 3x, (20, — xp) + [%p (B (t)—6m?) + 3m*] — , 
ob » Tp 
xp (%p — 2B (0)) {p (zt) x_ — B (0) 20, 7 (1 a z=) xp —B oral 
—_ B? (UV) (B (0) — xp) (111,21) 


The quantities M [B-(T)j, AB (tT) amd yp(T) are calculated for Method 4 from Equations (II1,10) - 
(111,12), since the first and second variants for the function By(T) yield the same results in Method 4, because 
Er(T) = m%. for this method, 


SUMMARY 


The results obtained make it possible to determine for a stationary random process x(t) the mean-squared 
errors o(T) that result when the correlation function is calculated from experimental data; these errors are 
caused by the finite time during which the process x (t) is observed, 


It is shown that in the calculation of these errors it is necessary to take into account the differences in 
the types of the correlation function and in the methods used to calculate its approximate values, 


It is necessary here to distinguish between the following types of correlation functions; 


The correlation function 


R(t) = M{[a(t)a(t +); 


The middle correlation function 
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B (t) = M [(x(t) — m) (x(t + t) — m)],wherem = M [x(t]; 


The normalized correlation function 





— i 
Pp (t) — R (0) ’ 
The normalized middle correlation function 
B (rt) 


The observation time T,}, of a random process x(t) should be chosen to suit the required accuracy of 
these functions for a specified value of the time shift T. 
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INVESTIGATION OF SIMPLEST RELAY SERVOSYSTEM 


G. V. Gerkhen-Gubanov 


(Leningrad) 


The motion of a relay servosystem as it eliminates the initial error signal is considered 
for the case when the system contains a dead zone, a voltage ratio, a time lag in opera- 
tion, and a time lag in relay dropout, 


he fastest elimination of the initial error of a servosystem is attained by using a relay amplifier and 
nonlinear error-signal converters [1-5], Less accurate, but simpler are relay servosystems employing a linear 


combination of error signals and feedback [5-9]. The least accurate is the servosystem shown in Fig, 1, but it 
is widely used along with other systems because of its simplicity, 






































5 
8 
a! + *(p) 
— p 
a iL. 
Y “a -Ka | 
| kbs ? 
Y, Up 
Fig, 1, Diagram of relay servosystem: 1) input shaft, Fig, 2, Characteristic of a relay in dimensionless 
2) potentiometer transducer, 3) relay, 4) servomotor, units: 4) relative magnitude of dead zone of 


5) reduction gear, 6) Output shaft, relay, k ) pull-in voltage ratio 






To avoid unnecessary complication of the 
proposed servosystem it is necessary to know the 
capabilities of various types of systems, particularly 

r the simplest systems, 


SS) 


a 
= 3 





= 
CG 








—] 


= 
i= 
| 
ins 





An analysis of such a relay servosystem, from 
the point of view of stability and of the self-oscilla- 
tion patameters, is found in [10-14], These in- 


: 

















P vestigate the influence of the dead zone, of the 
f . relay pull-in voltage ratio, and the time delay of 
+ 
Mit oo 7 the system, 
P This communication considers the joint in- 
of }--—--—-—- ------ ° — . 
. ie , fluence of these nonlinearities on the motion of a 
/ 





servosystem of the second kind as it reduces the 
initial error signal, 
Fig, 3, Elimination of initial error in servosystem 
having a dead zone A, a voltage pull-in ratio k, and a 
time delay T. in the actuation of the relay, 
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The conclusions obtained here are applicable also to a regulation system, the motion of which is de- 
scribed by equations analogous to those considered here, 


a 


S(1*x) 


a8 


a4 


4(F%) 


an vA 
0 64 6 6lU6COSSCaSSCd 





Fig. 4, Plot for determination of transient and of the self-oscilla- 
tion parameters of the system: A=0,2, k = 0.5, Tg = 0.3. 


Let us consider the motion of a relay servosystem (Fig. 1), describable by equation 


T6 +6 = — koF; (he, 8). (1) 


Here 6 is the error angle, F, is the nonlinear function of the relay element, characterizing the presence 
of a time delay t, in the relay actuation, a dead zone Uy, and a pull-in voltage ratio k, This function can 
be expressed by the following equations 


Fit o= {re at 101|<Ur, 
F(O,\(t—t)] at |U,|>U 4, 


Let us introduce the dimensionless variables 


1 i 


4 a? 


We then obtain Equation (1) in dimensionless form 


— F (9) at |p|<A (3) 


sllaci eas oo lp| >A. 
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The function F (¢) involved here is shown in Fig, 2, Equations (3) are piecewise linear and can be in- 


tegrated in segments, Figure 3 shows an approximate form of the curve ¢ (7) of the transient occurring under 
specified initial conditions, 











































































































A > ee) ome 4 
c A 
A — —— 
C : Pai 
en coe ee a a 
a3 
M, 
a2|_,“ ree 
ai 
a 
| 0 a a2 aj a4 a5 \y'| 
0 ai a2 as as 15 \p'| 
Fig. 5. Graph for determining the transient, The Fig. 6. Graph for determination of the transient 
system is capable of two types of periodic motions — process, The system is capable of semi-stable 
stable (point M,) and unstable (point M9), periodic motions (point M,), 
A=0.14, k=0.90, T= 2.0. A= 0.152, k= 0.80, T, = 1.00. 


Integrating Equations (3) along the individual segments of (T), we get 


An =A+|¢),|—In(i+]¢),]e™a), 


itle,|e a 
1—| en | 


+ In {eno ; 


en | 





Tt =T,+ 1 


(4) 
| Fta [=| P| — AC +) 


|G |— tn (1 +] 9), 4) + A(1 — k) = —| ¢,,| — In (1 —| #1 ))- 


From Equations (4) it is possible to determine the basic characteristics of the motion of the system for 
specified initial conditions and the effects of the system parameters on its dynamics, 


The simplest way to solve this problem is to use the following graphical method, Plot the functions A 


A+ |@|-In(i+ |v le “ay B= -—|¢* | -inqi-— |g" |)+ kd, C(/o |)=BLi¢" | +40+k)). 
Lay off the quantity | ¢* | on the abscissa axis and draw the stepped line 1-2-2-3-—3-4, According to 
Equations (4), the points 1, 1b, 2, 2b, 3,..., (Fig. 4) will determine the parameters of motion A,, |g, |, 
and | 9%} |. Inserting these values into Equations (4) it is possible to find the values of Ty. 


The point M where the Curves A and C intersect corresponds evidently to stable self-oscillations of the 
system, with a period Ty and an amplitude Ag, It is interesting to note that given the system parameters, the 
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minimum duration of the half wave, and consequently the maximum oscillation frequency occurs in the case 
of self-oscillation, 


to determine the effect of the para- 
meters of this system on its motion it is 





advisable to have on hand transparencies of 


aé 
: ‘ - Ta 
the curves |v" | —In(1: |v" le ) for 
04 various values of Ta and of the curve 














-|e¢*|-In(Qi-|¢"|). By shifting 
y 2 7 5 Z these curves along the coordinate axes it is 
. \ stability possible to obtain a design graph, analogous 
i region to that shown in Fig. 4, for all possible com- 
“04 x binations of the parameters A, k, and T,. 








. If the release time of the relay Ty 


sectt ha tor tregion is not zero, the Curve C of Fig, 4 is shifted 
to the right by an amount T,; the con- 

struction remains the same in all other re- 
Fig. 7. Boundary of system stability region at T,=0. spects, 























If tT, # 0, Curves A and C can have 
either one intersection point (Fig. 4), two intersection points (Fig, 5), one point of tangency (Fig. 6), or no 
common point at all. Figure 4 represents a self-oscillating system with soft self oscillations, Figure 5 one 
with stiff self oscillations, and Fig, 6 corresponds to the limiting case of stability, with a semi-stable limit 
cycle, 
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Fig. 8, Boundary of system stability region at Fig. 9. Curve showing the dependence of the 
Ta #0. amplitude of the self oscillations on the 
system parameters at T, = 0. 


If T, =0 and A # 0, Curves A and C have either one point of intersection or no common points, Using 
the condition Ags - 9 = Cys-9 we get an equation for the boundary of the system stability region at T, = 0: 


4— e—24 
k= oy Yanan 
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The curve for the boundary of the stability region is shown for this case in Fig. 7. For t, # 0 it is 
easiest to find the boundaries of the stability regions with the aid of templates of Curves A andB, This method 
was used, for example, to find the curves shown in Fig, 8. 

























































































a 
T=20 
Q6 = 
l > 
n=08 n=Q5 
45 
x , as 
Ss 
4 
w= e 
/ BAZ — peat NON LY | 
3 MA = oN / 
WE ~ae 
CA a2 _ 
2 "4 © — 
a; Aa A,=4 
1 a soft mode 
t50 
0 
an 406 Qn Qn 4 
a a2 4 
Fig. 10, Curves showing the dependence of the Fig, 11, Curves showing the dependence of the self 
period of the self oscillations on the parameter oscillations amplitude on the system parameters at 
of the system at Tg = 0. k = 0.8, At Tg = 0,25 the mode of self oscillation 


is soft, at T,> 0,25 it is hard, 
rhe parameters of the self oscillations can be found graphically from Equations (4) by substituting 


’ , , i 
|y,,! = Lae | =o {<n = a Te An = Ap. 


The curves on Figs, 9, 10, and 11 were obtained in this manner, 


lo determine the effect of the systein parameters on its motion, expressed in dimensional units, it is 


necessary to take Relationships (2) into account in the analysis of the graphs, This method was used to obtain 
the following conclusions, 


1, Reducing the insensitivity U » of the system increases the tendency of the system to self oscillations, 
reduces the amplitude of the self oscillations if the time delay tg in relay actuation is small, and increases 


the amplitude if t, is large; it also reduces the period of the self oscillations and the statistical error of the 
system, 


2. Increasing the relay pull-in voltage ratio k reduces the tendency of the system to self oscillation, 
and reduces the amplitude of the self oscillation; it does not have a single-value effect on the period of the 
self oscillations, 


3, Reducing the relay-operation time delay t, and the relay release time delay t, reduces the tendency 
of the system to self oscillations and reduces the amplitude of the self oscillations, 


4, Reducing the electromechanical constant T of the motor reduces the tendency of the system to self 
Oscillations and reduces the amplitude of the self oscillations at large values of ty, and at small values of k, 


but hardly affects the amplitude at small values of tg and at large k; it does not have a single-valued effect 
on the period of the self oscillations, 


251 








The velocity coefficient ky has a similar effect on the stability of the system and on the amplitude of 
the self oscillations as the parameter T, 
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IMPROVING THE DYNAMIC PROPERTIES OF AUTOMATIC REGULATION SYSTEMS 


WITH THE AID OF APERTODIC FEEDBACK 


S. Ya. Berezin 


(Leningrad) 


Analysis of the use of aperiodic feedback to improve the dynamic properties of auto- 
matic regulation systems, Practical methods are proposed for the design of aperiodic feed- 
back circuits, The advantages of the use of aperiodic feedback are confirmed by the ex- 
perimental results, 


References [1-6] describe a method for improving the quality of an automatic-regulation system by in- 
troducing aperiodic feedback, References [1-4] contain a description and the characteristics of the VTI (All- 
Union Technical Institute ) regulator with aperiodic feedback, introduce the equations for the conditions of 
the existence of the oscillations, and give the operational characteristics of the regulator, Reference [5] gives 
the theory of the direct-acting regulator with aperiodic feedback for speed regulation of Diesel engines, In 
these investigations the order of the equations did not exceed four, Reference [6] and earlier works of the 
author consider many automatic-tegulation systems with aperiodic feedback, 


Che purpose of this article is to explain the influence of aperiodic feedback on the stability and response 
of automatic-regulation systems and to indicate practical methods of obtaining such feedback, 


1, Use of Aperiodic Feedback in Servosystems 





Let us assume that a servosystem employs instead of an external rigid feedback an aperiodic feedback 
with a transfer function 


k 
We (P) =z 


a 
+7 p (1) 


The structural diagram of such a system is shown in Fig, 1. The transfer function of the closed-loop 
servosystem in the presence of aperiodic feedback has the form 





: W, (P) 
°())= 2 =item w ’ 2) 


where W,(p) is the open-loop transfer function of the regulation system without the feedback, 


[he open-loop transfer function with aperiodic feedback is 


Wo (p) = Wo(p) W¢ (p). (3) 
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Multiplying the vector W9 (jw) by the vector Wg (jw) will cause, as can be seen in Fig, 2, each vector 
W 9; (jw) to be rotated relative to the vector W9 (jw) clockwise by a certain angle B. If kg is chosen to be 
less than unity, then the vectors W9 (jw) will not only be 
Ly Ly rotated, but be also reduced in modulus, and Curve 1 will 
Wy P) aati assume a New position 2, and the system will be stable, 
If kp > 1, the vectors Wg (jw) will increase in modulus, 
il {vg Ph Curve 1 will occupy position 3, which in itself is unfavorable. 


Thus, stability considerations make the use of kr > 1 
in the servosystem undesirable, 























Fig, 1 Let us determine the effect of the aperiodic feedback 
on the response of the servosystem, It is easy to derive from 
(2) an expression for the error of the servosystem; 


_ (1+ Wo(p) We (P)— Walp] 





9-2, =e = i+W.wW; (p) Xo; (4) 
where 
R 
Wo(P) = OR (5) 


Here Q and R are operator polynomials and the degree of the polynomial R is usually lower than the degree 
of the polynomial Q for all real systems, For servosystems with astatism of first order we have 


Q (p) = ap" + ap"! + ap"? +... + app, 
R (p) = bop™ + b,p™—1 + bap™-2 +... + bm. (6) 


Let us substitute the values of W9(p) and We(p) into (4): 


_ P(aop"~* + ayp"* +... 4+4,)(1+T7§ Pp) + 
P (agp"~* + ayp™* 4+... +4,)(1+7¢ p)+ 





+ (bop™ + byp™—* +... 4-b,,) (ke —1— Tf P) ‘ 
q 
+ kp (bop™ + byp™™ +... +5,,) . si 





If the ordinary rigid feedback is used 


p (aop™—* + asp"? +... + a,) + (bop™ + Bsp™? +...+6,,) 
Pp (agp"—! + ayp™—® +... + 4,) + (bop™ + bip™ 1 +... + dy) (8) 





If Wg = pXg = const, we obtain from (7) the velocity error of the servosystem: 


9 (Ay, — Bin Te + by (kG —1) 
é —_ . 
Vv k¢ mm 





(9) 


In servosystem where the response angle equals the error angle, k¢ is always unity: * 





° There exist servosystems (for example, those used for rudder control), in which the response angle should be 


greater than the error angle, i.e,, kp < 1. An analysis of such systems is beyond the scope of this article, 
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m (10) 


Expression (10) shows that if aperiodic feedback is used, the velocity error is decreased, and if T, — 
m 


the velocity error vanishes, 


Let us ascertain the effect of the aperiodic feedback on the value of the steady-state error for harmonic 
disturbance at the input, 


We obtain from (4) an expression for the relative steady-state error of the system for a harmonic driving 
function [9]: 


{1 -+ W, (je) i (jo) — Wo (j@)} — Yo (jo) +- Wr (jo) — 1 
Xo 1+ W, (ja) W,, (jo) 0 Yea) + Woe) 7 


| 
O27 
| 





(11) 
where 


{ 
¥ (jo) = Woe ° 


Figure 3 shows the reciprocal amplitude-phase characteristics of the servosystem (Curve I) and the ampli- 
tude-phase characteristics of the aperiodic feedback (Curve II), 
At a certain frequency w; , the modulus of the steady-state relative error equals the ratio of the moduli 


of vectors DE and OD (Fig. 3): 


~,_ |DE 
I?i = Topy ° (12) 


Since DE =Y,(joi) + Ws (jo;))—1, OD =Yo (joi) + We (joi). 


In the case of rigid feedback, Wg (jw) - kp — 1, and the modulus of the relative steady-state error is 

















| = 104 ) 
'~ | AB* (13) 
J It is clear from Fig, 3 that the length of 
the vector OA is always greater than zero if 
wi # 0, The length of the vector DE can be 
em a. a wade less than that of OA for a certain ratio 
Sos ‘ei — ' of the parameters of the aperiodic feedback, 
4 ! Ay 0 , 6 | and may even be reduced to zero, In fact, if 
Ay \B lid, Gy the vector OD is parallel to the real axis, and 
.” \ Wr (a) its magnitude is unity, we have | DE | = 0, 
\ and | 6|-0. 
Wo (fu) ‘ ¥ 
AM ' Thus, for a specified value of | 6 | 
wa and a known value of Y9(jw) at a definite 
\ working frequency, it is possible to use a 
graphical construction to select the parameters 
of the aperiodic feedback such as to make the 
ratio of the vectors DE and OD equal to | 6 |, 
Fig, 2 i.e., to make the system under study operate 


with a specified error, 
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In the case of rigid external feedback, the steady-state phase error for a harmonic driving function with 
a frequency «4 will be equal to the angle ABO (Fig, 3) [9]; in tiie case of an aperiodic feedback, the error is 
determined from Equation (2): 


1 


O (0) = Say, Ven 








; 1 ; ; 
It is clear from Fig, 3 that #(jwj) = ===, and therefore the phase error for the latter case will be determined 
OD 
by the magnitude of the angle between the vector OD and the positive direction of the real axis — by the angle 


DOE (Fig. 3); by proper choice of the parameters of the aperiodic feedback this error can be reduced or made 
to vanish, 


Aw, Yo (fay )+ We (ja) 





Yo (jay )* W§ (jaa)? 











Fig, 3 


If the steady-state system error vanishes, the phase error also vanishes, for in this case the vector OD is 
aligned with the positive direction of the real axis. 


2. Use of Aperiodic Feedback in Automatic Regulation Systems 





Let us examine the advisability of introducing aperiodic feedback in a multi-loop automatic-regulation 
system with internal rigid feedback and with driving forces applied to the regulation object, 


Figure 4 shows the structural diagram of the 

yaad Mo? system, containing the regulation object and an aperiodic 
p OP feedback loop, including the regulator and replacing the 

rigid feedback, 
































Let the object of regulation have a transfer function 
of the following form: * 











We 














a 
Fig. 4 Wor (P) = 5a-F Tor) (14) 





The regulation object may have a transfer function of another form, for example, in the regulation of 
thermal processes Wo; (p)= Kor / (1 + Tor p), and in the case of an automatic rudder system 





a (1 + a;p) 
Wor (P) = Baap + aap) 





etc, 






































Assume that the transfer function of the regulator, without the feedback is; 
, R (p) 
Wr (P) = Oy ° (15) 


rhe over-all transfer function of the open system, in the case of an aperiodic internal feedback including 
the regulator, is [10]: 


W, (p) W,.. (p) 
Ay es or 
Wo(P) =i HM 








or 
W o(p) = ky (i+ Tf p) R(p) 
' Q(p) P(L+ Ty P)A+T¢ P) + K(p) ke P(A+ Toy P) * (16) 
Che reciprocal transfer function of the open system is 

ke p(i+ TP) 

in ead BT 
Yo(p) = Yo (P) + G+7, p)’ (17) 

where 


1 
Yo. (P) = Wp), @)’ 





Figure 5 shows part of the reciprocal amplitude-phase characteristics of the open regulation system, 

Yo; (jw), without internal feedback (Curve 1) and shows the change of this characteristic resulting from intro- 
ducing internal rigid feedback (Curve III) and 
an aperiodic feedback (Curve II) at Tr = 1 


ore 


If Tor > Tg, each of the vectors of 





J characteristic II will be rotated clockwise by 
K Kg an angle equal to the difference of the argu- 
Yq, + FE JOU Fogle Fo, bret e ments of the vectors, 1+ Top Jw — 1+ Tgjw. 


The moduli of the vectors of Curve Il will 
increase, since the modulus of the vector 
= T+ TopJW will be greater than the modulus 
of the vector 1+ Ifjw. 





If To, < Tf, the vectors of characteristic 
Il will be turned counter-clockwise and their 
moduli will diminish, 











Figure 5 shows that if rigid internal feed- 





k K 
back is used, two vectors, —- jw and = ake Trot, 
Kor Kor 
are added to each vector Yo;(jw), On the other 
Fig. 5 hand, if aperiodic internal feedback is used (if 


Tor = Tg) it is necessary to add to each vector 





k 
Yo; (jw) only one vector A jw, 
or 


This is why the modulus stability margin is less in the case of internal aperiodic feedback than in the case 
of internal rigid feedback, * The regulation time will be less in the case of aperiodic internal feedback than 





* The term "modulus stability margin" denotes the value of the modulus of the vector of the reciprocal ampli- 


tude-phase characteristic at a 180° phase angle, 








in the case of rigid feedback, since the frequency at the point E is greater for Curve II than for Curve III [8). 
Let us study the effect of aperiodic feedback on the error of our system, 


The closed-loop transfer function of the regulation system for a disturbance to the regulation object 
(Fig. 4) is 





© (p) i Ar - Wor (P) _ ee W or (P) Yo (Pp) 
fo %+Wo(p) 14+ ¥o(p) (18) 
where Ax is the deviation of the regulated quantity from the specified value. 


The relative steady-state error in the case of a harmonic driving function will be 


[Az| | Mor (ie) || ¥o (ie) | 


inate | nee 3) | (19) 








The vector Wo, (jw) remains constant for the specified frequency, We need therefore consider only the 
| ¥oi w)| 
11+ Y¥9(iw)| 
inertia, then the working frequencies for which it is necessary to find error will obviously lie in a region close 





effect of the term on the quantity |e |. If the object of regulation has a sufficiently high 


to the origin (Points C , and C,), The errors will be equal for points C, and C,; for Curve Il, |e,| = 


eT ; oc . 
- ioe : |W. (i w) |, and for Curve Ill, |e, | = ral |Wor(i w)|, where 


OC, = Yo(jw), OC, = Yo(jo), DC,=1+4+Y¥,(ja), DC,=1+Yo(je). 


It can be seen from Fig. 5 that the region lying to the right of the straight line NN, parallel to the 
imaginary axis and passing through the point (— 1, j0) is where the following inequalities hold; |DC, | > 
> |pc,|, |DC,| < 1, and |DC,| < 1, |OC,| «< |oc,|. 


OC OC 
“a : < “2 : , le., replacing the rigid internal feedback with an aperiodic feedback 
“4 2 





Therefore, 


reduces the steady-state error, The bandwidth of the system increases, If To, increases, the vector C,C, 
increases and so does the error e». 


If the driving function frequency is sufficiently high, the operating frequencies of the system will be 
located away from the origin (forexample, points Ay, Ag, in Fig, 5) and the steady-state error will not be 
reduced by substituting an aperiodic feedback for a rigid one. In fact, if we take OA, = kyOA,y and DA, = 

k 
= kgDA,, one readily obtains |e, |= _ le, |. It is evident from Fig, 5 that ky < kg and therefore 
2 


The substitution of aperiodic feedback for a rigid internal feedback is therefore advisable only in auto- 
matic-regulation systems with low operating frequencies, i.e., with frequencies that lie in a region close to 
the origin (to the right of straight line NN), 


3. Practical Methods for Obtaining Aperiodic Feedback Loops 





When used in practice, aperiodic feedback loops should introduce not only a delay in the operation, but 
also retain linear relationships between the output function of the system and the value of the signal at the 
output of the feedback loop, 


Figure 6 shows the principal diagram of a servosystem in which the aperiodic feedback loop represents 
a low-power servo drive having an open-loop transfer function of the form 
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Fig, 6 


The closed-loop transfer function of the feedback loop is 


W* (p) 
1+W' (p) 


We (p)= 


Lin, Rot, Trans 











where ly’ is the time constant of amplifier Az, and B* is the electromeclianical time constant of motor Mo. 


(20) 

















Substituting the value of the transfer function W ¢(p) into (20), we get 


ki 


0 


p(t +T,p)(1 + B’p) +k, 





Ws (p) = 


If the feedback loop employs a vacuum tube amplifier and a two-phase induction motor of the ADP type 
one can assume T‘, ~ 0 and B* = 0, and use Equation (1) to obtain the transfer function, with 


By varying k"g we can vary the time constant T¢ over a sufficiently wide range. 


amplifier tube 
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Fig. 9, b 


The aperiodic feedback loop can be considerably simplified by replacing the selsyns with linear rotary 
transformers, feeding directly a type ADP two-phase induction motor with hollow rotor, The principal diagram 
of such a loop is shown in Fig. 7.* The closed-loop transfer function can be obtained from Equation (1) by 
putting 

1 
oc = key koky * 


ks 
ky =f, T 


* Such a feedback loop permits a limited (less than 360°) rotation of the output shaft of the system, 
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The feedback coefficient (ks) can be regulated by changing the gear ratios of the mechanical trans- 
missions kg and kg, Changing k, will change simultaneously the time constant of the feedback loop, 


If a vacuum tube or transistor amplifier is used as an intermediate amplifier, the aperiodic feedback loop 
can be formed by the RC circuit (Fig. 8) [4]. A regulating system, in which the regulating device is a servo- 
system (regulating systems for steam boilers, control system containing automatic rudders or automatic pilots, 
etc.) it is possible to employ aperiodic feedback loops of the form shown in Figs, 6 - 8, The loop must con- 
tain the regulator (servomotor) (fig. 4). 


4, Experimental Investigation 





A servosystem with aperiodic feedback was experimentally investigated to determine the effect of the 
aperiodic feedback on the response of the system. 
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The following investigation method was used; driving functions in the form of step functions or sinusoidal 
waves were applied to the input of the servosystem, the simplified circuit of which is shown in Fig, 6.* An 
oscillograph was used to record the output and driving angles in the case of sinusoidal and step inputs, The in- 
vestigations were repeated for the same conditions with the aperiodic feedback loop disconnected, 


Figures 9 and 10 show oscillograms illustrating the transient in the servosystem for aperiodic (Figs, 9, a , 
10,a) and rigid feedback (Figs, 9,b, 10,b) for a step function (Fig, 9) and harmonic driving function with a 
frequency w = 0.55 sec ~ (Fig. 10). 


Figure 11 shows the experimental curves for the variation of the phase error, and Fig, 12 shows the re- 
lative steady-state error of the system under investigation for various driving-force frequencies, 


The time constant of the aperiodic feedback was approximately 0.15 sec, The experimental investigation 
of a servosystem with aperiodic feedback confirms the previously-made conclusion concerning the favorable 
effect of aperiodic feedback on transient response of the system and on the magnitude of its error, 








Figure 6 does not show the stabilizing feedback loops, 





SUMMARY 


The following conclusions can be drawn from the investigations: 


1, Replacing rigid feedback loops in automatic-regulation systems with aperiodic ones reduces the 
velocity and the steady-state amplitude and phase errors, 


2. The use of aperiodic feedback is recommended for automatic-regulation systems with slowly varying 
driving functions, for example, for harmonic signals with long periods, 
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SYNTHESIS OF RELAY CIRCUITS WITH THE AID OF MACHINES 


F. Svoboda 


(Prague ) 


Description of a semiautomatic experimental machine developed by the Institute of 
Mathematical Computers of the Czechoslovak Academy of Sciences for the synthesis and 
analysis of single-stroke relay circuits, The machine operates with indeterminate switching 
functions, The use of this machine in conjunction with the combinatorial method of synthesis 
expedites the circuit design by approximately 10 times, 


1. Introduction 





The theory of the design of relay machines or of their separate parts is still in the initial stages, The 
intuitive method is of little help in the solution of problems with a large number of input or output conditions, 
or for the solution of a large number of problems of any one definite type. The usual analysis methods become 
too cumbersome in this case, and become entirely useless for problems having a certain degree of complexity, 
rhe designers attempt therefore to cope with these more complex problems by introducing where possible a 
certain systematization in the process of the design of the relay circuits, It is interesting that one of the first 
to work along these lines was the Czech engineer Martin Boda [1].* The works of the Austrians R, Edler and 
O, Plechl are based to some extent on Boda‘s work, Methods of this kind were slow to develop, Later, parti- 
cularly after the second world war, many works were published on the design of relay circuits, The reader can 
gain an idea of the development of methods for design of relay circuits by reading, for example, the book by 
M, A, Gavrilov [2], A very effective method was developed by A, Svoboda [3, 4]. 


Along with using graphic and graphite -mechanical methods, it is possible to synthesize relay circuits 
with machines, in which it is possible to insert the operating conditions of the circuit and which produce a de- 
finite solution in a predetermined form, 


The results to date in the field of automatic synthesis of relay circuits are few in number, The feasibility 
of such a machine is mentioned in an article by C, E, Shannon, who lists in his introduction possible machines 
of this type, and who discusses later a method for the design of a automatic chess-playing machine, 


In April 1953, A, Svoboda proposed the synthesis of a relay circuit by means of a machine that employs 
a model of the circuit, This procedure was used also by C, E, Shannon and E, F, More [7] in their relay-circuit 
analyzer, 


By “model of the circuit® is meant a machine element containing directly those structural elements, of 
which the circuit is comprised, i.e., a relay with contacts in our case, The relay contacts are brought out to a 
plugboard (switching panel), where they can be interconnected at will with flexible cords, 


The Shannon-More machine can also solve problems in the synthesis of relay-contact circuits, This is 
done by manually synthesizing any version of the circuits, which is then inserted into the machine and simplified 





| am indebted to G, N, Povarov for calling this to my attention, 








by eliminating "excess® contacts, It is clear that this method does not eliminate the fundamental work in- 
volved in the design of the circuit, 


In dealing with this problem in the Institute of Mathematical Computers of the Czechoslovak Academy 
of Sciences, we observed that the automatic-synthesis problem is equivalent to a considerable extent to the 
problem of choosing an advantageous synthesis method that lends itself to automatization, The author of this 
article developed the so-called combinatorial method, which satisfies the principal requirements imposed on 
such a method, namely simplicity and generality, 


We know that the principal theoretical tool for the synthesis of relay circuits is Boolean algebra, which 
is widely used at the present time, As already explained, this algebra is not suitable for mechanical synthesis 
of relay circuits, 


The use of the combinatorial method expedites substantially the entire circuit-design process, At the 
‘present stage of development, the machine of the Institute of Mathematical Computers of the Czechoslovak 
Academy of Sciences can be used to synthesize combinatorial relay circuits having n switching variables, p 
inputs, and m outputs, provided n + p + m <= 12 and Nyax = 6. This limitation is imposed by the fact that 
the model contains six relays with eight switching contacts each, The input variables and the output functions 
can be specified for a maximum of 32 independent variables, i.e., for 32 different states of the circuits, 


The machine has been in operation a relatively short time, The work required to design the circuits is 
expedited by approximately 10 times, In addition, it is possible to set up with the machine more complicated 
circuits than could be obtained with ordinary “manual" methods, 


The machine is semiautomatic in the sense that the attendant must perform the switching manually, 
with the aid of flexible cords, in the particular unit in which we wish to form the circuits, This is done on the 
basis of information obtained by means of the machfne, For each elementary synthesis operation one can read 
at the output of the machine the type of contacts that is to be used for the given operation and the method of 
connecting these contacts, 


2. Combinatorial Method * 





The combinatorial method for the synthesis of contact circuits was described elsewhere [6]. The circuit 
is built up in the sequence illustrated in Fig, 1, Each section of the diagram denotes several parallel contacts 
of different relays, These elements are called £-branches, representing the maximal two-terminal network of 
the circuit, This network contains only two nodes and cannot contain along with contact Xj other contacts 
Xj or Xj; Of the same relay, The £-branch contains the maximum n contacts, The points on Fig, 1 denote 
the nodes, the output terminals are shown to the right, and the input terminal is shown to the left in the figure, 
One section is added in each elementary increment of the circuit, One can see from the individual stages 
shown in the illustration that the circuit is alternately built up by two methods; we shall therefore speak of 
two operations, Ww, (stages 3, 4, 5, 6, 7, and 8) and Uy (stages 1, 2, 9, and 10), 


The elementary ‘operations w, and Ww», are carried out, with the aid of functions to be described below, 
at the nodes (poles) of the circuit, 


In the analysis of the completed circuit, it is possible to define the switching functions in its internal 
nodes and poles, We shall denote these by F (xy, X29, ..., Xn) amd X(Xq, Xg,..., Xp), respectively, where 
k=1,2,...6,M™; X4, Xg,---, Xp are the independent input variables, 


At any given node U, the functions F or X, assume the values 0 or 1 for the given combination of argu- 
ments, depending on whether or not the node U is connected to the input pole, 


In the gradual synthesis of the circuit by the combinatorial method we shall employ four values of the 
functions at the nodes or poles: 0, I,1, and ~, We shall now explain the meaning of these values, which differs 
somewhat from the meaning of the values 0 and 1 used in the analysis, 


ae 


° It will be assumed hereinafter that the relay has an unlimited number of contacts, In practice this 


assumed relay may consist of several parallel relays, each having a finite number of contacts (3 - 5), depending 
on its construction, 














Let us imagine an incomplete circuit, obtained either by removing certain elements from a complete 
circuit, or to the contrary, during the gradual synthesis process, However, let, the function at the output poles 
P;, be completely known, Let us again analyze this circuit and, given a combination of the values of the in- 
dependent variables x4, X2,-.., Xn, let us assume the following values for the switching function at the node 
or at the pole: 
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Fig. 1, Process of formation of the circuit with the aid of the combinatorial method, 
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the value 0, if the node U is connected to at least one output pole, the functions of which are specified by 
the operating conditions of the circuit to have a value 0; 


the value I, if the node U is connected to at least one output pole, the function of which is specified by the 
Operating conditions of the circuit to have a value I; 


the value I, if the node U is connected to an input pole; 


the value ~ ("indeterminacy"),if the node U is connected to no pole or if it is connected to one or 
several output poles, for which the functional values were not specified, and can consequently be chosen ar- 
bitrarily * (compare with the concept of the indeterminate switching function in [7, 8, and 9]}), 


All nodes or poles are accordingly assigned functions F and X;, in tabular form; these functions assume 
four values, The solution is not yet complete, and the work must be continued by using the operation w, or 
Wo. 


Using the functions at the node, we first determine the so-called auxiliary indeterminate switching 
functions ¢y for operation w, and y for operation a9: 


9 [F (21, 2q,---, Zn)], PL Fi (Xy, Lqy---) Tn), Fj (Ly, Zqy-+-s Zn)]s 


which assume the values 0, 1, and ~, These functions are used to select the contacts with which the operations 
W, and WwW», are performed, 


eS 


According to this method of designation, the function at the node can assume simultaneously both values 
[and I, It is readily seen that this leads to no contradiction, signifying only that the node U is connected to at 
least one output, the function of which is assigned a value I, and is also connected to the input, 








Before considering all the possible cases occurring in the determination of the functions ¢ and y, let 
us study the general meaning of the values 0,1, and ~, 


These functions assume the value 0 if it is desired that the 
function f(xy, X2,...«, Xn) of the £-branch be equal to zero. 


F, F, v F @ The functions assume the value 1 if it is desired that the 
function f(xy, X29, e«., Xn) of the £-branch be equal to I, 

0 0 Aw 0 0 

a 1 I 1 [he functions assume the value ~ if it is immaterial whether 

hid : = bad nial the function f(x, x2, ..., Xm) assumes the value 0 or I, 

: : —_ Let us now consider the two operations in sequence, 

I 

1 I ae The left side of Fig, 2 shows a table for the determination 

~~ | «~ of the functions p [Fj (x1, X2, +++, Xn), Fj(Xy, X2, 6-6, Xp)] 

~~ ~~ ctw 

~ for operation Ww. 

Fig, 2, Table for finding the Recalling the meaning of the values 0, 1,1, and ~ just 
auxiliary indeterminate functions defined, we can readily determine the functional values of wy. 
gand wv. Let us consider the fundamental cases, 


A value of 0 is indicated in the second and third lines, The 
fact is that connecting the nodes Uj and Uj in this state, would result in spurious circuits, For this reason, most 


We operations will not be realized, for in most cases one cannot connect a pair of nodes through a nonempty * 
-branch, 


Zg ty a F; F; b 2g Lys Tq My My FY 
S82 @ 5 mm © 40 4 6 5 
. = 2 2 I 1 0 I oO |! I O 
0 I oO 90 I 0 0 I 1 O O 1 
0 |! I ~w 0ownwr~ dO I rt | © 
I 0 O I tw 28 2 4 2 
'. ee FF I 0 oo. F 2. we 
I I 0 | - % I 0O I 0 0 TI 
ce - I 0 0 .@ ¢ 8st © 


Fig. 3. Simple examples of the determination of the function », 


The value 1 is indicated in the 5th and 6th lines, Let us consider the sixth line first, The node Uj is 
connected to the input pole, and the unit Uj is connected to some output pole, the function of which can be 
assigned a value 1 in this state, It is therefore desirable to join these two nodes, for this effects also the 
connection between the input pole and the corresponding output pole, This is clearly not essential, but if it is 
desirable to bring the solution to its conclusion, we will have to effect this connection in some other manner, 


The fifth line is somewhat more complicated for it is impossible to determine from the values of the 
functions whether these two nodes are joined, We must therefore determine this fact somehow and choose a 
solution accordingly, If the nodes are already joined, there is no sense in joining them again, and consequently, 
= ~, but if the nodes are not joined, it may be useful in the solution to join them, As soon as one of the 
nodes is joined to the input pole, the other node is simultaneously joined with the same pole, 


A value of ~ is indicated in the remaining cases, Let us call attention to the fact that in such cases it 
is either impossible to decide whether nodes Uj; and Uj should be joined (lines 4, 7, and 9) or else it is 
immaterial whether the junction is effected or not (lines 1, 8, 10). 


Figure 3 shows a simple example, 


* This is, one containing at least one contact, 

















The table for the determination of the functions y[F (xy, xg, ..., Xn)J for the operation w, is shown 
to the right of Fig, 2. 


A value of 0 is indicated in the first line, This signifies that upon choosing the L-branch f(xy, x9, 
eee, Xn) for the operation, the functional value can be chosen in the new mode at will; it therefore has a value 


~ 
* 


A value 1 is indicated in the second line, This means that after choosing the £-branch f(x,, x9,..., 
X,) for the operation, the given node can be joined with the input pole by means of a new node, The function 
in the node is usually still “less determinate® and affords therefore 
a wider choice for the operation Ww», 


T, % % %F @ Values ~ are indicated in the third and fourth lines, and 
their meaning is the same as in the preceding operation, An 
: ; bed a example is shown in Fig. 4, Assume that a circuit must be syn- 
0 I O 0 O thesized with one input pole Pg and with m output poles, P,, 
; 4 ; : Pe, 2+, Pk, e~, Pm, specified in tabular form, as shown in 
1 0 1 0 Oo Fig. 5, where the ? sign stands for either0, 1, or ~, (Figure 18 
, oe shows an example of such a table), Let us take one pair of functions 





after another, a total of pairs (all poles ate accordingly 


2 
assigned certain functions), and let us determine the function » 

for each pair, This serves as the basis for the performance of opera- 
tion We, i.e., for finding the function » and for connecting the 
contacts, if possible, This is the beginning of the combinatorial method, We thus begin with the output ter- 
minals, a great convenience, as already mentioned,* We shall call methods employing this initial step “direct 
methods,” 


Fig. 4, Simple example of the 
determination of the function ¢, 
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Fig. 5, Operating condition table, 


Assume we succeeded in connecting certain £-branches, Sometimes this may complete the solution, but 
in most cases, particularly in our case, the solution is not completed and a method different from the one used 
thus far must be followed, 


Let us employ the other method, i,e., operation w,, Let us take any pole P,, at which not all specified 
conditions have been satisfied so far, so that at least one combination of the values of the input variables is 
encountered, while X, = I was specified for Pj), and so far there isno 1,** Wishing to complete the solution, 
we should, consequently, connect at least one more £-branch to the selected node, We thus connect one end 
of any £-branch to Py, and the second end of this branch forms the first intermediate node U;, We shall attempt 


' This, too, was noted by G, N, Povarov [8], 


+* 


The poles (or nodes) at which the operation described here is performed, were called “leading” in [6], 
These nodes make up part of all the nodes to which the operation w, is applicable in this simplified form of the 
method, 














to produce here f = I for the states in which X, = I, i.e., we shall make the £-branch conducting, It is equally 
suitable (as will be shown below) to take f = 0 for X, = 0, It is clear that if the £-branch conducts, f = I and 
F, = X,, and where f=0,F,= ~. We thus added new contacts to the circuit as a result of this operation, We 
also call this operation the expansion of the function X, with the aid of the £-branch f, 


It does not follow yet from the above description that we can complete the solution with the aid of these 
operations at all, and it is equally unclear what £-branches are to be used for the operations and what the next 
step is, But it is already clear that introducing the new node increased the number of possibilities of performing 
operation w,. In some problems it may happen again that one or few such operations are enough to complete 
the solution, but if the solution is not completed, it is necessary to introduce another node, etc, Unless operations 
that are clearly unsuitable are introduced, the solution will come to an end after a certain time lapse, which 
increases with the complexity of the problem. This simplified form of the method makes no use of the value 1 
for functions of the poles or of the nodes, in spite of the definite role that this value plays in the complete 
method [6]. . 


Let us see now how the two operations can be performed most economically, economy being taken in the 
sense Of minimum contacts, 


Let us analyze operation W, In this operation we choose the © branch after determining the function y 
and comparing it with the functions of the contacts, The comparison is made only at those contacts x;, at 
which xj = 0 when y = 0, 


In comparison we shall count the states in which y = 1 simultaneously with xj = 1, The number of the 
states, if these relationships do take place, we shall denote by CXy - We next count the states in which y = 1 
simultaneously with x, = 1, and set their number equal to &x,. The number of states for which y = 1 si- 
multaneously with xg = I we shall denote by C Xe, etc, Finally, the number of states for which y = 1 simul - 
taneously with x, = 1 will be denoted €xp. We thus obtain the numbers &x; and €X;. We shoose for the 
operation Ww», those permissible contacts, for which Cx; is a maximum, 


We gave an example of a simple operating hypothesis, It can be employed in the following manner, 

Let us assume that some arbitrary number ¢ x; = 0, Were the operation to be performed only with this contact, 
it would serve no use in the solution, in spite of the fact that the operation is correct,* If one must choose one 
of the Ex; *s, the solution is expedited by choosing the largest of these numbers, for this would satisfy a greater 
number of cases in which the connection is desirable, If all the nonzero Ex; *s are equal to each other, the re- 
sult is symmetrical functions, It is then immaterial which of the contacts is used, But once some of these con- 

e n; VN, P . P 
tacts are used, the “balance” is destroyed,and all these cx; *s will no longer be equal in the subsequent operations, 


In spite of this “shortcoming™ of the working hypothesis, this method does yield solutions with a rather 
small number of contacts, We can disregard the states in which y = 0 and xj (or respectively xj;) = 0, for such 
states make no substantial contribution to the solution, Even these, however, are of some interest, for they iso- 
late neighboring nodes (otherwise the circuit may operate incorrectly), Experience helps in the correct per- 
formance of the operation in each individual case, States in which y = ~ do not play an important role, 


The situation is analogous for operation w,, In the performance of this operation it is forbidden to use a 
= branch to connect the employed node with the input pole, as explained earlier in the definition of the function 
y. This indicates, at the same time, that one cannot perform the operation w, in such a manner as to make 
xj = 0 every time ¢ = 0 and to make xj = I when ¢= 1, This, however, is to some extent an ideal case, which 
need merely be approached, The fact is that one could attempt in that case to connect the second node, in- 
troduced with the aid of the £ branch, directly to the input pole, The operation is —r pene with the 
aid of those contacts ‘Xj, at which the simultaneous combinations of ¢ = 0 and xj=0 or Y= 1 and xj = 1 occur 
for the maximum number of cases, 


’ This is used by certain enterprises to prevent copying of their developments, Excess operating elements 
are added to a normally-operating device to complicate the analysis of the product, 











The selection is made in the same way as in the preceding case, with great attention being paid to the 


coincidence of the ones, For example, there would be no sense in performing the operation with the aid of 


~ branch which satisfies the "zeros* of the function at the node, 


at all, * 


3. Principal Arrangement of Machine 





flow along the signal channels), 





but does not satisfy the “ones” at the node 


The machine employs the following blocks; model of the circuit, generator of switching functions, 
decoder, and function comparator (see Fig, 6, where the arrows indicate the logical direction of the information 
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on Fig, 7, Possibility of realization of the model of the circuit: a) “parallel* 
model; b) “series* model, 
€ In the parallel model we employ 2 x 2" terminals for each contact, say in the form of plug-in jacks, As 
ur can be seen, this model does not use contact relays; instead, the conduction states of contact xj OF Xj 
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which assumes two values, equals I if both predictions are (I, 1) 
This measure varies over a range (2", 0), 








realized here for all the possible states of the circuit (see table on the right side of Fig, 3), If Xj 


Fig. 6. Block diagram of machine, 


The circuit model can be formed in two manners — “parallel” or "series" (see Figs, 7,a and 7,b, 


If this comparison of the functions ¢ with the functions xj or x;, is examined from the point of view of 
the functors of the mathematical logic [11], we can say that we define thereby a certain “measure of equi- 
valence* of the functions y and x or xj. In fact, it is correct to state that the functor of logical equivalence, 
or (0,0), and equals 0 in all other cases, 


I for any 





particular state, the neighboring terminals are connected (see terminals connected with heavy lines in Fig, 
1, a). If, however, x j=, the terminals are not connected, In the series model (Fig, 7, b ), relay contacts 
are used and are placed in sequence in 2" states, In each of these states, the contact either conducts or does 
not, Both types of models have their advantages and disadvantages. 


The parallel model has the great advantage, that the information on the switching functions is obtained 
in a “global® manner and we have a clear idea of all the functional values, This model has, on the other hand, 
the important shortcoming that the operations are laborious, particularly for large n; in addition, it cannot be 
extended readily to include a large number of variables, The opposite holds for the series model. We obtain 
the information on the functional values in sequence, and thus have no “global view of them, However, this 
model is substantially briefer, and can be readily extended to include a large number of variables, 


The series model employed in our machine is fed from output terminals having various voltages for the 
cases when X; =0 or I, as is required for the combinatorial method, 


The switching-function generator contains one 
three-position element, such as a three-position switch, 
for each value of the input variable and for each value 








e 4 etre 9% of the output function, Each of these elements can be 
° independently placed in a position marked 0,1, and ~, 
and thereby permits inserting into the machine the 
o cd ? functional values specified in the operating-conditions 
° table, The meaning of these values are described in 
; Section 2, The generator contains also a device (tele- 








phone selector switch) which picks off the functional 
values and transmits them through the signal channel 


° e to the model of the circuit and to the function-com- 
parator (Fig, 8), This may be effected in parallel or 
| in series, This machine employs serial pick-off, If one 
J > of the values 0, I, or ~ is picked off, a voltage corre- 
© 





sponding to this value is transmitted to the signal channel. 

One bar of the telephone selector is earmarked in the 
enerator for each value of the input variable (relay) 

xj and for each output X;. 


° 








7=Q0/~ 
The above-mentioned series model contains re- 


lays with contacts, The terminals of these contacts are 
brought out to the plugboard, The terminals can be 
connected at will with flexible cord, thus making up the 


an 
L___. 
= a circuit, The control terminals of the relays and the 





input and output poles of the circuit are placed in the 
state specified by the table with the aid of the signal 
channel, which connects this block with the function 
generator, The auxiliary operation ws [6] is thus per- 
formed automatically, and this is why we did not include 
this operation in the description of the combinatorial 
method given in Section 2, If a circuit is synthesized by 
the combinatorial method without using a machine, this operation consists of setting ~~ 0,1,1,1 or 1, 

I-> 1,1,1 after the operations wy, and wg, so as to prevent formation of a wrong circuit, Flexible cords can 
be used to connect two probes to any two nodes and.to determine the switching functions at these nodes, This 
information is transmitted to the decoder over the signal channel, 


Fig, 8, Method of presentation of switching 
function in the function generator, and 
method of switching-function pick-off, 


The next block is the decoder, Its input receives from the signal channel information on the functional 
values of the switching functions of the poles and of the nodes, and its output delivers information on the in- 
determinate function ¢ or y, depending upon the number of the functions (one or two), This information 
flows over the signal channel to the function comparator, The decoder performs still another function, which 
will be discussed in Section 4, : 
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The function comparator is a block in which the values of the auxiliary indeterminate functions ¢ and 
y are compared with the functional values of the elementary structural elements, which are formed automa- 
tically in the machine, namely contacts x4, X4; X2, X23... Xp» Xp- The coincidences of the functional 
values are counted as in Section 2, The results of this comparison are converted into information that expresses 
the measure of the suitability of each contact for operation w, or w,,. The estimate obtained in this manner is 
both qualitative and quantitative, The qualitative estimate is performed only for the operation w,, where we 
must determine what contacts will be used at all for the operation, A quantitative estimate is made for the 
contacts that are suitable for use in operation w, and for all contacts in the case of operation w,, Elements of 
the “on-off* type are used for the qualitative estimate, such as an optical signalling device (blinker), and 
counters are used for the quantitative estimate, 


The blocks operate as follows, During the synthesis, the values of the operating-condition table are 
inserted into the function generator, A pick-off device is used to transmit these values over the signal channel 
first to the model of the circuit and second to the function comparator, The blocks are therefore placed in 
sequence in all the states specified by the operating-condition tables, The information on the auxiliary in- 
determinate function ¢y or w is formed in the following manner for the function comparator, Let, for example, 
the signal channel from the circuit model to the decoder be connected to some node U in the case of the 
function ¢ or to two nodes Uj, Uj, in the case of the function wy. As the control terminals of the model and 
its input and output terminals ate placed in the states specified by the tables, the nodes U or Uj and Uj are 
placed in definite voltage states, which serve as the basis for the formation of the functions y or y» . The 
function comparator thus receives simultaneous information on the auxiliary indeterminate functions gy and yp 
as well as on the contact functions x4, X4; X2, X23 +263 Xm» Xpe The “required® connections are thus com- 
pared with the “available* connections, and as a result we obtain at the output of the comparator the exact 
qualitative and quantitative information which serve as the basis for the elementary operations W, and wW», 


4, Description of Machine 





The machine is constructed with conventional units and parts; relays, selectors, counters, etc, Figure 9 
shows the principal diagram of the machine, The blocks are shown in this diagram in the same order as in the 
block diagram in Fig. 6, The function generator is to the upper left, and the function comparator is beneath, 
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Fig, 9, Principal diagram of machine, 














To the right of the generator is the circuit model, and beneath it is the decoder, The over-all view of the 
model and of the entire machine, built at the Institute of Mathematical Computers of the Czechoslovak Academy 
of Sciences, are shown in Figs, 10 and 11, respectively, 








Fig. 10, External view of circuit model with log sheet for recording the circuit, 





Fig, 11, Over-all view of the machine, 








The three-position element used in the function generator is a plug receptacle and a plug (Fig. 12), The 
central positions of all the switches vie where i= 1, 2,..., +m (in this case n= m = 6 andj=1, 2,..., 
2") denote 0, the upper position denotes I, and the lower position ~ is produced by not inserting the plug, 
Terminals 0 and I are connected in parallel and are fed with three voltages; e, ~1 for the input variables, 
e2 ~1 for the output functions, andes ~0. e2 passes through rectifiers to distinguish whether two nodes with 
values I are connected directly in the model, 
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The terminals of the switches are connected to the bars of the pickoff devices (Fig. 9), The generator 
is thus fed through three terminals and has 12 output terminals, 
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Fig, 13, Presentation of functional values with | y 


neon bulbs, 

















The model of the circuit contains 2 x 6 relays 
with four double-throw contacts each, Each terminal Fig, 14, Section of function comparator, 
of the double-throw contact is brought out with two 
leads to the plugboard so that any number of other terminals can be connected through it with the aid of a 
flexible cord, The dotted lines indicate cords for the probes, with which the voltage is applied to the decoder, 
The input terminals of the model are to the right, the output terminals are to the left, 
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The decoder contains, first, the circuits which generate the information on the auxiliary indeterminate 
functions y and y and the information needed for the representation of the functions Fj and Fj, It contains 
in addition information on whether the circuit operates correctly, i.e., whether any value of a function is si- 
multaneously equal to 0 and I at a node (Ajj), The fact that at least one value of the function is 0 is denoted 
by 0, and anatogous information concerning I is denoted by I, It contains finally also information that is of 
significance to the possible simplification of the circuit, namely knowledge of whenever the value of the 
function Fj is I and the value of the function Fj is ~, denoted by I~ ~, and knowledge of whether the 
value of the function F; is 0 and the value of the function Fj is I, denoted by0 —~ 1, Figure 13 shows the 
method used to denote the functional values 0,1, land ~, 


The function comparator has two inputs ig. 9), one for the indeterminate functions ¢ and y, and one 
for the contact-switching functions x4, X43; Xg, X23 «+ +3 Xn, Xn- Optical signal devices (blinkers) marked 
with the symbols x4, X4; Xg, X23 - «3 indicate which contacts can be used for operation w, (the contacts 
with unlit blinkers can be used), The counters Cx,, CX4; &xg, X_;... 3 are shown under the individual 
sections of the comparator, 


One of the comparator sections is shown in more detail in Fig, 14, It contains a relay x. j, two blinkers 
n$ and n; , and two counters éxj_ and &x;, The terminals marked I and 0 are connected together when the 
zero and one coincidences of the functions are counted, It is naturally possible to count both types of coin- 
cidences simultaneously, Let us explain the operation of the block, Assume relay Xj to be at rest, This 
state can be stated in terms of the contact function as follows; x; = 0 and x; = I. 


Let us examine now the values of the auxiliary functions gor y. If these functions are 0, the conductor 
Vo is energized; if they are 1, vy is energized; if they are ~, neither is energized, 


If ¢ and y are 0, the blinker n§ is not energized, and in the case of operation y this signifies that the 
contact Xj cannot be connected between nodes Uj and Uj, lest a spurious circuit be formed, The blinkers 
serve no other purpose, A third contact and the connected 0 terminals on the left energize the counter ¢x;, 
which records the information that ¢ or » = xj = 0, The same situation prevails for ¢y or y = 1, the only 
difference being that the blinker is unnecessary for operation wg , for no spurious circuits can be formed for 
gy or y= 1 and x; = 0 orl, Neither the counter nor the blinker is energized if yor y= ~. 


If the relay is in its operating state, the information is formed in the function comparator in an analogous 
manner, 


5. Solution of Problems With the Machine 





The circuit to be analyzed is made up with the aid of flexible cords in the circuit-model block, The 
circuit is then placed in all possible states with the function generator and with the control terminals of the 
model, The supply is fed through the input terminal, The probe is used to determine the values of the functions 
of the output poles for each state corresponding to each line of the sheet (Fig. 15), These values can be counted 
on a separate indicator, The sheet is thus gradually filled-in and the symbol ? is gradually replaced by 0 or I, 
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In the synthesis of the circuit, one first inserts the table of the operating conditions of the circuit manually 
into the machine, This is followed by operations w, and wz in sequence, The progress of the solution is entered 
in the sheets shown in Figs, 16 and 17, The former is used to record the operations, the latter to sketch the 





ly 
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connections, We shall illustrate the use of the log sheets with examples. We shall use k for U, and 1 for 
w, in the log sheet and in the verbal description of the course of the solution, 


Let the operation considered be w,, We connect the probes to nodes Uj; and Uj, thereby connecting these 
nodes to the decoder, We now start the machine; let the pick-off devices pass once over the operating-condition 
tables, The "signal device® (blinker) switch is now on, and the “counter® switch is off, The contacts corre- 
sponding to the blinkers that remain at rest, say, Xz, Xs, and xg, can be employed in the operation, To make 
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a note of this, we place circles in the columns Xe, X3, and xs of the operations log sheet, If there are no in- 
operative blinkers, we proceed to another pair of nodes or to another operation, We next disconnect the “signal 
device,* connect the “counters,” and again start the pick-off device, We then count the coincidences of the 
ones, Let the counters read, for example, 3, 14, and 1, These figures are copied in the operations log sheet, 
In this case it will not be advisable to use xg for the operation, We denote this in the log sheet by a cross 
placed inside the corresponding circuit, Let us now join in the model node 14, say, with node 6 through xg. 
This is also marked graphically on connections in the log sheet (Fig. 16), In this case we adhere to the follow- 
ing principle: a line on the log sheet for each connecting cord, The log sheet makes it also possible to find 
the nodes in the model by number, It is thus possible to monitor constantly the correct connection of the con- 
tacts, For a more detailed example see Section 6, 
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Fig, 17 


The operation is analogous in the case of operation w,, except that the information furnished by the 
blinker is lacking, Assume that two more lines of the log sheets were established with the aid of the counters, 
It is now important to choose the correct working hypothesis, Assume that we prefer a smaller number of con- 
tacts per operation, racher than a greater one, We therefore perform the operation with the aid of contact Xs, 
which appears to be the most suitable, We thus obtain a new node, 16. 


The operations w, are always monitored, and for this purpose the probes remain at the nodes after the 
elements are connected, and the machine is started again, In this case both the "signal device” and the 
"counters" are disconnected and the signalization mentioned in the detailed description of the circuit is 
connected, If an erroneous contact, leading to spurious circuits, was connected during the operation, or some 
other error leading to spurious circuits was made, a signal lamp will light, It is also necessary to check from 
time to time the progress of the solution by analyzing the synthesized circuit; the I units that change into I 
are recorded in the log sheet, 


6. Example 





Let us build a decoder to convert from the binary code into the teletype code, The operating-conditions 
table of the decoder is shown in Fig, 18, Let us make the first attempt at.a solution, 


We first use Operation w2, Of the 15 possible operations, four are realizable, Let us perform all four, 
The circuit diagram is shown in Fig, 19, and the course of the solution is shown in Fig, 16, The first operation 
makes it possible to construct almost the entire function 1 with the aid of contact x2, a very convenient cir- 
cumstance, In the remaining operations, part of the values I of functions 2 and 3 will change into I thus in- 
creasing the number of alternatives for the construction of other values I (i.e., for their change into the value 
I). 











It is next necessary to employ operation w,, It is very convenient to expand either function 2 or function 
5 with the aid of contacts Xs, Xe, and X40 Let us expand the function 5 with the aid of contact X_. We ob+ 
tain the first intermediate node 6, We now attempt operation w, again, Of the five possibilities of the opera- 
tion, three are realizable, The first possible operation connects the input to node 6 through contacts X3, x2, or 
x4. But there is no sense in using contact x», for this does not help the solution, Of the two remaining possi- 
bilities, we choose xy. Operations with nodes 6 - 1 and 6 - 3 are also of no help, and are also meaningless, 
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Fig, 18 


We attempt to expand function 2 and choose contact 
x, for the purpose, This produces a new node, 7. 
We attempt operation Ww, again, Nodes 7 and 0 we 
connect through contacts Xg and Xg; contact x, is 
useless, This completes function 2, Operation w 2 
cannot be applied to node pairs 7- 1, 7 - 2, 7-3, 7-4, and 7-5, We expand function 4 with the aid of 
contact x3. We realize operations Ww, for nodes 8 - 7 with the aid of contact x,; the other two contacts are 
useless, 





Fig. 19 


We proceed in the same manner, The solution can be traced on Figs, 19 and 16, 
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CRITERIA FOR EVALUATION OF ELECTROMAGNETIC RELAYS 


B. S. Sotskov 


(Moscow ) 


Discussion of a method of evaluating the basic properties of electromagnetic relays, 
The method permits a rational selection of a relay to meet specified operating conditions, 


The sensitive elements of an electromagnetic relay can be evaluated completely and clearly in terms of 
their work capacity, i,e,, the work that can be realized when the armature passes from one extremal (*rest") 
position to the other ("working") position, the ampere turns (or power) in the winding circuit remaining con- 
stant, 


The work produced by armature travel with IW, *IW = const, where IW, are the ampere turns needed to 
produce the flux across the working air gap, is given by the expression 
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The time constant t of the relay operation can be calculated as follows: 


_ 0. 4n10-*W? _ 0 4n10-°W? 0 4x10-8W? Sa eg 




















| R = “9 av S~=«OY 
q 
0 4n10-*f0QSa 0 4nt0-8f, 1 L(Dex—Do)*D _ 
Playdo _ e 8o ™ (Dex+ Do) 4 
_ 0.4n10-f, 1 ke (1—K) ("Exh (2) 
= F & it+k 4 ‘ 


D —_— , 
Here k = — where Dy and Dey are the internal and external diameters of the winding, respectively, 


ex 
The following notation is used in (1) and (2): P is the power supplied to the relay, I is the current in 


l W — 
the winding, U is the voltage, R = a is the relay winding resistance, W is the number of turns, 
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p is the specific resistivity, J, y is the average length of turn, q is the copper cross section of conductor, 
1 1 

Go em and G3 es 

of the magnetic reluctance of the air gap) with the armature released and pulled-in, respectively, Q is the 

atea of the winding form, fg is the filling factor, 6 and S, are the length (69 with the armature released 

and 6° with the armature pulled-in) and the cross section of the working air gap, L is the length of the winding, 

P. is the mechanical pulling force, and Ryo is the total magnetic reluctance, 








are the values of the magnetic permeance (and R,,,, and R,,, are the values 


Remark, If we consider that the ampere turns needeJ to produce the flux across the air gap are 
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where IW = R W are the total ampere turns of the winding, Ryjc is the magnetic reluctance of the magnetic 





core, Gme = -_— , and Rma is the magnetic reluctance of the air gap, and G, = : , We get 
mc Rma 
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Assuming the magnetic permeability of the magnetic core material and G,, to be nearly constant, 
we get 
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If, however, we take 
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On the other hand, 
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where j_ is the current density in the winding conductor, 


Thus, 
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Introducing the symbol Vp = a , we get 


fo. 


A = 0,02-% j2k*(1—k)8V3, ————_— 
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Expressions (1) - (4) give the connection between the work capacity of the relay and its design data, and 
can be used to select the relay dimensions during the design process, 





As to the operating parts of the relay contacts, we know that the energy required to wear away the contact 
under the most severe operating condition — that of closing the load circuit with accompanying arc formation, is 


ta 
Ay =N \ 1,,idt=Nr49=N0oqloto 
0 


where to = q/Io.* 


The value of q can be determined from [2] 
t / 
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If the permissible volume that can be eroded from the contact is Vp, we have 


Vo = wa 
or 


The above leads to the expression 


V 
Ak = tq —* = Nupalolo = NET, (-22 to) on NEI ees - 


v 


The symbols used in the above equations are: E and I— current and voltage in the circuit controlled 
fa 
by the contacts, g=s \ idt. the quantity of electricity passing through the arc into the contact during the 
0 


switching of the controlled circuit, t, time of arc glow, V,, — cathode voltage drop in the arc, t of = 


= “oa th , tg hypothetical duration of arc glow, corresponding to the same quantity of electricity q ata 


constant flow of current I through the contact circuit, N— number of contact-operation cycles (closing and 


opening), and y, — volume of contact material eroded for each coulomb passing through the contact during 
the duration of the arc, 


The ratio kg = ak , which can be represented as 


ky = NEToog 


G 
0.05Pr (z- — 1) 10-8 
0 





or else as 


Vo 
v, 
Oo 
ko = . ba 7 , 


0.05x10-*Pr(4-—1) 
0 





is a general criterion, characterizing the properties of the operating and sensitive elements of the relay, One 
can use instead of kg a-impler criterion 


NEIotox 


ky = Pt . 


since 0,05 ( = 4) 10~* is approximately constant for relays of the same type, 
0 


In addition to the general criterion considered above, the following are important indices of relay per- 
formance; 


1. Operating reliability of the relay, defined as 





N—n n 
kn = N =i-—-—, 
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where N_ is the number of operating cycles, and n the number of failures, The ratio 7 is the probability of 


operating failures in each N cycle of operation, 


The value — of an electromagnetic relay can be expressed as —=(—) +(— . Here | — 
N N Njc N /se 6 


is the probability of contact failure in the controlled circuit, having an approximate logarithmic dependence 


on the force P, on the contacts, namely log o = (5) — cP. it is the probability of failure 
Cc co se 


of the electromagnetic (sensing) system of the relay, 


(-). <(4).- 


c 


2. Weight and volume occupied by the relay, 


3. Parameters of relay operation (Pop - operating power or lop — operating current, Yop — operating 
voltage) and of relay release (Prej, Ire}, Urej). 


4, Dependence of the relay operating and release parameters on various factors, The relay-operating 
and release power depend on the mechanical forces that must be overcome in the operation of the relay, These 
forces, and consequently the operating and release power, can vary because of effects of temperature, humidity, 
acceleration, vibration, and orientation in space, on the relay or on its parts, One can assume 


0 
é wine 
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Prer = Prete +5, 


The change in the relay operation and release parameters, resulting from different factors, can therefore 
be characterized by the partial derivatives of the operation and release parameters: 


with respect to the position (orientation) of the relay axis in space 


OP oP 
__op..., __ fel 
Oa and a 


with respect to the change in the ambient temperature 


OP. OP 
__Op rel . 
ao and 9g 
with respect to the relative humidity 
OP op = oP 
of 3 of 
with respect to the acceleration 
OP op ad OP tel 
oa da * 


The relays having the lowest values of partial derivatives are of the best design, 
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5. Endurance of the relay, determined by the following factors: 


a) thermal endurance — maximum temperature to which the relay can be exposed without causing 
irreversible changes in the relay operation and release parameters; . 


b) electric endurance ~ maximum voltage that can be applied between any relay terminals without 
causing irreversible changes in the relay operation and release parameters; 


c) mechanical endurance — maximum permissible acceleration at which no irreversible changes occur 
in the relay operation and release parameters; 


d) chemical endurance — maximum permissible concentration of corrosive impurities that can be tolerated 
in the relay ambient for a specified service period without causing irreversible changes in the relay operation 
and release parameters, 


6, Relay temporal parameters and characteristics; 


a) T — time constant of relay upon operation (i,e., with armature released), and T* — time constant of 
relay upon release (i.e., with relay armature pulled in); 


P 
b) relay operating time top = fy — « 
op 
, P 
c) relay release time tre) = fe es 
op 


7. Limiting parameters for the sensing elements of the relay: 


Poer ~ maximum permissible power (determined by heat-rise conditions), that can be delivered to the 
sensing part (for example, the relay winding), 


8, Limiting parameters for the operating parts (contacts of the relay): 


a) Poerc — maximum switchable power in the contact circuits, determined by the conditions under 
which a stable arc is formed; 


b) him — maximum current in the contacts, determined by the heat rise in the closed contacts; 


Cc) Upp — maximum voltage limit in the contact circuit, imposed by breakdown conditions in the gap 
between the contacts, 


The values of Poerc and U,, depend upon the gas pressure in the medium, 


Knowledge of the above parameters permits accurate selection of a relay with assurance that the required 
operating reliability will be attained for specified operating conditions without wear of the circuit elements, 
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SIMPLIFIED CALCULATIONS FOR MAGNETIC AMPLIFIERS 
WITH IRON-NICKEL ALLOY CORES 


N. A. Kaluzhnikov 


(Kharkov) 


The optimization (determination of minimum volume of steel, maximum gain, etc,) of magnetic ampli- 
fiers operating in the middle power range (Pj, > 107° w, P, < 10-100 w) is seldom justified, 


Such amplifiers are of relatively small size (the volume of the steel averages 1-100 cm) and no special 
difficulties are involved in the amplification of the input signals; the designer is therefore most interested under 
these conditions in a simple design method for the determination of the magnetic-amplifier parameters, None 
of this applies, naturally, either to high-power magnetic amplifiers, for which minimum dimensions are of 
decisive importance, or to low-power amplifiers operating near the sensitivity threshold, where the amplifying 
ability of the magnetic amplifier is substantially reduced and design for maximum gain becomes essential. 


In the intermediate cases it is enough to obtain medium figures for the dimensions and for the gain of 
magnetic amplifiers, 


The method discussed here is based on the use of experimental magnetizing curves of the core material, 
B= f(H,_, H_) for a certain *model® core, subsequently recalculated for new values of power, current and 
voltage, and hence for new dimensions and winding data, 


The design of magnetic amplifiers, as is known, comprises the choice of the operating conditions in the 
magnetic circuits and of the calculations of the ac circuit, of the core, and of the winding data, 


1. Determination of the Operating Conditions of the Magnetic Circuit 





An “ideal” magnetic amplifier obeys the relationship AW.,, = AW_, where AWwJay are the ac 
ampere turns averaged over the half cycle, and AW-~ are the total dc ampere turns, 


In the case of magnetic amplifiers with iron-nickel-alloy cores, this relationship holds, with an accuracy 
to several percent, over a sufficient range of currents and voltages. 


The above circumstance leads to a simplification in the design of such amplifiers, 
Let us examine the curves H, = f(H_) for variable B_ (Fig. 1). In these curves 
we Iwo Uch 


HJo= , A= . Bi = = 


p p ~s tf 














Uch is the ac voltage of the magnetic amplifier, w is the number of its turns, 2), and Sg are the average 
lengths of the flux line and the cross-section area of the steel stack, Let us draw two lines at a 45° angle, with 
intercepts H; on the coordinate axes, where H, (Fig, 2) corresponds to the field intensity at the knee of the 
magnetizing curve (at I_ = 0), Within the “transformer* zone bounded by these lines, H=H_ + Hy, at all 
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points, Let us specify as a design condition that H. and H_ remain within this zone under all possible operating 
conditions, for it is exactly in this case that the magnetic amplifier is capable of developing its full amplifying 
capabilities, 






















Hy H. 


Fig, 1. Characteristics of a magnetic amplifier HW = f(H-), when B, = var. 


For this purpose let us choose two points (1 and 2) with coordinates B.y4y, Homin, 2d Brin. Homex 
defining the two extreme operating conditions of the magnetic circuit of the amplifiers, The first point corre- 
sponds to a total absence of magnetization or to its 
minimum value, the second to the maximum value of 
the de magnetizing field, Let us introduce the following 
design coefficients to characterize the operating condi- 
tions of the magnetic circuit: 
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Fig, 2, No-load characteristic of a magnetic 


amplifier, 
P We shall return to the selection of points 1 and 2 


at the close of the article, after the necessary analysis 

is completed, for the choice of these points determines 
the weight of the magnetic amplifier, Let points 1 and 2 be inside the "transformer" zone, This means that 
Hamin = Hy amd Homax = H=max—~Hx- The second inequality for the boundary of the transformer zone 











can be transformed into equation H_ pay = Homa, + Hy, which yields the maximum value of the magnetizing 
field intensity for the specified conditions, 


In the presence of control and bias windings, the necessary values of the control and bias intensities H,, 
and Hg can be obtained from the following equations, 


a) For an *unpolarized® magnetic amplifier without self-magnetization (with a control signal of one 
polarity ) 


H. = Hw max + Hy, Hp = 0. (la) 


b) For a “polarized® magnetic amplifier without self-magnetization (with a sign-reversing control signal) 


H +H H +H 
H, = + ——~max— k _ ’~ max k 
Vv 2 ’ Hp 2 . (1b) 





c) For an “unpolarized” magnetic amplifier with compensated feedback (we = w 


~)s 


H, = 2H;,, Hp = — Hy. (1c) 


d) For a “polarized® magnetic amplifier with compensated feedback 
Hy=+4Hx, Hz, = 0. (1d) 


Equations (1c) and (1d) can be usedina first approximation for a magnetic amplifier with internal feed- 
back, 


2. Design of the ac Circuit 





The theory of the *ideal*® magnetic amplifier yields for the design of the ac circuit an equation that is 
independent of the load power factor 


Uch = Us ~ UL, (2) 
where u, is the supply voltage, and u, is the magnetic-amplifier load voltage. 


The above equation is simpler than the usually-employed equations containing effective values (for 
example ug, = ¥ ue - ur for a choke magnetic amplifier with active load), In addition, this equation has 
still another advantage in thatit yields valuesof uj, and By)jp that are lower than the experimental values, 
This means that the actual magnetic amplifier will require less control ampere turns to produce the same output 
current than called for by the design calculations (Fig. 1), 


The design of the ac circuit of the magnetic amplifiers reduces to establishing the following relationships: 


Pop = Pick) » Uch = Seck#L» 


(3) 
Ps = YiaePL Us = Yor UL 


Here Poh, Py, and P, are the apparent (no-load) choke power, the maximum load power and the maximum 


power drawn from the supply line, and uch, u,, amd us are the maximum choke, load, and common-supply 
voltages, 


The coefficients in Equations (3) are functions of kg, of ky;, and of the magnetic amplifier circuit, They 
can be readily calculated from Equation (2) and have the following form, 
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a) For choke-type magnetic amplifiers: 








— ky—i kp 
ia ’ 
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b) For push-pull bridge-type and differential magnetic amplifiers (see [1]) * 
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3. Design of Core 





a) For specified PL. From the well-known relationships, we have 








Prat yp 
Vst = Sy ly = - 
7 4Biax H. min! 


It is convenient in practical computations to express the volume of the steel in terms of one of its linear 
dimensions (for example, the width a of the center member of a shell-type core}: 


3 
Vet = Yisha. 


where 1}, is calculated for the model core, 











Then 
37 
aa / Prckt PL 
49:sh [Bmax 4~ min (4) 
b) For specified P.. Based on the known equation P, = n BSc lwp, Where S, is the shell area 
occupied by the control winding, ly is the average turn length, 6 is the filling factor, and p is the specific 
, a ae 
resistivity and n is the number of control windings, and based on the ratio Seataae =(Ye2sh)a, Where Yosh 
. c 
is determined for the model core, we obtain 
BPc 
a= comer | . 
° For a transformer-type magnetic amplifier these equations become 
i kp 14 kp +1 
Ses ecr hs er: 


Ww . san 88 
where c = — are the turns ratio of the primary and secondary ac windings, 
1 




















4. Design of Windings 





The number of ac turns is determined from the equation 


uch 


— (6) 
4Hinax Ss 


v~ = 


and the wire diameter is determined from the permissible current density, The number of turns and the diameter 
of the wire of the compensated feedback winding are takentobeequal to number of turns and to the diameter 
of the ac winding. 


The bias and control windings are calculated from the intensities Hp and Hg, the former on the basis of 
the permissible current density, and the latter on the basis of filling all the remaining winding space, 


5. Determination of the Gain of the Magnetic Amplifier 





P 
The gain of the magnetic amplifier is ke = = °° 


c 





Using this expression, we obtain from Equations (4) and (5) 


ram naar. ™) 
k,= KAP, o k,=VKAP{Y, 
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These expressions make possible the design of a magnetic amplifier for a specified gain, For this purpose 


, K : : — 
one determines A = — and chooses points 1 and 2 on the simultaneous magnetization curves to obtain the 
c 


required value of A, 
In practice it is advisable to assume point 1 first and to vary the position of point 2, 


Let us return now to the choice of points 1 and 2, In most cases it is possible to place point 1 on the 
curve of the magnetizing curve, The choice of point 2 is dictated by the features of each actual design, 


If the gain is specified, the problem can be solved uniquely, but this requires more cumbersome calcula- 
tions, It is necessary to choose for this purpose from among the points having a specified value of A the parti- 
cular point for which %4¢,¢ has a minimum value and Hg has a maximum value, This insures minimum 
dimensions for a specified k., 


If P_ is specified, for example in the design of the output stage of a multistage magnetic amplifier, two 
cases may be encountered, If P; is considerable, it is necessary to choose point 2 on the boundary of the trans- 
former zone such as to get a minimum value for 4 ¢y,. Such calculations consume little time and yield small 
magnetic-amplifier dimensions, For lower powers it is enough to choose point 2 inside the transformer zone so 
as tomake kj; not less than 4-5 and make kg 1,25-1.5, This insures sufficiently small dimensions with adequate 
gain, 


Let us indicate the procedure for magnetic-amplifier design, 


1, The family of current-voltage characteristics of the magnetic amplifier is recalculated in terms of the 
relative quantities H., H-, and BY, amd Yo) and Ygsh are calculated for the "*model* magnetic amplifiers, 


2. Operating points 1 and 2 are chosen, and kp, ky, He, and Hg are calculated, 


This equation is only approximately true for a choke magnetic amplifier, 






3. Equations (3) are used to design the ac circuit, 


4, Equations (4) or (5) are used to determine the basic linear dimension of the core. The remaining 
dimensions are calculated by similarity with the model core, 















5. The magnetic-amplifier windings are designed, 
6. ke is calculated from Equations (7). 
SUMMARY 
The proposed method features simplicity and reliability and can be recommended for magnetic amplifiers 
of medium power with iron-nickel-alloy cores for those cases, when the designer is not faced with an optimiza- 
tion problem, 
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ANALYTIC EXPRESSION FOR THE STATIC CHARACTERISTIC OF THE 


MEASURING ELEMENT OF A CHOKE REGULATOR 
E, A. Yakubaitis 
(Riga) 
Piecewise approximation of the magnetization curve of a saturated reactor and the 


voltage-current characteristics of a semiconductor valve are used to derive an analytic 
expression for the static characteristic of the measuring element of a choke regulator, 


There are several known types of choke -regulator measuring elements, the operating principle of which 
is based on the comparison of currents, voltages or magnetizing forces in a linear and nonlinear circuit [1-6]. 
The most common circuit contains a measuring element based on the comparison of two voltages (Fig. 1). 


Ch 





v2y_ stnwit 





3k 




















Fig, 1 * 


This device consists of a nonlinear network comprising choke Ch with saturated core, rectifier I, and 
resistance R, and of a linear element consisting of a regulating resistor R,, rectifier Il, and resistor Rg, The 
rectifier bridges are so connected that the output voltage of one produces in the control winding CW a current 
opposing the current produced in the same winding by the output voltage of the second rectifier, Regulating 
resistor R, is so chosen that when the voltage Uj, at the input of the device is at its nominal value, the alge- 
braic sum of the currents (of the dc components) in the control winding is zero. 





* Here and elsewhere *Rp* ="Rreg" — editor's note], 








The output of the measuring element (Fig. 1) is a voltage U, proportional to the deviation of its input 
voltage from the nominal value Ving: 


The voltage Uj, applied to the input of the element is proportional to the regulated parameter, The 
output of the element is connected to the control winding CW of the amplifier, 


Suitable simplification of this circuit leads to other types of measuring elements, The design procedure 
for the measuring element assembled as shown in Fig, 1 can be readily extended to other types of measuring 
elements, 


The method proposed for the analytic determination of the static characteristic of the element (the 
steady-state dependence of the voltage U, or of the output current I, on the input voltage U;,,) is based 
on the following assumptions, 


1, The magnetic characteristic of the choke is approximated to some extent by two straight lines (Fig, 2), 
one of which corresponds to the initial high-permeability portion, and the second to the saturated state (B, is 
the saturation induction), 




















8 
bs 
H# 
Fig, 2, Idealized magnetization curve of choke core, Fig, 3 


2. The actual voltage-current characteristic of the valve is replaced with an idealized one, consisting 
of two straight lines, one parallel to the ordinate (voltage) axis, the other coinciding as much as possible with 
the real characteristic, 


3. The control winding is represented in the equivalent circuit by a pure resistance R,. 


4, The effect of the isolating transformer is disregarded, 
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Fig. 4, Equivalent circuit of measuring element, 














Under these assumptions it is possible to replace the measuring element (Fig. 1) during one half of the 


input-voltage cycle with the circuit shown in Fig. 4, All the processes occurring in the element during the 
second half cycle (Fig. 4) are analogous, 


In the latter circuit the choke is replaced by contactor k,} and resistor R,}, equal to the pure resistance 
of the choke, Each rectifying bridge is replaced by contactor kp, voltage uy, and resistance R;, The control 
winding of the amplifier is represented by pure resistance R,. 


Depending on the voltage at the input of the measuring element, the static characteristic of the circuit 
of Fig. 4 can be broken up into three parts (Fig. 5), in accordance with the operation of contactors k,,, and k;,. 
During each half cycle of the input voltage Uj), 
the contactors k, close at the instant (angle 6) 
I, when the instantaneous voltage drop across the 
rectifier rises to a value ur (Fig. 3): 


. Uy 
B = arc sin ———. 


V2U 


in (1) 


At the angle (t— 6), when the rectifier voltage 


i sansnenneneienll 








drop diminishes to the value u,, contactors k,, open, 
Consequently, when the input voltage to the measuring 
4% Viner Ann Vin element is 
v uy 
Yin Sy 





the contactors ky are open during the entire half 
period, and the equation of the first part of the static 
Fig. 5, Calculated static characteristic of characteristic becomes 

measuring element, 





4=0 (Um<). os 


: : ; u 
If the input voltage to the measuring element is greater than ry , but too small to saturate the choke, 


the contactor k,}, is open during the entire half-cycle, and the contactors ky are closed during the part of the 
halfcycle when 6 = wt=m-— 6, The second portion of the static characteristic is therefore determined 
from the equation 


nm— 


1 . a 
J. = = \ ic,d (wt) ( <Uin <Uin,,): (3) 
i) 


where icy is the instantaneous value of the current flowing through the amplifier control winding when the con- 
tactor Kep is open (choke is unsaturated), and Vin, is the maximum voltage at the input of the measuring 
element, at which the choke is unsaturated during the entire half period, 

Once the input voltage of the measuring element exceeds the value Ujy - the contactor kg} is closed 


during that part of the half cycle when the choke is saturated, During the time when 6 =wt= m — 8, the 
contactors ky are also closed, The static characteristic becomes in this case 


a TB 
7. 1 7. 4 
J, = ~\igd (wt) + — \ io, (4), in 2 Vin - 
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where fon is the instantaneous current flowing through the amplifier control winding when contactor k,}, is 





closed (choke saturated), and @ is the angle at which the choke becomes saturated, 





The static characteristic of the measuring element is thus described by three equations corresponding to 
the three regions of input-voltage variation, 


Equation (4) determines the working portion of the characteristic, Equations (2) and (3) pertain to the 
nonworking portions of the characteristic, resulting from the fact that the choke is not saturated if it carrie’ a 
low current, 
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Fig, 6, Static characteristic of measuring element Fig, 7. Static characteristic of a measuring 
used with a dynamoelectric amplifier. element used with a thyratron amplifier. 


Let us determine currents ic and len entering into Equation (3) and (4), and the angle a at which the 
choke induction B, reaches saturation, 


For that part of the half cycle in which 6 = wt<= Q, i,e., when the contactor k,} is open, it is possible 
to write for the circuit of Fig, 4 


V2U, sinwt = uy +Ught+ ty A, 
V 2 Ujg Sin ot = uy + ig, (Rp + Re) + in, Re, 


i Pe aa iy A = io Ro, ler = lip lay == Ay oe lor 


(5) 


In the absence of saturation it is possible to determine the voltage u,}, on contactor k,p, which replaces 
a choke with an ideal magnetization curve (Fig, 2), using the following equation; 





dB -8 
Uch = WS dt 10 . 





Therefore, solving Equations (5) simultaneously, we get 


i,, =k, (V2 Uj, sinot —u,), 


_ dB (6) 
(1— k,R,) (V2 Ujn sinwt —u,) = ws — 10%, ol 

where 
ky = Rg (8) 





Rs (Rg + Ri) + (Ry + Ry) (Re + Ri + Re) 


During the time when the voltage vector at the input of the measuring element rotates through an angle 
a— 8 after contactors ky are closed, the induction in the choke core increases from a value —B, to +B,, It 
therefore follows from (7) [7] that 


+Bg 


(1 —kR,)\ (V2 Un Sin wt — up) d (wt) = ws 10° \ dB. 
) 


—Bg 


Integrating the last expression we get the angle @ at which the choke becomes saturated: 


V 2 wswB , 10-8 


G—hR)U, 


cosa = cos B — ; 
in 


For the second half cycle, when the choke is saturated, i.e., when contactor k,p is closed[a = wt <(m —6)) 
one can write for the circuit of Fig, 4 


isn + er _ ‘iy rly eo ler) +> torr 
ian, (Rp + Ry) + gy Re = is, (Ron t Xe): 
V2 Uj, sinot = uy + ig, (Rp + Ry) + in, )Ro, 


inp He + inp) Ri = ty Ro. 


Solving these equations simultaneously we get 


ier) = —k,,(V 2 Ujgsinwt — u,), (10) 
where 


(Ry + Ry) Ri — (Rept Rig)Ro 


Ket = RRglig + Ra Reqrt Py Re Ri)P1RilRe +R) + (Rots Pe XRet Rd Ra) Reg Hy)” ate 





Inserting into Equation (4) the values of the currents icy from (6) and bon from (10) and integrating we 


obtain the equation for the working portion of the static characteristic of the measuring element 


J, = = (Ar — ky1) cos 8B — (ky + 11) cos a] | ((Ar + 431) = ae 


c 
7 
aa, (ky roe kj) £ ann kii\Uy (Uin = U in)” (12) 
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Analogously we obtain for the nonworking portion of the static characteristic, by integrating Equation (3) 


r 


u 
V2 





Vin 


\ 
I 


\ m 


Jo =k; aes cos 8 Uin — (1— ©) ug] ( 


Vin. ) ; (13) 


SUMMARY 


Piecewise linear approximation of the magnetization curve of the choke and of the voltage-current 
characteristics of the semiconductor rectifiers makes it possible to arrive at an approximate design of a 
measuring element with two nonlinear sections, 


This design procedure can be extended to other types of measuring elements of choke regulators, and also 
to certain circuits used for other purposes, containing a saturated reactor and a semiconductor valve, 


Figures 6 and 7 show the discrepancies between the calculated results and the experimental data. 
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TRANSIENTS IN A TRANSISTOR SWITCHING CIRCUIT 


N. |. Brodovich 


(Moscow) 


Treatment of the transients in a grounded-base switching circuit employing one 
point-contact transistor, 


Equations are derived for the currents and curves are plotted for the variation of 
the current in a standard circuit for various transistor parameters & and T in the active 
operating tegion, in response to a rectangular voltage pulse that throws the transistor 
into the closed state. 


The operating speed of the circuit is estimated and the basic requirements that 
must be met by point-contact transistors intended for high-speed switching circuits are 
formulated, 


INTRODUCTION 


Problems in the dynamics of switching circuits employing point-contact transistors for the active element 
are directly related to the research and development of high-speed electronic automation circuits, 


The principal works published to date on the dynamics of such circuits are those by B, G. Farley [1], 
I, L, Lebow and R, H, Baker [2], and T, R, Bashkow [3], Reference [1] gives the differential equation of a 
grounded-base starting circuit and gives the form of the output signal, plotted by the integral-curve method, 
Reference [2] examines the task of determining the connection between the duration and the emitter voltage 
pulse required to actuate the switching circuit, Reference [3] analyzes the stability of a starting circuit that 
has an equilibrium position in the active region, 


The references cited do not cover all the problems in the dynamics of starting circuits, In the deve!op- 
ment and in the research one must be able to calculate the transient curves, to estimate the capabilities of the 
circuit, and, what is particularly important, to determine the time at which the circuit changes from one state 
to the other, It is also important to estimate the effect of the transistor parameters on this time and to formulate 
the requirements that must be met by transistors chosen for such a circuit, 


We shall consider these problems below as applied to a grounded-base starting circuit, taking the input 
Capacitance into account, 


Initial Equations 





Let us consider a typical starting circuit with one point-contact transistor, connected in a grounded-base 
circuit (Fig, 1), The operation of such a circuit is based on using the negative portion of the current-voltage 
Characteristic of a two-terminal network containing a transistor with current gain (Fig, 2). 


As is known, the static mode of the circuit of Fig, 1 is conveniently analyzed and calculated by using a 
voltage-current characteristic (Fig, 2, a) which can be plotted [4] or computed [5] from the static characteristics 





of the transistors, Once the parameters of the two-terminal network are selected, the voltage-current curve 
can be plotted point by point or obtained on an oscillograph screen by introducing in the emitter circuit a 
resistance exceeding the negative slope of the curve, 
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a 
Fig. 1. Typical switching circuit with point- 7 
contact transistor: R) external resistor in | 
emitter circuit, including the fixed-bias and 
pulse sources; C) total capacity in the 
emitter circuit; 5b) external resistance in 
base circuit, R,,) external resistance in the 
collector circuit, le 
a 
b 
The static voltage-current characteristic is 
not sufficient for the calculation of currents flowing Fig. 2, a) Form of static voltage-current character- 
in the switching circuit when the transistor tumbles istic , Ug = ¥(I-) of a section of the circuit of 
through the active region, for this curve, naturally, Fig. 1, containing the transistor (the dotted lines 
does not take into account the influence of inertia show the rectified characteristics); b) form of 
phenomena in the transistor itself (diffusion character static rectified curve I, = F(I,). 


of the minority-carrier distribution) and in other 
circuit elements, 


To determine the transient currents, let us write down the Kirchoff equations for the circuits of Fig. 1, 
replacing the transistor with an equivalent current generator, called the Adler circuit [6] (Fig. 3): 


d 
i, —C 52 —i, =0, (1) 
Ri, + ve = Ee + eu, (2) 
Ve— (Te + Ro) ie + Rolx = 0, (3) 
— Roie + (Ro + re + Rein —ornig = Ex, (4) 
. dv 
os ° 
Ug = Rig. (6) 


Equations (1) - (6) can be reduced to a nonlinear second-order differential equation, The nonlinearity is 
due to the dependence of re, tr, , and on the currents ig, ip, and i,. Using a piecewise-linear approxima- 
tion for the static characteristics of the transistors, the system of Equations (1) - (6) can be considered as linear 
within each segment for which fe, rx, and & are assumed constant, and the system can be solved for each region, 
matching the solutions in the individual regions to the initial conditions, 
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Equations for the Currents 








Solving the System (1) - (6) with Laplace transforms we obtain the following expressions for currents 
ie and ig: 























ie}, ,, = be = (ior + at + eat! (54 SS" 2) sh bt —chbe]} + 
+ ie, [(a + =) : sh bt +- ch bt] eat + ig, (A— n, Y{( = _ =) ; sh ht} ent, (7) 
p 
ich =e roi! + eat [ © sh b(t— to) — ch b(t — to) + «sh bi}, 
(8) 
ise, == (i, 4 am)! + ett (4 shbt —ch o1)| + 
(9) 
+n et (et) ene 
islip “i ink ! i seals E sh b(t — ty) — ch b(t — to) |}. (10) 


Here T =C Ry, T,= CR, Ty? CRp, ie, and ig, are the initial values of currents ig and ig, to is 
the duration of the pulse (in the given region), and 


Ry 
—_— KR, +rht+ Ry 
“t” ~  ~“B+E,y 


E,+£ 


e 





is the current that would flow in the emitter circuit were only constant-bias sources in the circuit at a value of 
Ry corresponding to the given region, E, is the magnitude of the voltage step, and 


_ Pit Pe Pi— Pp 
=: ,ba", 


where py aNd py» are the roots of the characteristic equation 





Ry 
R R 
pt p(24t4 1) 4( pt +2 —)=0. (11) 


Te Tt Ty T Te? 
In the coefficients of the equations 


R, (1 — a) rye + Ry 


Ry =Te + Ry, + ret Ry (12) 





is the active resistance of the two-terminal network and 


* 


[Ilere and elsewhere, ‘sh’ = "sinh"; ‘ch* = *cosh* — editor's note], 
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Ry (r;, + Ry) 
Ky + re + Ry (13) 


Rp =Te+ 


is the passive resistance of the two-terminal network, 


fg \\te 
R fy lg fig 
by —_— 














Fig. 3, Equivalent circuit for Fig. 1 (the current i, is related to the 
current i, as shown in the circuit to the right), 


Having determined ip and i, from (7) and (9) and from (8) and (10) it is possible to use (4) to de- 
termine i: 


R, ar, 


° ° ° Ex 
i, = >———_/ 


+ +r, +R, ¢ + R748,’ (14) 


Transition from the Cutoff Region to the Active Region 





Expressions (7) - (10) can be simplified considerably in the individual regions by taking into account the 
initial values of the currents i, and ig (designated ley and ig ) and also the values of the parameters «, ry, 
and fe. 


a) Cutoff region, The solution of the problem assumes the simplest form in the cutoff region, It is 
possible to disregard here the current generator ( = 0) and the equivalent circuit reduces to a passive network 
having a single capacitance C, This leads to a first-order equation, and the expression for the emitter current 
becomes * 





E me i 
ees. Se a Ts; ; 
le = Ry R,( e ) + te, (15) 
1 1 1 
wnere =" = +, 
Ts Ty T?2 


Equation (15) leads to an expression for the time the emitter current takes to assume a zero value after 
application of a voltage step E,, 


t = — t,1n (1— k), (16) 


ee 


° In the cutoff region we have Ry = Rp, since a = 0, 
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Fig. 4, Active portion of static 
rectified curve I; = F (I,) and of 
the curve i, = f (ie). 


b) Active region, Putting 
le, =Q and ig4 0 in Equations 
(7) - (10) for the transition 
through the active region, from 
the transistor off to the transistor 
on position, we get 





le 





«} 
le 





t>t, os 


ig| =i 


t<t, 


et, Tie = (ies Hep) tte [F455 


isl, =e —~ RFR, 
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Fig, 5, Curve showing buildup of 
collector current in the active 
region for the circuit of Fig, 1 


having the following parameters: 


R= 2,5 kilohm, Rf = 4.9 kilohm, 
Ry, =4 kilohm, C =25 wuf, T = 
= 0,075 usec, tr, = 30 kilohm, 
Ey, =40 v, Ee=8.5v, E,= 7 Vv. 


= 





E. oF a 
le —aee i+ te) [+ sh b (t — to) + 
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Fig. 6. Curve showing buildup of 
collector current in the active 
region for the circuit of Fig, 1 
having the following parameters: 
R= 2.5 kilohm, Rf = 4.9 kilohm, 
Ry, =4 kilohm, C = 15 puff, T = 
= 0.075 psec, ry, = 30 kilohm, 
Exy=40 v, E,= 85 v, Ey=7v, 
a= 2.5. 


«) sh bt — ch bt}} : (17) 


ssh b(t — to) — 


(18) 
"=(ing + PR alk + "(5 shot —ehbt)], (19) 
Ey {1 4. ealt—t,) [+ sh b(t — t)) —chb(t — to)|} ' (20 ) 














Figure 4 shows the curve ij = f(i,), calculated from (17), (19), and (14) for a specific case, as well as 
the corresponding portion of the rectified static characteristic I, = F(I_), It is seen from Fig. 4 that the slope 
of the curve i; = f(ig) is much less than the slope of the static curve I, = F (Ig). Comparison of the two curves 
shows at a glance the error introduced by plotting the waveform of the output signal on the basis of the static 
characteristic, 





Effect of Transistor Parameters 





The effect of the transistor parameters T and © on the operating speed of the circuit is illustrated by 
the curves of Figs, 5 and 6 and by Table 1, which is compiled from these curves, Table 1 lists the buildup 
time t, of the collector current from a value corresponding to ie = 0 toa value i, = Oi, which determines 
the instant at which the transition to the saturated state occurs, 








TABLE 1 
c=15 put c=25 puf 
7, H sec 0.03 | 0.05 |0.075| 0.075 | 0.075} 0.075 
a 2.5 2.9 {12.5 2.20 |2.5 3 
ta, H sec 0.07 | 0.13 }0.19 |0.3 [0.2 0.12 








Remark, The values of the transistor limiting frequency F)jnp, 
corresponding to time constants 0,03, 0.05, and 0,075 H sec, are 
approximately 5.3, 3.2, and 2.1 Mc, respectively, since T 
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Fig, 8, Curve i, vy, = f(t). 











The time t, is thus seen to depend substan- 
tially on T and &, To clarify the effect of other 
transistor parameters on the operation of the circuit, 
let us plot the curves i, = f(vy,) and i,v, = f(t) for 
the transition from the cutoff region into the active 

Fig. 7. Curve i, = f4 (Vy). region, using calculated data (Fig, 8), These curves 

show at a glance that the value of the collector 
current, i, with no current in the emitter and the value of the transistor saturation voltage limit the possibility 
of using the transistor under pulse conditions to the maximum power P,, that can be dissipated by the collector, 
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SUMMARY 


On the basis of the above analysis, let us formulate the requirements imposed on point-contact transistors 
for high-speed switching circuits, 


1, The current gain of the transistor must not be less than 2, 


2. The value of the current gain must not diminish noticeably over the active region of transistor operation, 


3, The transistors must have low values of 1; if the circuit calls for a maximum time of 0.1 psec to 
pass through the active region, the transistor time constant must be less than 0.05 pu sec, 


4. The transistors should have a low value of ix, the collector resistance of pulse transistors should not 
be less than 25 kilohm, 


5. The collector static characteristic should have its bend at a low voltage value, 
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DIAGRAM FOR DETERMINING THE REAL FREQUENCY CHARACTERISTIC 
FROM OPEN-LOOP LOGARITHMIC CHARACTERISTIC OF AN 
AU TOMATIC-REGULATION SYSTEM 


Yu. M. Astapov 


(Moscow ) 


To determine the transient behavior from trapezoidal or tiangular characteristics it is necessary first to 
prepare a plot of the real frequency characteristic of the automatic-regulation system, The method proposed 
here makes the preparation of this plot possible from available plots of the amplitude-frequency and phase- 
frequency characteristics of the automatic-regulation system, which are required for the stability analysis, 
Stability is best investigated in logarithmic coordinates, for the plotting of logarithmic frequency characteristic 
presents no difficulties, 


Extensive use is made at the present time of the circle diagram, with which one can readily obtain the 
real and imaginary closed-loop characteristics by plotting the open-loop hodograph W (jw), 


The real grid of the circle diagram is constructed according to the known equation 





_ U(o) 1 +-U (@) +¥2(@) 
PO= T+ Ue +V@) 


Here U (w) and V (w) are respectively the real and imaginary open-loop frequency characteristic of the 
automatic-regulation system, so that 


W (jw) = U (@) + iV (@). 


The circle diagram is used by plotting the hodograph V (jw) in rectangular coordinates U and V, and the 
values of P(w) are obtained from the curvilinear grid by reading the indices of the circles intersected by the 
hodograph W (jw), 


To simplify the plotting of the hodograph W (jw), let us put 
W (jo) = H (a) 2), 


where H (w) is the open-loop amplitude-frequency characteristic and © (w) the open-loop phase-frequency 
characteristic of the system, Furthermore 





H (@) = VU? (w) + V2(w) w 9 (@) =arc tg me, : 


i.e., the lines H = const are concentric circles with centers at the origin of the U, V, coordinates, and the 
lines ®(w) = const are straight lines passing through the origin, 


In this case it is necessary to plot W (jw) on the circle diagram in polar coordinates, 
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To facilitate the use of the diagram when logarithmic frequency characteristics are available, the circles 
H = const should be marked in decibels, Thus, the unit circle should be marked 0, H (w) is converted into 
decibels using the equation 


H(w) [db]= 20 log H(w) [ed]. 


This diagram is easier to plot than the conventional one [1] because all the lines are either circles or 
straight lines, True, the diagram becomes cumbersome if H(w) varies over a considerable range, For example, 
if H(w) ranges from — 30 to +30 db, the radii of the circles H(w) = const range from 0.0316 to 31.6, This 
inconvenience can be readily eliminated by plotting part of the diagram, say for H(w)< 1 (units) on a larger 
scale, and the other part of the diagram, for H(w) = 1 (units) on a smaller scale, A similar diagram can be 
plotted for the imaginary frequency characteristic, The hodograph, plotted on the diagram, illustrates quite 
clearly the Nyquist-Makhailov amplitude-phase stability criterion, 


The diagram is used in a manner analogous to that outlined in [1]. The hodograph H (jw) is plotted 
on the diagram, using the polar coordinates H(w) and 6 (w), and the values of P(w) are read from the 
circular grid. For example, if at a certain fixed value wy» the coordinates are H(w9) = 16 db and 6 (wg) 
150°, then P(w9) = 1.15 (see diagram) etc, 


In conclusion, let us note that in view of the simplicity of the real circular grid, the accuracy of the 
diagram can be readily increased, say, to 1%, Further increase in accuracy is not justified, 
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DISCUSSIONS 


REMARKS ON THE ARTICLE BY V, L. INOSOV® 


V. L. Inosov’s work is devoted to an exceedingly urgent problem. 


None of the presently-available methods permit the calculation of the static stability limit of complicated 
power systems based on the “self-rocking® conditions, without requiring the development of characteristic de- 
terminants of very high orders, and consequently practically useless for the analysis of the parallel operation of 
more than three units, The simple stability conditions, proposed by V. L, Inosov for a system of any complexity 
and considered by the author to be sufficient, would find wide use in the design of regulating apparatus, 


Unfortunately, the deductions of this work cannot be considered reliable, for they are based on many 
fundamentally -erroneous premises, 


1, In the discussion of several known facts from the theory of small oscillations of dynamic systems 
(§ 1 of the article), it is indicated that the system of Equations (1) of the type 


n 
> (4:49 me t+ Onde + Cin Mn) = 9 GuiZ, ... 8 
k=1 


can be used to describe “the general case of interaction of material bodies" (p, 302) provided the matrix co- 


efficients are symmetrical, aj, = a,j, bi, = byj, amd Ci, = Cyy; this would permit the study of the motion in 
this “general case with the aid of three quadratic forms: 


n n n nr n n 
1 —— 1 1 - a 
7 » > 4499, T= > = Cin, O= bs > bi GiI ks 
i=l k=1 i=1k=1 i=—1 k=1 


expressing respectively the kinetic energy, the potential energy, and the dissipation function of the system, and 
to write down the equations for the free oscillations in the classic form: 


d OT orl ao , 
dt aj, * 3, deals (i= 1,2, ..., a). 
The author's statements that these relationships are applicable is in general not true, 


When the equations for small oscillations are written in Form (1), it is necessary in general to assume the 


matrix coefficient to be asymmetric [1, 2], and the equations in term of the energy functions assumes in 
principle a different form. 


Following B, V, Bulgakov [2], we can present these equations in the following form: 


d OA 0 a) , 
e —_ - —_ —_ - 2 M4 = = 2 “78 9 ’ 
Ht HN TAN gy H+ 2G)=0 n) 


Automation and Remote Control 15, 4 (1954), 
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in which the description of the system already calls for five forms, A, H, N, G, and I, of which only the three 
quadratic forms A, H, and N, which correspond to the kinetic, potential, and dissipative functions in the case of 
oscillations about the equilibrium position, have a symmetrical coefficient matrix, while the bilinear forms 


have a skew-symmetric matrix, i.e., gj, — Byj and ij, ~ — i,j. 


Let us call particular attention to the physical meaning of the function I, which appears in the case of a 
sufficient asymmetry in the coefficients Cj,.* This function is determined by the action of forces of a non- 
conservative character, and its appearance presupposes the presence of a certain theoretically unlimited energy 
source [2], It is evident even from physical considerations that automatic-regulation systems (more accurately, 
indirect-regulation systems) are essentially dynamic systems of a general type, for they are indeed characterized 
by the presence of a certain controllable source of external energy, This generally well-known premise can be 
readily confirmed by analysis of any system, For example, the equations of a system for the regulation of the 
excitation of a unit feeding a network of infinite power through a transmission line have the following form 
(using the symbols employed by V. L. Inosov;: 


UE, 9 
(M p? + Dp + -~— cos 8)) AS 4- -,.- sin3,A £, = 0; 
x. Xy 

X,—X; - _ . 
ee TMP Oey Pt DAE, — O86, 


Fy (p) O38 + Fy (p) D Ey— AE 4, = 0. 


It is quite obvious here that the coefficient matrix is quite asymmetric, 


One can assume in general that automatic-regulation systems for which the function | of the “artificial 
forces* vanishes, are usually nonexistent, But then the energy stability criteria assumed in V, L, Inosov's work 
become insufficient, as already shown by Routh [2], 


Thus, the general theorems developed in $1 of the article are not applicable to the investigation of the 
stability of power systems with their automatic-regulation apparatus, 


2, Without attempting at all to use the energy functions directly, the author builds up his subsequent 
arguments on the well-known premise [2, 3] that a well-known connection exists between the frequency 


characteristic of a system and the power dissipated per cycle in forced oscillations caused by an external har- 
monic force, 


However, by treating this premise wrongly, namely by identifying the condition that the power dissipated 
T 
in the forced oscillations be positive, —{Pat >0  , with the condition that the dissipation function @ must be 
; ; 


positive, the author reaches the conclusion that if the first condition (or a corresponding condition imposed on, 
the frequency characteristic) is satisfied for any element of the system, the element assumes the properties: of 
an ordinary passive element in the sense used in network theory, ** 


No clear definition is given here for the concept “system element" or “link,” and in the absence of any 
requirements imposed on the coupling the use of the above conditions becomes unclear in principle, 


3, The application of the proposed analysis method to power systems, made in §3 of the article, clearly 
shows that it is incorrect, 


. Let us note that if the line losses are accounted for, even the equations of an over-regulated system be- 


come asymmetric, depending on whether one of the angular coordinates, assumed as a general starting point for 
the computation, is ignored, 
T 
** Let us note that the condition —J|Pdt>0 subject to certain limitations, can actually be used to in- 
0 


vestigate the stability of a system, for it is identical with the condition that follows from the usual frequency 
criterion, 
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The element (link) of the power system is taken to be a generator equipped with an excitation regulator, 


The unit operates into the remaining system, replaced here by an equivalent voltage of variable mag- 
nitude and phase, through an external reactance, The investigation reduces in final analysis to the imposition 
of conditions on the characteristic Equation (9) of the article, which is none other than the characteristic equa- 
tion of a unit feeding an infinite-power network through a transmission line, the reactance of which remains 
undetermined[Xy and X§ in Equations (4) and (6) of the article stand obviously for the total machine and 
line reactances), 


od Yet it is clear to any engineer engaging in the calculation of the parallel operation of the units that the 
value of these reactances is the decisive factor in the determination of the stability, 


It is also evident that if all the units connected to an infinite bus satisfy the stability conditions, this does 
not necessarily mean the stability of the power system as a whole, if it is not "ruggedized" by superposition of 
such buses, 


The above leads to the conclusion that V, L, Inosov’s work is based on false theoretical premises and 
leads to technically nonrational conclusions, 
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ANSWER TO REMARKS BY A, A, PERVOZVANSKY 


1. The article did take into account the asymmetry of the coefficients, cj,, although not in the form 
given in B. V, Bulgakov's book “Oscillations,” for this book was published after the article, In particular, the 
expression 


2 7 ba A cix PiQx 


in the equation for a on p, 303 reflects the fact that the quadratic form I in Bulgakov's book differs from zero. 
Since the quadratic form G does not enter into the equation for the dissipation of the total energy 


2 a 3S 
dt 
(the symbols are Bulgakov’s, see p, 405), it cannot affect the sign of the damping coefficient and the case 
G # 0 is not different in principle from the case G = 0. 


The sum of the quadratic forms "(A + N)* which determines the total energy stored in the system satis- 


A+H 
fies the conditions of the Liapunov function, and therefore the sign of the derivative are becomes de- 


cisive for the system stability, 


The article is based on the idea that if energy must be supplied to the system to maintain its oscillations, 
then the sign of the above derivative will be negative in the free process, and the system will be stable, 


Naturally, the case when the coefficients are not symmetrical will be more general, and the paragraph at 
the end of p, 302 should therefore be corrected, but this naturally does not affect the applicability of my 
further development of the method, 


As indicated in the article, I do not use the quadratic form, and the method I| propose presupposes that 
the couplings between the links obey the reciprocity rule, This is why the simple conditions I propose, guarantee- 
ing the absence of self-rocking in a complicated power system, cannot be extended, for example, to closed re- 


gulation systems, in which there is a directed flow of action from link to link (measuring elements, amplifiers, 
servomotors). 


2, The average power, needed to maintain the forced oscillations of the system, is (Bulgakov, p. 499) 
1 I is 
Pay= a CT (N— =O). 


In a passive system 1=0 and N>0, This is why we always have for a passive system (Bode's theorem) 


Pay = * ¢ TN > 0. A condition is imposed on the links in the article that Pay be positive for all frequencies, 


cation? « bata. 2 
One can therefore put 7 c+ (N lo ,g = 7 C" Neg. 


It follows therefore that the above link can be replaced by an equivalent passive link with a positive 
dissipative function, We are therefore right in assuming, without loss to the rigor of the analysis (particularly 
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if the structure of the system is unknown) that the system is passive if the energy of the external disturbances 
is positive at all frequencies, even if the system does contain controllable energy sources, 


As to the fact, raised by A, A, Pervozvansky, that no clear definition was given to the “concept of a 
“system element” or “link,” and in the absence of any requirements imposed on the coupling the use of the 
above conditions becomes unclear in principle,” I must say that the limitations | imposed on the couplings 
are indicated in the footnote of p. 305, By link is meant any two-terminal network with a positive pure input 
resistance, As applied to a power system, the term “link® in the article refers to a generator with a section 
of the network, as was clearly indicated there, 


3. The logic of the third remark is unclear to me, Actually, the parameters Xqg and X4 are decisive 
in the determination of the stability, but they also enter in the expression given to us, and are determined when 
the system is subdivided into elements, Where does A, A, Pervozvansky see any falsity in the method here? 


The aperiodic stability of the system, dependent on the real roots, actually depends on whether the 
common buses will be solid or not, but the possibility of self-rocking is eliminated if each element has a 
positive disturbance power at all frequencies, or a positive dissipation in the sense indicated above, (As A, A, 
Pervozvansky would state it, under all conditions when operating into an infinite bus), 


SUMMARY 


Taking the above into account, it must be stated that A, A, Pervozvansky had no grounds for stating that 


the method treated in the article “is based on false theoretical premises and leads to technically nonrational 
conclusions,* 


V. L. Inosov 
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CHRONICLE 


SCIENTIFIC SEMINAR HELD IN KIEV ON THE THEORY 


OF AUTOMATIC REGULATION 


In accordance with the resolution of the Second All-Union Conference on the Theory of Automatic Re- 
gulation, held in Moscow in November, 1953, a Scientific Seminar on the Theory of Automatic Regulation was 
organized in Kiev in February, 1954, by scientific workers and engineers engaged in automation, 


Detailed information on the first stage of the work of the Scientific Seminar was published in "Automation 
and Remote Control,” No, 4, 1954, and in “Automation® No, 1, 1956 (published by the Academy of Sciences 
of the Ukraine SSR), 


In 1955-56 the Scientific Seminar examined many urgent problems, 
Several papers were devoted to the application of statistical methods to the theory of automatic regulation, 


On January 10 and 24, 1955, Candidate of Technical Sciences, N, 1, Kuznetsov (Kiev Higher Engineering 
Aviation School) explained in two seminars the basic premises of the method for the investigation of automatic- 
regulation systems under the influence of disturbances that are random functions of time, 


The paper pointed out the extensive potentialities of the mathematical disciplines of probability theory 
and of the theory of random functions in the investigation of automatic-regulation systems that are acted upon 
by disturbances that are random functions of time (external noise, measurement errors of the control signal, etc.); 
the principles of this method were given, 


In the discussions, Doctor of Technical Sciences A, G, Ivakhnenko (Electrical Engineering Institute of the 
Academy of Sciences of the Ukraine SSR), Doctor of Technical Sciences, A, 1, Kukhtenko (Institute of Mining 
Affairs of the Academy of Sciences of the Ukraine SSR), Candidate of Technical Sciences, O, M, Kryzhanovsky 
(Institute of Mining Affairs of the Academy of Sciences of the Ukraine SSR) and Candidate of Technical Sciences 
L. N, Dashevsky (Institute of Mathematics, of the Academy of Sciences of the Ukraine SSR) cited many practical 
examples to show the effectiveness of the use of the theory of random functions in the investigation of individual 
problems in automatic-regulation systems, 


A, G, Ivakhnenko and O, M, Kryzhanovsky indicated the need for the scientific workers and engineers 
engaged in automation to master the theory of random function and the need for developing methods for the 


investigation of the automatic regulation of systems under the influence of disturbances that are random functions 
of time. 


On February 21, Doctor of Technical Sciences, A, 1, Kukhtenko read a paper on “Statistical Methods in 
the Investigation of the Regulation of Mining Machinery," The first part of the paper indicated that the dynamics 
of automatic regulation systems for coal cutters and for coal combines can be described in terms of linear 
differential equations with a delayed argument, 


The second part of the paper was devoted to the investigation of the response of the system to continuously- 
acting disturbances of random nature (for example, coal of differing strength), The lecturer suggested that the 
real diagram be replaced by an ideal one (in which the coal is assumed homogenous), and to have a random 
quantity k allow for the variable strength of the coal. 


A, 1, Kukhtenko showed how it is possible to synthesize automatic regulation systems for mining machines 
on the basis of the least-squared error requirement, 
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Participating in the discussion after the paper were Candidate of Technical Sciences L, A, Shoykhet 
(Institute of Mining Affairs of the Academy of Sciences of the Ukraine, SSR), Candidate of Technical Sciences 
N, I, Kuznetsov and others, N, 1, Kuznetsov raised doubts concerning the statement of the problem and con- 
cerning the use of the theory of random functions for its solution, In his opinion it is more correct to consider 
the limiting strength of the coal not as a random quantity k, but as a random function k(t), for the machine 
is in motion; the use of random-function theory will then become valid. 


On February 7, A, G, lvakhnenko indicated in his communication that the invariance conditions, derived 
by him previously to show ways of eliminating errors in linear combined-regulation systems subject to distur- 
bances is applicable also for statistically-specified disturbances, 


Two lectures; “The Passage of Random Functions Through a Linear Dynamic System," and *The Synthesis 
of Automatic Regulation Systems Subject to Random Action" were delivered by Candidate of Technical Sciences 
V. 1, Ushankin (Kiev Higher Engineering Aviation School), 


In the discussions after the lecture A, G, Ivakhnenko, A, I, Kukhtenko, O, M, Kryzhanovsky and N, M, 
Chumakov (Kiev Higher Engineering Aviation School) made many critical comments on the nature of the 
problem investigated, 


Two seminars held on October 3 and 17 were devoted to lectures by Doctor of Technical Sciences Yu, 
A, Mitropolsky (Institute of Mathematics of the Academy of Sciences of the Ukraine SSR) on the “Application 
of the Small Parameter Method to the Theory of Automatic Regulation,” Along with presenting the classical 
foundations of this method, developed by N, M, Krylov and N, N, Bogoliubov, the lecturer reported on new re- 
sults obtained by using the small-parameter method for equations with variable coefficients, 


Discussions by Active Member of the Academy of Sciences of the Ukraine SSR, A, Yu, Ishlinsky, A. G, 
Ivakhnenko, and O, M, Kryzhanovsky praised the paper highly and recommended that the methods developed 
by Yu, A, Mitropolsky be applied to actual automatic-regulation systems, 


Candidate of Technical Sciences N, M, Chumakov raised doubts concerning the proposed mathematical 
theory, for the estimate of the small parameter appeared to him to be purely intuitive, 


Candidate of Technical Sciences 1, 1. Krinetskiy (Kiev Institute of Civilian Fleet Engineers) remarked 
that the method presented is intended for engineering calculations, Such approximate methods, when used 
jointly with experiments, are very valuable in practice, 


Toward the end of 1955 the Bureau of the Seminar resolved to invite wide participation in the work of the 
Seminar on the part of scientific workers and engineers in the Ukraine SSR, engaged in automation, 


The scientific organizations of Lvov, Stalino, Dnepropetrovsk, and other cities,responded to this resolution, 
The Kiev Municipal Seminar thus became a Republic Seminar, 


Great interest was created at the Seminar of October 31 by A, G, Ivakhnenko's paper "New Method for 
Design of Magnetic Amplifiers." At the same time, N, M, Chumakov explained a method for the design of 
magnetic amplifiers, developed by N, P, Vasilyeva and O, A, Sedykh (Institute of Automation and Remote 
Control of the Academy of Sciences , USSR), 


On November 28, Engineer D, P, Avrinsky (Institute of Mining Affairs of the Academy of Sciences of the 
Ukraine SSR) delivered a survey lecture, based on materials in the foreign literature, on "Circuits and Operating 
Principles of New Types of Magnetic Amplifiers," 


The lecturer*s data were supplemented after the lecture by Doctor of Technical Sciences, A, G, Ivakhnenko 
and Candidate of Technical Sciences, A, D, Riabinin (Kiev Higher Engineering Aviation School), 


On December 28, Engineer K, B, Shulgin (Donets Industrial Institute, Stalino), delivered a lecture on 
"Automatic Regulation of a Closed-Cycle Hydro-Compressor,* The lecture threw light on the results of theoreti- 
cal and experimental investigations obtained by him for a new system of automatic regulation, 


In the discussions, A, Yu, Ishlinsky, A, 1, Kukhtenko, P, I, Chinaev, N, M, Chumakov and others made 
many critical comments and at the same time praised this new work highly, In particular, A, 1, Kukhtenko 
remarked on the correct statement of the problem and on the clever combination of theoretical and experimental 
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investigation, K.B. Shulgin employed mathematical theories of the investigation of pulse systems, It is a 
valuable engineering-computation procedure that K, B, Shulgin first developed and applied to the automatic- 
regulation system of a closed-cycle hydro-compressor, In the discussions N, M, Chumakov raised doubts con- 
cerning the correctness of the simulation of the object under laboratory conditions, The actual pressure ratio 
and change in level, occurring in the mines, is different than that obtainable in a laboratory setup, The failure 
to obtain similitude may lead to incorrect conclusions concerning the operation of the system, P, I, Chinaev 
supported the lecturer, stating that to simulate hydraulic object it is necessary to have equal Froude number, 
and this was done by the lecturer; consequently, the results can be of practical value, 


Attention was paid in the program of the Seminar for 1956 to computation techniques and their applica- 
tion to automatic-regulation systems, A prominant place was given also to the analysis of the results of in- 
dependent investigations performed by the participants in the Seminar during 1955-1956, 
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WORK OF THE SEMINAR IN 1956 


On January 9, Engineer V, I, Ivanenko (Institute of Electrical Engineering of the Academy of Sciences 
of the Ukraine SSR) lectured on his dissertation work, “Investigation of Automatic Speed-Regulation Systems 
for Mining Hoists," The lecturer embarked on finding a rational structural diagram for the regulator, so as to 
insure that the motion of the regulating system would not differ from the specified value, The inverse circuit- 
synthesis method was employed for this purpose. 


To clarify the dynamic problems, the lecturer used electronic computers to determine the transients in 
the nonlinear systems, The investigations led to specific recommendations, Those participating in the seminar 
rated the dissertation work highly, 


On February 6, Reader E, A, Papernyi (Lvov Polytechnic Institute) lectured on the "Use of Computers in 
Automatic Regulation Systems," The lecturer showed that a computer, based on a mathematical simulation of 
the object, can be used to regulate processes in blast furnaces, Such a computer was developed by a group 
headed by Professor K, B, Karandaev, A large commercial model has been in experimental operation in con- 
junction with Blast Furnace No, 2 at the “Azovstal® plant, 


The data of the computer are used so far as “counsel® in the choice of the optimum operating conditions, 
It will be used in the near future as a master control for an automatic blast-furnace regulation system, 


O, M, Kryzhanovsky remarked after the lecture that the lecturer refers only to a measuring element, and 
not to a computer as a whole, It would be more correct to build a computer with a memory device to permit 
analysis of the preceding processes and to employ this analysis for optimum adjustment of the system, 


A, G, Ivakhnenko remarked that the fundamental shortcoming of the work reported is that it was performed 
without the participation of specialists in automatic regulation, 


Candidate of Technical Sciences, L, N, Dashevsky indicated that discrete-action circuits extend con- 
siderably the field of computer application in automatic-regulation systems, 


A series of survey articles on electronic computers was arranged by the Seminar, 


On December 26, 1955 and January 16, 1956, Candidate of Technical Sciences, Yu, V, Blagoveshchensky 
(Institute of Mathematics of the Academy of Sciences of the Ukraine SSR) lectured on computer programming, 


On February 13, Candidate of Technical Sciences, G, K, Nechaev (Institute of Electrical Engineering of 
the Academy of Sciences of the Ukraine SSR) lectured on *Techniques of High-Speed Computing Machinery," 


On February 27, L, D, Dashevsky lectured on "Principles of Construction of Electronic Computers," 
On March 12, L, A, Shoikhet lectured on "Guided Motion of Drifting Combines," 


The lecture treated the question of automatic control of the guided motion of a drifting combine and 
derived the automatic-regulation system required for the purpose, using a computer device to determine the 
setting of the regulator as a function of the path covered by the combine, Experiments performed under laboratory 
conditions have shown that the operation of the basic units of the computer device will operate accurately, 


On March 26, P, I, Chinaev lectured on "Graphoanalytic Methods for the Analysis of Automatic Regulation 
Systems," The lecturer dwelled in great detail on D, A, Bashkirov's graphoanalytic method, noting its principal 
advantage, namely its applicability to various automatic-regulation problems, 
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In the discussions, V, I, Ivenenko and ©, M, Kryzhanovsky supplemented the survey of the numerical- 
integration methods made by the lecturer and expressed their disagreement with his views on the universality 
of the Bashkirov method, O, M, Kryzhanovsky claimed that the invention of electronic computer has reduced 
the value of approximate methods for numerical integration, 


On April 2, N, P, Chumakov reported on methods developed under his leadership for experimental de- 
termination of phase frequency characteristics of servosystems and of stabilization systems with a real-frequency 
range from 0 to 5 cycles, He presented the principal diagrams and the structural drawings of breadboard models 
of instruments for the measurement of the phase shift, The lecturer reported that the breadboard models gave 
satisfactory results, 


After the lecture A, G, Ivakhnenko, A, Yu, Ishlinsky, and A, 1, Kukhtenko remarked on the value of this 
work and recommended that the possible accuracy of the developed instruments be theoretically determined, 


At the same session of the Seminar, A. Yu, Ishlinsky reported on a new instrument for the measurement 
of the angular velocity of a moving object, or more accurately, of its component on a certain line tied to the 
object, 


The instrument is called a “gyrotron” and comprises a vibrating tuning fork attached on a stand that can 
be twisted, Flexural vibration, maintained by an electromagnetic device, causes the moment of inertia of the 
tuning fork about its symmetry axis to vary, This, in turn results in a variation of the angular momentum about 
the same axis; in the absence of torsional vibration this angular momentum is the product of the moment of 
inertia by the component of the unknown angular velocity along the symmetry axis of the tuning fork, Since 
the twist stiffness is not zero, torsional vibrations will be produced, having an amplitude that is proportional to 
the measured angular velocity, 


The sensitivity of the gyrotron is quite high, but the useful signal, usually picked-off electromagnetically, 
contains many parasitic signals which are difficult to eliminate, This report was heard with great interest. 


On April 23-24 a coordination conference of the scientific-research institutions, higher institutes of 
learning, and manufacturing organizations of the Ukraine SSR was held to discuss plans for scientific work in 
the field of automatic regulation and automation during the sixth five-year plan, Detailed information on 
this conference was published in "Automation" No, 3, 1956 (published by the Academy of Sciences of the 
Ukraine SSR) andin *Automation and Remote Control,” No, 12, 1956, 


On May 7 Candidate of Technical Sciences L, V, Tsukernik (Institute of Electrical Engineering of the 
Academy of Sciences of the Ukraine SSR), in a lecture on "New Automatic-Regulation Systems for the Excitation 
of Synchronous Machinery," presented a survey of new work in this field, pertaining to large power systems and 
to generators of relatively low capacity, 


Using as an example the automatic excitation regulator for the generators of the Kuibyshev Hydroelectric 
Station, developed by the All-Union Electric Institute of the Ministry of Electric Industry, by the Central Scien- 
tific Research Experimental Laboratory of the Ministry of Electric Stations, and by the Institute of Automation and 
Remote Control of the Academy of Sciences of the USSR, the lecturer demonstrated the effectiveness of 
introducing the first and second derivatives of the deviations from the terminal parameters into the regulation 
law, and also the value of introducing relay and logical control elements, Using as an example the voltage 
regulator for marine electric generators, developed by the Institute of Electrical Engineering of the Academy 
of Sciences of the Ukraine SSR, the lecturer examined the features involved in the regulation of low and medium 
power generators, The advantages of negative statism for voltage regulation were shown, and it is pointed out 
that this insures stable operation of parallel generators connected to common buses by using equalizing connections 
in the excitation circuits, An automatic regulator, based on a controllable compounding phase circuit in con- 
junction with compounding of parallel generators according to the average current, and developed at the Institute 
of Electrical Engineering of the Academy of Sciences of the Ukraine SSR (L, V. Tsukernik, O, M, Kostiuk, and 
V, E, Rybinsky) provides good operating characteristics, particularly with respect to high speed and quality of 
regulation, The regulator, furthermore, is relatively small in size. 


The lecture was followed with great interest by representative of plants, design organizations, the Kiev 
Power System, and scientific-research institutes, who attended the seminar, The lecturer was asked many 
questions, 
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On May 21, Instructor A, I, Sud-Zlochevsky (Kiev Higher Engineering Aviation School) lectured on his 
dissertation work on the improvement of the quality of coupled regulation by introducing artificial couplings. 
The lecturer analyzed the effect of the coupling on the regulation quality of systems with two and three re- 
gulated parameters, The lecturer*s conclusion that it is possible to improve the quality of system regulation 
by n times by introducing artificial couplings was verified with a voltage regulator and a frequency regulator 
for an aircraft generator converter, 


After the lecture, Doctor of Technical Sciences, Yu, G, Kornilov, A, G, Ivakhnenko, A, I, Kukhtenko, 


and V, L, Inosov remarked on the urgency of the topic selected by A, I, Sud-Zlochevsky and offered many 
useful recommendations, 


At the same Seminar session, the Chief of Setup Operations of the Kiev Power System, Yu, M, Bulavitsky, 
reported on experience in extending the use of thermal automation to the electric station of the Glaviuzhenergo 
(Main Southern Power System), The lecture was based on material on the monitoring of 15 electric stations 
in the Glaviuzhenergo system, carried out at the instigation of the USSR Ministry of Electric Stations by a 
brigade of operating personnel, which included the lecturer, 


On June 4, 1956, Doctor of Technical Sciences A, N, Miliakh (Institute of Electrical Engineering of the 
Academy of Sciences of the Ukraine SSR) lectured on *The Inductive-Capacitive Transformer as an Automation 
Element,* The inductive-capacitive transformer installation is based on the use of the phenomenon of electro- 
magnetic induction occurring when both the magnetic and the electric fields are varied simultaneously in the 
transformer core, Ferrites, which have a good magnetic permeability and high electric properties, make the 
construction of an inductive-capacitive transformer possible, The inductive-capacitive transformer can be 
realized by cascade or parallel connection of an inductive transformer with a capacitive transformer, tuned to 
resonance at the operating frequency, Inductive-capacitive devices are used in high-frequency engineering. 


On June 18, P, 1, Chinaev reported on his experimental and theoretical investigations of a relay system 
for automatic temperature regulation, The regulation object employed was a model of a ventilated airplane 
cabin, The regulator was of the RGVK-45 type, The system was investigated by the phase-trajectory method 
and by D, A, Bashkirov's graphoanalytic method, New operating properties were obtained by modifying the 
regulator, 


In the discussions, I, 1, Krinetsky remarked that the main problem in the cabin is the air ventilation, 
Maintenance of air temperature is a side issue, The practical value of this investigation is that a new type of 
regulation object was considered and that possible methods were found to improve the regulation, 


At the same Seminar session, N, M, Chumakov reported ou "Phenomena in Biology,” 


With this, the Seminar concluded its activities for the 1955-1956 academic year, 


N, A, Kachanova and P, I, Chinaev 
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USE OF MEMORY DEVICE TO IMPROVE THE STABILIZATION OF 
AUTOMATIC-REGULATION SYSTEMS WITH LIMITED SERVO MOTOR SPEED 


V.A. Kotel'nikov 


(Moscow) 


The problem of designing a stable automatic-regulation system is 
considered under conditions of limited drive speed and unlimited initial 
errors, 


A memory and switching device, satisfying the above requirements 
in the presence of a regulator with proportional feedback, is developed. 
The stability limits, which serve as a basis for determining the permissible 
values of regulator parameters, are determined for automatic-regulation 
systems with such a memory device, Analogue methods are used to de- 
termine the transients in the automatic-regulation systems when the er- 
rors exceed the linear speed range of the regulator drive, 


INTRODUCTION 


To stabilize automatic regulation systems (ARS), extensive use is made of regulators with proportional 
feedback, which produces a deviation of the controlling device that is proportional to the signal if the drive of 
the regulator has a sufficiently high speed. A real regulator, however, always has a drive of limited speed, 
since its power is limited. The limitation imposed on the speed of the drive with high rate of change of the 
control signal leads in certain systems to poor transient response or even to loss of stability. 


It is the purpose of this work to develop a device which makes possible an improvement of the stabiliza - 
tion of the object with the aid of a regulator having a limited drive speed. 


We shall consider problems of guaranteeing the stability of and improving the static accuracy of an ARS, 
consisting of an object and a regulator with a proportional feedback in the presence of unlimited initial errors. 


It is assumed that the regulator has: 
1) A limited maximum of speed, power, and sensitivity in the drive; 
2) A feedback gain that is limited by the time delay in the elements, 


Under the above conditions and under the above limitations, the system is stabilized with the aid of a 
memory device developed by the author, The article will consist essentially of a description of the principle 
of operation and an analysis of the operation of this device. 


1. Description of Circuit and of the Principle of Operation of the Memory and 





Switching Devices 





The circuitry of the memory and switching devices (Fig. 1) incorporates six high-gain operational ampli- 
fiers [1]. 
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Fig. 1. 


Amplifiers 12 and 13 are used for the memory, Amplifier 8 serves as a phase inverter. Amplifiers 9, 
10, and 11 act as triggers, with amplifiers 9 and 10 operating when the signal is zero, and amplifier 11 operat- 
ing when the derivative of the signal is zero, Amplifier 6 simulates the amplifier of the servo mechanism sys- 
tem of the regulator, while amplifier 7 simulates the drive mechanism of the regulator. 


Operation of amplifiers 9, 10, and 11 in the trigger mode is guaranteed by the use of diodes connected 
in the feedback circuit. Diodes 1 and 2 serve to discharge capacitors connected at the input of amplifiers 12 
and 13 after each memory cycle, Diode 3 prevents positive voltage from appearing at the input of amplifier 
12, and diode 4 prevents negative voltage at the output of amplifier 13. If accidentally there appears at the 
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output of amplifier 12 an additional negative voltage on vop of the signal voltage, diode 5 will remove this 
voltage during the non-operating half cycle of amplifier 12, with the aid of diode 3. Diode 6 operates in the 
second amplifier analogously with diode 5, 


Forced discharging of memory capacitors Cy, and Cy is produced by batteries V, VI through resistances 
R and R 
7, 12 7, 1+ 


Capacitor Cy discharges when the voltage corresponding to the coordinate 6 is less than the voltage of 
the battery V and the voltage at the output of amplifier 11 is negative. Capacitor Cy, discharges when the 


voltage corresponding to the coordinate 6 is greater than that of the battery VI and the voltage at the output 
of amplifier 11 is positive. 


Diodes 7 and 8, operated by amplifier 11, block the voltage fixed by the capacitors at the input of ampli- 
fier 6 during the first quarter of the working half cycle, and diodes 11 and 12 permit the discharge of the mem- 
ory capacitors only during the second quarter of the working half cycle. 


Let us trace the variation of the voltage at various points of the circuit when a sinusoidal input signal is 
applied. 


During the first quarter cycle, the voltage at the out- 
put of amplifier 12, the transfer coefficient of which is unity, 





10 will have the same absolute value as the signal voltage. 
F serene ‘| fF . During the second quarter, when the signal voltage diminishes, 
Fi m {3 | / - the output voltage of amplifier 12 remains constant, since 
| ilies e ae 7 diode 9 opens the input circuit of this amplifier. During the 
a third and fourth quarters of the cycle, the trigger (amplifier 
a oe 9) operates, and consequently the voltage at the output of 
ka, amplifier 12 is zero, 
Fig. 2, The voltage established at the output of amplifier 12 


by the operation of diode 8 is applied to the input of ampli- 
fier 6 only during the second quarter of the cycle, 


The operation of the second half of the memory device with amplifier 13 is analogous, and amplifier 13 
applies to amplifier 6 the voltage fixed at the output of amplifier 13 during the fourth quarter of the period. 
Since the input signal and the rectangular wave formsfrom amplifiers 12 and 13 are summed in amplifier 6, we 
obtain at the output of amplifier 6 a lead relative to the input signal u,. 


The solid line of Fig. 2 shows the variation of the speed as a function of the signal u, for an ordinary 
regulator, the dotted line shows it for a regulator with a memory device without forced discharge of the memory 
capacitors, while the dash dot line shows it for a regulator with a memory device and forced discharge of the 
memory capacitors. 


The symbols on Fig. 2 are: 8 -- angle determining the velocity coefficient of the drive, n = tan B, b— 
maximuin value of speed, oy — signal amplitude corresponding to the linear portion of the speed characteristic, 


A device based on an idea similar to above is employed in [2]. 


2. Linearization of the Nonlinear Dependence of the Speed on the Input Signal 





For approximate replacement of the nonlinear dependences (Fig. 2) with linear ones we shall employ the 
equivalent-linearization method, For this purpose we shall expand in a Fourier series the functions 6 = fuy) 
(solid line) and 6 = f,(u,) (dotted line), 


In the expansion we neglect all harmonics except the first, i.e., we shall assume that f (u) = a9 + a* Cosx + 
+ b® sin x, 


For the function f,, the Fourier series coefficients will be 


° ° 2 ode — 
a~=0, a =0, = = (vare sin | + bcos arc sin =) 
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The curve showing the dependence of the quantity b*/a on a, calculated from the above equation is 
shown dotted in Fig. 3. 


For the function f,, the Fourier series coefficients will be 
° 2b b * b na . ae 
a,=0, a =2(2—-<), ° = ares gg — Sina Sng 


+ 2 cosare sin 42% cos arc sin (i—- — — )+ ) + ™ aresin(1 —=)- 


_ 2. sn(4— 2\_ 22 a's (1— =) 
sin tro ia(1 =) . = cos arc sin| 4 =>} 


The curves showing the dependence of the coefficients a* / a and b*/a on a, corresponding to the above 
equations, are shown in Fig. 3. In both cases the unit of amplitude is taken to be the amplitude of the linear 
portion a, , and the unit of a*/a and b*/« is taken to be the quantityn = tanB. 


AT Thus, after performing the linear approximation, the 

@a equation for the drive will be 6 = (b*/«a) u for the nonlinear 

1 a L dependence f,;, while for the nonlinear dependence f, we have 
\ § =(a*/a i+ b®/a)uy, where i = -/ -j, 


In the first averaging formula the velocity coefficient 
depends on the amplitude of the signal u,, and the phase of 
the velocity coincides with the phase of the signal for all 
frequencies and amplitudes. In the second formula, the 
velocity coefficient and the phase shift between the velocity 
6 and the signal u, depend on the amplitude of the signal, 
but are independent of the frequency. 

















Fig. 3. 


3. Equations and Parameters of System Employed for the Investigation of the 





Stability of the ASR and for Simulation 





The advisability of using a memory device will be considered using as an example the stabilization of an 
object, the motion of which is described by the following equation. 


XK = — pi, (1) 


where X is the regulated coordinate, dis the coordinate of the controlling device of the regulator, and Pp is the 
coefficient of effectiveness of the regulating device. 


Let us use for stabilization a regulator with proportional feedback, The equation of the regulator in 
operational form, with allowance for the time lag, will be 


where fr is the time delay of the drive, fis the nonlinear dependence (see Fig. 2), and a, ay, a, are constant co- 
efficients, and D = d/dt. 


For a regulation system consisting of an object, described by Eq. (1) and a linear regulator with propor- 
tional feedback without time delay, we obtain the following characteristic equation: 


D? + aD? + qa “- p D+ yap > =0, 
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where n is the velocity coefficient of the drive of the regulator, obtained as a result of linearization of function 
f. The resultant equation contains three combinations of the parameters: a;/ a», 9 a, and pa,/ a. 


The ratio a,/ a, is stable and varies little with random variations of the regulator parameters, 


The product na characterizes the total gain over the feedback loop. In the product na the quantity n 
can change spontaneously by a factor of 2-3 owing to variation in the velocity characteristic of the drive. 


In the presence of a backlash zone in the drive, the accuracy of the operation of the servo system of the 
regulator increases with increasing coefficient a. 


The product pa,/a characterizes the total gain in the regulator-object loop, 


The value of the effectiveness of the regulating device can vary over a wide range, since the quantity p 
depends on the mode in which the stabilized system is operated, for example, for such an object of regulation 
as an airplane, the quantity p is proportional to the square of the flight speed. 


We shall consider the gain of the servo system of the regulator and the total gain of the regulator-object 
system to be the principal parameters of the system, which characterize its properties. We shall use these 
coordinates to compare the results of the calculation of the periodic modes for various methods of regulation, 


4. Periodic Modes of an ASR with a Regulator Without Lag, but with Limited 





Speed of the Regulator Drive 





To illustrate the advantages of system stabilization by means of a regulator with a memory device, let 
us compare three versions of stabilization: 1) with ordinary regulators, 2) with a regulator responding to the 
signal and its derivative, and 3) with a regulator having a memory device. 


The first version is described by the following equation: 


D?X = — pi, 
Ds = hi (a,DX “fp a,X ou ad). (2) 


The periodic modes that are possible in the linearized system corresponding to system (2) are determined 
from the following relationships 


a 
seated wear" 


where w is the oscillation frequency. 


The calculated results obtained from the formulas derived are given in Fig. 4. Using the Hurwitz cri- 
terion, it was established that the system is stable to the right of the curve corresponding to the periodic mode, 
and unstable to the left of this curve. The location of the stability regions are confirmed by simulation. 


The results obtained show that when the amplitude increases above a certain value, the stability is destroyed, 
for the averaged velocity coefficient drops below the permissible value. The loss of stability at large amplitudes 
limits the permissible value of the disturbances that can act on the system. 


The second version is described by the equation 


DX = — pi, 
D8 = f, (kD +1) (a,DX + a,X — a’), (3) 


where k is the factor in front of the derivative of the control signal. 


The equations for the periodic mode of the linearized system (3) will be 





Figure 4 shows the results of calculations with the above equations for k = 1.75 and a,/a, = 0.5. Accord- 
ing to Hurwitz criterion, the system is stable to the right of the boundary of the periodic mode. 
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Figure 5 gives the results of the calculation of the periodic modes for various amplitudes a, 
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As in the first version of stabilization, the stability 
of the ASR is destroyed when the amplitude a increases for 
a specified value of a,p/a. 


Increasing the action of the derivative of the control 
signal (increasing the coefficient k ) makes it possible to 
increase the permissible amplitude. However, the permis- 
sible value of the coefficient k is limited if the system 
contains a regulator with time delay. 


The third version is described by the following 
equation: 
D?X = — pi, 
Ds = ho (a, DX ia a,X y ad). (4) 





The equations for periodic modes of the linearized 
system (4) will be 





a” a 
B (1— ow) 
7a — = - 


“spy 








The location of the stability regions is analogous to that of the first case. When the periodic modes are 


redrawn from the initial coordinates a,p/a and nb* a/« into coordinates ayp/a and a/a; , a single point on 
the curve nab* /a vs, a/ a, corresponds to each amplitude. 


Figure 5 shows this latter curve for a regulator servo system with a gain na = 1. 


For any other value of gain, the values of b® /a (Fig. 3) should be multiplied by na. 


If na> 1.5, the stability is retained for all values of the parameter a,p/a and for all amplitudes a. 


However, in the presence of a time delay, one can increase the gain na to extend the stability region only with- 
in a narrow range (see below for the stability boundaries in the case of time delay), The stability region ob- 
tained differs from the stability region as plotted in coordinates a,p/a, a, shown in Fig. 4, since in the latter 
case the system stability is not affected by an increase in the amplitude, starting with a certain value of a,p/ a. 
This permits the system to operate stably in the presence of disturbances of all amplitudes. In such a regulation 
system, the minimum speed of the regulating device is determined by the permissible deviation of the system due 
to action of random disturbances and by the value of the mode rate of change that is adequate for the control 
purposes, 


Many automatic regulation systems do not require a high control-device speed to satisfy these conditions. 
This makes it possible to use a step-down gear reduction between the drive and the regulating device. 
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Introducing a gear reduction makes it possible to increase the load acting on the control device, and to 
increase the coefficient a of the position feedback.* Increasing the position feedback while retaining constant 
the transfer factor from the sensitive elements to the control device (the ratio a,/a ) makes it possible to increase 
the coefficient a, by the same amount, 


In the presence of an insensitivity zone in the drive mechanism of the regulator, an increase in the feed- 
back coefficient and in the coefficient a, leads automatically to a corresponding reduction in the insensitivity 
zone. Along with increasing a, and a,, the deviation of the regulated coordinate, at which a maximum speed 
of the regulator control device is attained, is diminished. This makes the characteristic of the servo drive of 
the regulator approximate that of a relay. The relay characteristic makes it possible to obtain maximum ac- 
tion on the part of the regulator on the regulation object within the limits of the maximum velocity of the 
regulating device. Optimization of the regulation processes [3-7] becomes little effective in such systems, 


Comparing the above three methods of stabilization, we see that stabilization with the aid of memory 
and switching is preferred. 


5. Simulation of an ASR with a Memory and Switching Device 





The simulation was carried out for the purpose of comparing the transients in a linear system and in a 
system with a regulator having a drive of limited speed. 


A system with limited speed was stabilized with a proportional feedback regulator and with a regulator 
having proportional feedback and a memory device (Fig. 1). 


Two memory devices were tested in the simulation. 


In the first circuit, the resistances Ry, 42 and Ry, y3 (Fig. 1) were not used and the memory capacitors were 
not discharged forcibly, and in the second system, the memory capacitors were forcibly discharged through re- 
sistances Ry, y, and Ry, 4s. 


* In a real regulator the feedback coefficient and the transfer coefficient from the object to the regulator are 
limited by time delay; they can be increased by reducing the velocity coefficient of the drive, 








The speed of the drive was limited by diode limiters, connected in the feedback circuit of amplifier 6. 
The voltage u, of the error coordinate (Figs. 6-12),corresponding to the linear range of speed, was 4.6 volts in 
the simulating device. The parameters of the memory and switching circuit remain constant for all cases of 
simulation, 
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Fig. 6. 


The disturbing action in the system was produced in the form of a constant torque in the right half of 
Eq. (1). 


In the analogue of the system this was effected by means of a voltage connected by switch 1 at the in- 
put of the first amplifier (Fig. 1). The duration t, of the voltage was so chosen as to keep the circuits from 
saturating. 


The simulation was carried out under the fol- 
lowing combinations of system parameters: a,/a, = 


— = 0.5, na = 2, ap/a = 0.1, 1, 100, and 500, 


4, Resistances Ry ¢ and Rys ¢ were used to adjust 
the transfer coefficients of the signal passing through 
resistance Rs ¢ and through the memory device to an 
equal value, 


& 
Ss 8 &® 


For all values of regulator effectiveness a,p/a 
and for values a,/a, = 0.5 and na = 2, the linear 
ess SS oS —.. system was at the stability limit when the speed was 

unlimited. 























Fig. 7. When the speed of the drive of the regulator 
was limited, the system became rapidly swinging if 
the disturbance caused an amplitude deviation exceeding the linear range of the drive speed. 


Figures 6, 7 and 8 show oscillograms of the motion of a system, stabilized by a switching device with 
“memory,” for various values of regulator effectiveness, agp/a = 1, 100 and 500 respectively. The oscillogram 
illustrates the stability of the system for disturbances causing a large deviation of the coordinate u,, exceeding 
by many times the linear range of speed. The oscillograms given here show that a switching device with "mem- 
ory” ensures phase agreement between the coordinate 6 and the control signal. 


If the speed of the drive is limited, the maximum attenuation is observed when the regulator effective - 
ness is high. A characteristic feature of the oscillograms shown is the shift of the zero position of the system 
after the disturbance. 


The value of the shift remaining after the damping of the system approaches zero very slowly. The shift 
is caused by the charging of the memory capacitors Cy or Cy, during the action of the disturbance. A reduc- 
tion in the shift is the result of a slow discharge due to leakage through the memory capacitors. 


Figures 9, 10, 11 and 12 show oscillograms of a system stabilized with a switching device having a "van- 
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ishing memory” for the following values of regulator effectiveness: 
psec agp/a = 0.1, 1, 100 and 500 respectively. These oscillograins illus- 
trate the stability of the system under disturbances exceeding the 
linear range of speed, and the return of the system to the initial 
state. 


However, the use of a “vanishing memory” combined with a 
small regulator effectiveness has been shown by analog simulation 
i ee to reduce somewhat the stability of the system. 
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pee — At low effectiveness, the stability is reduced owing to the 
— ne oe change in the sign of the variation of coordinate 6. 
w---------- 4 
wo |" The sign of the variation of the coordinate 6 is determined 
rll, 1-8 sf by the sign of the control signal, which in turn is determined by 
Fig. 8 / the difference of the coordinate u, and the voltage fixed by capa- 


citors Cy and Cys. The above difference is shown dotted in Figures 
9 and 10. Starting with an instant t*, when 6 becomes smaller 
than the voltage of the charging batteries, the memory capacitor discharges and the difference decreases rapidly. 
The change in the sign of the difference, caused by the discharge, leads to a change in the sign of 6. 
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Fig. 9. 


The delay in the change of the system coordinates when the regulator effectiveness is high, over a time 
period At (Figure 12), is due to the charge of the memory capacitor. To illustrate this statement, letais examine 
Figure 13, where u, stands for the coordinate of the object, 5, for the coordinate of the control device, y, for the 


voltage of the output of the memory device, and ¢,for the signal acting at the input of the amplifier of the regu- 
lator drive mechanism. 
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Fig. 10. 


When the fixed voltage is applied to the input of the amplifier of the drive mechanism, we have ¢ = uy — 
— 5 —V, and when the voltage is not applied, e = u,; — 5. The coordinate ¢ is shown dotted in Figure 13. 


The disturbance causes a change in uy, which produces a motion of the regulating device. The difference 
between u, and 6 is memorized. 


At the instant that the sign of the motion of coordinate u, changes, the signal € becomes uy ~ 6 — V, which 
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Fig. 12. 


causes a reduction in 6. When 6 becomes less than the value at which the capacitors start discharging (at the 
instant t*), the fixed voltage V starts diminishing. During the discharge process, the system oscillates at a high 
frequency (approximately 50 cycles). These oscillations are due to the periodic variations in the sign of the con- 
trol signal €, which occurs every time the sign of uy changes. Actually, as u, increases, a positive voltage ap- 
pears at the output of amplifier 11 (Figure 1), and this voltage is applied to diodes 7 and 8, preventing the volt- 
age V from being applied to the input of amplifier 6. This changes the sign of the control signal, since it is de~- 
termined principally by the value of u, (6 is a small quantity). The change in the sign of the control signal 
Causes a change in the sign of 8, which changes the sign of i. The change in the sign of the derivative produces 
a negative voltage at the output of amplifier 11, and diodes 7 and 8 start transmitting the signal to the input of 


amplifier 6. The control signal changes its sign and causes a change in the sign of 6, and consequently the co- 
ordinate u, increases. 
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Fig. 13. 


The above oscillations will continue until the memory capacitor is discharged to a voltage V, equal to 
the voltage uy. Actually, if V <u,, the summation signal will have the same sign for both positive and negative 


voltages at the output of amplifier 11, and the coordinate 5 will be positive, causing the coordinate u, to dimin- 
ish to zero. 


The increase in the discharge speed past the instant t, is explained by the fact that periodic disconnecting 
of diodes 5 and 6 stops, and the charging process is continuous. 


To accelerate the return of the system to the initial state after the disturbance it is necessary to increase 
the speed of the discharge of the memory capacitors. However, increasing the discharge speed reduces the sta- 
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bility at low regulator effectiveness. To climinate this shortcoming it is necessary to make the capacitor dis- 

charge rate depend not only on the deviation of the control device of the regulator, but also on the speed of vari- 
ation of the coordinate u,. When the derivative Uy is large, the rate of discharge should be small and vice versa. 
The correctness of this conclusion can be checked by simulation. 


6. Periodic Modes in an ASR with a Regulator Having a Time Delay and a Limited 





Drive Speed 





To evaluate the advisability of using a regulator with a memory device in the presence of a time delay in 
the regulator, Ict us calculate and compare the values of the parameters of a linearized system, in which periodic 
inodes are possible. We shall calculate the parameters for the three above laws of regulation (2), (3) and (4) 
mentioned above. The best result will be assumed to bethat at which the periodic modes are missing from the great- 
est range of ainplitude « and from the greatest range of the parameters nar and pa, r*/a. 
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Fig. 14. 


Let us list the following ideas concerning the location of the region of stable motion relative to the curves 
of the periodic modes. 


It is known that increasing the feedback coefficient in the above regulator versions produces an oscillation 
with an equivalent frequency wr = Q =m 2. This makes it possible to state that to the right of the curves corres- 
ponding to the periodic modes at these frequencies there is an instability region, and that to the left of these 


curves there is a stability region. At low frequencies, Q < 0.055, it is possible to neglect the delay; in this case 


the stability is determined with the Hurwitz criteriog, In accordance with the above statement, the stability re- 
gion is shown cross hatched in Figures 14 and 15, where the solid lines indicate the curves corresponding to the 


periodic modes in a system with a memory device, and the dotted lines indicate the curves for a system without 
such a device. 


The equations of System (2), in the presence of delay, will be 
D'x=— ps, Ds=e~*f, (a,Dx + a,x — ad). 
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The equations of the periodic modes of this linearized system will be 








ay; be 
po a, Q? cos O at. 
a a ’ a = a, . 
Gat QNsinQ+ cosQ ot 


Figure 14 shows dotted the curves corresponding to the periodic modes for the amplitudes a saz, a = 
= 2a3, and a = 3a,, bounding the stability regions. 

The curves of the periodic modes for the amplitudes a > ay are calculated by dividing the parameter 

Ld 
nat o~ , Obtained for the linear portion of the speed characteristic, by the value of b*/a, calculated for the re- 
quired amplitude a (Figure 3). 


The amplitude increases, the curves corresponding to the periodic modes shift to the right. As a result, an 
increase in the range of amplitudes a decreases the region that is common to the curve a@ <q, and the curve 
& = Am (App is the maximum amplitude within the specified range of amplitudes). 


Actually, for the example given, the stability region vanishes for aj = 1.57 ay. 


In the presence of delay, the equations of the System (3) become 
D’x=—pb, Dis =e", (kD +1) (a,Dz + a,x — ad). 


The equations of the periodic modes of this linearized system will be 
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The calculated curves corresponding to the periodic modes for k/r = 1.75 and for a;/agt = 4 and a,/agt = 
= 8 are shown dotted in Figure 15. 


Increasing the signal amplitude above the linear range decreases the quantity nar in proportion to the 
value of (b*/a)~! (Figure 3). The stability region for the amplitude range from a = oy toa = 3ay at ay/agr = 4 
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is limited to a region marked by the small circles, while the stable region for the same range of amplitudes 
at a,/agT = 8 is marked by the crosses, 


To estimate the effect of the derivative of the control signal let us compare the stability boundaries shown 
in Figures 14 and 15. 


In the linear speed range,0 < a < ay, adding a signal proportional to the derivative of the control signal 
decreases the permissible value of nar, but makes it possible to increase the gain agpr*/a. 


The decrease in nar signifies a reduction in the gain of the servo system of the regulator, meaning also a 
reduction in its accuracy. 


An analogous result is obtained also for large amplitudes. 
The fundamental adverse property of the ASR, namely the loss of stability by increase of the amplitude of 
the control signal, owing to the limited speed of the drive, is not eliminated by introducing the derivative of the 


signal. 


The equations of the System (4) with a “memory” and switching network in the presence of a time delay 
will be 


Dx=— pi, Di=e—*f,(a,Dr+ ax — ad). 


The equations of the periodic modes of this linearized system will be 


Q? cos Q + OF F sin Q 
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The calculated periodic modes are represented by solid lines in Figures 14 and 15. Figure 15 shows the 
periodic modes for the amplitude a = a;. 





At large amplitudes, the region bounded by the curves of the periodic modes increases rapidly. The peri- 


odic modes shift to the right and upwards with increasing frequency Q = 1/2, and shift to the left with decreas- 
ing frequency. 


An analysis of the calculation results shows that when a,/a,T = 1 the stability region of Figure 14 vanishes 
only at an amplitude a & 34q), and if a,/agr = 4 and a,/agr = 8, the stability region expands with increasing 
amplitude (Figure 15). In addition, the use of the developed apparatus makes it possible to assign larger values 
of nar for all values of a,/agrt and makes it possible to increase the permissible value of appr’/a for a Say at 
a,/agT = 1 (Figure 14). 


The use of a memory device makes it possible to increase the permissible disturbance, even in the presence 
of a time delay, leading to deviations exceeding by many times the linear range of the drive speed. 


The conclusions arrived at on the basis of an analysis of the stability boundaries remain valid also in the 
presence of a “vanishing memory." 


Actually, the vanishing of the memory does not affect the change in the stability boundaries at high fre- 
quencies and high regulator effectiveness, since the process will terminate earlier than the required to produce 
a considerable change in voltage across the memory capacitors (see oscillograms of Figures 11 and 12). If the 
regulator has low effectiveness, when the period of the system is large and its speed is low, the time delay r can 


be neglected and the stability region is determined with sufficient accuracy by the equations that disregard the 
de lay. 
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SUMMARY 


As a result of the use of a memory device, the phase of the coordinate of the drive mechanism of the regu- 
lator, having a limited speed, coincides with the phase of the control signal, The phase lead reached even in 
the presence of time delay in the regulator makes it possible to: 1) increase the gain of the system by a factor 
of three and 2) increase practically without limit the amplitude of the control signal without disturbing the sta- 
bility of the ASR. 


This latter property makes it possible to choose a maximum speed for the drive mechanism, without regard 
to stability requirements. This permits in many cases to reduce the maximum speed of the drive mechanism, 
and consequently, to decrease the power and weight of the drive mechanism or to increase its permissible load. 
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ANALYSIS OF ERRORS IN THE DETERMINATION OF THE AVERAGE VALUE 
OF A RANDOM QUANTITY AND OF ITS SQUARE, 
DUE TO FINITE TIME OF OBSERVATION 











A.E. Kharybin 


(Moscow) 


The errors in the determination of the average value of a random quantity and of 
its dispersion, due to the finite time of observation, are analyzed. 


The formulas obtained are used to calculate nomograms, which show whether the 
interval used to observe the random quantity chosen for the static reduction is long 
enough. The nomograms also give the assumed mean-squared errors in the determina- 
tion of the average value of the random quantity and of its dispersion for a chosen ob- 
servation interval for the most typical case, when the correlation function of the random 
process can be represented in the form 


R () = Ce—* '*! cos Br. 


1. Statement of Problem 


























In accordance with the ergodic theorem, in the calculation of the basic statistical characteristic of sta- 
tionary random processes, namely the mathematical expectation (mean value) m and the correlation function 
R(T), it becomes necessary to determine the time-averaged values of the random functions z(t) and z(t)z(t+ Tr). 
By definition we have 





T 
: 1 
lim M | z(t) dt— m\ = 0, (1) 
‘ 4 
lim M {a z(t)z(t-+)dt— R(2)} = 0, = 


where the symbol M denotes the mathematical expectation of the random quantity, indicated in the braces. It 
follows from (1) and (2) that the time of observation T should be infinitely large for accurate determination of 
m and R(T). 


Under real conditions the time of observation T is always finite. Moreover, it is always desired to restrict 
oneself to a minimum possible observation time, since the error in integration increases with time, owing to the 
imperfections in the integrator. 


It is evident that the average value m(T) of the random function z(t) (0 st = T), determined for finite 
T, will differ from the mathematical expectation m, while the deviation [m(T) — m] will increase with dimin- 
ishing T. 









Actually, as T approaches infinity, the deviation [m(T) — ™] approaches zero, and when T approaches zero 
we have [m(T) — m] —* z(t) — m, i.e., at a very sinall observation time T, the absolute error in the determina- 
tion of m will equal the pulsation of the random process z(t). 


In connection with the above, the problem becomes that of finding such a value of the observation time T, 
at which the relative mean-squared error o, defined as 








— [= [m (t)]}® — m2 I" ™ M [m(T)|*? —[Mz (OF (3) 


m* (Mz (t)}? 


does not exceed a certain value op)ax. 


2. Assumed Mean-Squared Error and its Connection with the Correlation Function 





To determine the assumed mean-squared error in accordance with (3) it is necessary to find the mathe - 
matical expectation of the square of the random quantity 
, T 
a \ z(t) dt. 1a) 


m(T) = 


The mathematical expectation of the square of m(T),as is known,* equals 


ey 
M (m(T)P = -75\ {Mim (7,) m(7,)] a7, aT, = 

‘ TT ° 9 T 
= oe | R(T1— 11) dT dT, = Fy \ (T—) R(@) de. (5) 

00 0 

Equation (5) can be represented as 
2 - t 
M (m(T)} = 2 ( (1 -_ +) R(t) de. (6) 
0 


For sufficiently large T, when r/T « 1, we have 


T 

M [m(T)p) = = \R (t) de. (7) 
0 

The mathematical expectation of the square of a random quantity, and consequently also the assumed rela- 


tive mean-squared error incurred in the determination of the mean value, will thus diminish linearly with in- 
creasing observation interval T. 


It is evident from (6) and (7) that the error in the determination of the mean value of the random quantity 
z(t), caused by the finite observation time, depends only on the duration of the observation interval T and on 
the form of the correlation function R(T). To determine the assumed relative mean-squared error while deter- 
mining the ordinates of the correlation function R(r) it is possible to employ the formulas given above, putting 
z(t) @ z,(t)z,(t + 7), where z,(t) is the initial stationary random process — that is to be investigated. 


Thus, to determine the assumed error it is necessary to know not only the form of the correlation function 
of the investigated process z,(t), but also the correlation function of the more complicated random process: 





*See, for example, the work by W.B. Davenport, R.A. Johnson and D. Middleton, J. Appl. Phys. 23, No. 4 (1952). 














z (t) = 2, (t) 2, (¢ +). (8) 


In the particular case when rt = 0, z(t) = z(t), the corre lation function R(T) of a random ‘process z(t) can 
be expressed in terms of the correlation function Ry(7) of the primary random process 2, (t). 


It can be shown that if 


R, (t) = ce—*/* I, 
then 
R(t) = c? (1 + 2e2#!*1), (9) 
If 


R, (t) = ce—* !*! cos Br, 
then 
Ry (+) = 08 (A e821 * | 4 e481! cos 28). (10) 


3. Determination of the Observation Interval from a Specified Error oma, and the 
Assumed Correlation Functions 











In practice, the experimentally -obtained corre lation functions R(T) are approximated more frequently in 
the form of a polynornial: 





R(t) = ap + 3) = cosaye + ce—* | le08 Be. (11) 
v=1 
In the particular case when ag = 0; ay = O(v = 1, 2,..., n), B = 0, we have 
R(t) = ce-* I! (12) 
and if B #0 
R(t) = ce—* |*! cos Br. (13) 


R(T) is represented very frequently in form (12) or (13) particularly in the investigation of automatic con- 
trol systems operating in the presence of noise. 


If (11) is inserted in (5) we get 


? 2 


7 M (m(T)? = =i \ (r7—9 [a+ > F 008 wt + ce~* | * cos Be] de. (14) 


° v=1 


Carrying the multiplication under the integral sign in (14), we arrive at 


ty 
B T n 4? 
, Mim (T)P = a \ [a é+ 37 *. coswyt + ce-* |*! cos Bt] de — 
n a? 
n ae 7 \ *[a5 + + > F008 wyt + ce—* !*| cos Br] de. (15) 
e v=] 


The first integral I, in the right half of (15) is broken up into three integrals 

















T 


I, = 7 \ ade = 2a, 
é 
2 T n a n a? 
Lh=a\ SF cosacde = + Ta J sin w,7 
é oun 


v1 


T 
I, = \ ce~* |*! cos Bt = ret [e—*7 (B sin B7 —acosB7') + a). (16) 
3 


cs 
T 


The second integral I, in the right half of (15) breaks up into three integrals 


T 
’ 2 
I = a \ tab de = af. 
0 
2 ae oan a? . 
ho ge) +[2) Fomes |éem Ty) S (coer + Tostnas? — 9), 


T 
= a\ tce—* |* 1 cos Bt= 
0 


es ae B) [emt {5 [2 + ar (1+ ) | sinpr + (1— =x) ~ (17) 


oa (a +ar)—F 1 — «T)| cos pT} |. 





The right half of (15) will be I, —1,. Calculating term by term, we get 


n 2 
L—-=d, 1,—-lh= 4> _~ sin? T, 
a, 


v=] 





I—h= 2, {ear [(1— 5) cospT — 2 sinp7'| + 





ro(\8) 
+ar (1+ a) —(1—5)} (18) 
esis n os 
M [m(T)}* = a3 + 2 YF siat ST + — e. Fy x 
x {e-=r[(1 — FB) cospr —2 £ sing?) + a7 (1+ 5)—(1—4)}. (19) 


The maximum value of the mathematical expectation of the square of the random quantity m(T) will be 


n 
2 
ay 2c 


‘ a 
M[(m(T)}? md 4-2. ao aa 
[ ( )Imax T a wo? “7 (1 +2) . aT =| (20) 




















If we substitute (20) in (3) and consider that 


[M {z (t)}]’ = m? = af, 








we get 
3 lis 
2 = 2c ima 
: == | ——- M -_je—eT om , (21) 
max aT a wo? + ata" T? (1 +2) e + aT 48 
a e 


The proposed maximum relative mean-squared error 6_)ax can be represented,according to (21), in the 
form of a sum 


_— 
Omax = Oj max * Sl max’ (22) 


where o; is the error in the determination of the mean value due to the presence of hidden periodicities in the 
investigated random process z(t), and oy; represents the error due to the properties of the random process itself. 


In the case when the process z(t) has a constant component m = 0 (ag = 0), it is necessary to consider in- 


stead of the maximum relative mean square error Omax the assumed maximum mean squared deviation Cmax: 
which will be 


Ofrax = {M [m (T)}*}"". 


Taking (20) into account, we obtain for Olnax 


























. nos , oe "lp 
0 c 
max = | > > = —a e—eT 4. aT — 3 (23) 
— a*T (1 +5) its 
The assumed maximum mean squared deviation = can also be represented in the form of a sum 
e _ @ 02 ‘ 
Omax ~ O[ max * Pll max: (24) 
It is seen from (21-24) that if m # 0 
Omax _ agomax = ag (of max * Oy max): (25) 
where 
n 73 
a — ay 
“i max™ aT a wo?’ 
1 
g3 
‘ 2¢ —aT _3 26 
Silmax = eae Ba é +a7T — Bi f° (26) 
aje"r? (1+ 5) 1+5 
Taking (24) and (25) into account, we get 
—_ 
0? 2 a, 
oj max os T > wo? ’ 
v= 1 v 
tuk 
2e a* 
ttmax = | icaiaaa (27) 
a*T? (1 + =i) | i+ a3 
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Formulas (26) and (27) can be used for the calculations. 


From the analysis of these formulas it follows that: 


1) the error and the determination of the mean value of the random quantities z(t) for a fixed observation 
time T willincrease: a) with diminishing frequency wy and increasing amplitude a, of the hidden periodicities, 
b) with diniinishing attenuation of the correlation function, as characterized by the quantity a, and with dimin- 
ishing frequency of this function B; 


2) the error diminishes with increasing time of observation T. 


4. Nomograms for Determining: the Observation Interval 





The derived Formulas (26) and (27) make it possible to find the assumed maximum mean squared error in 
the determination of the mean value of the random process z(t) or the error in the determination of the initial 
ordinate of the correlation function R(T), provided the correlation function itself R(r), the mean value of the 
random variable z(t), and the amplitude and frequency of the hidden periodicities a,, and wy are all known. 


Naturally, we do not have these data when determining the mean value m or the initial ordinate of the 
correlation function R(T), but certain assumptions concerning the quantities of interest to us can always be made 
either on the basis of statistical processing of analogous random processes, or else from the character of the 
record obtained for the random process z(t). 


Under these conditions, it is desirable to have nomograms for rapid determination of the assumed error. 


It was indicated above that the error in the determination of the mean value, due to the finite observation 


time, occurs as a result of the presence of hidden periodicities in the investigated process and depends on the 
character of the process. 


The error due to the. presence of hidden periodicities can be determined from the expression 














: a? 2a? 2a2 2a? ~— 
Tmax T Dam Tel o G oes® O§ max rr a (28) 


and 
— 2 o2 a} 
ot max (4 max > % max T - Geman! * 


Thus, the determination of oF max reduces to the determination of 





. 2a? 
SG = = aa ° ‘ 
Introducing a new variable 
n= aff, (30) 
we Can rewrite (29) as 
2 
o2 = a, 
ymax 2 * (31) 


Taking the logarithm of (31) and multiplying both sides by 20, we get 


igo? = 201g2 + 20 lga?— 20 Ign? (32) 


v max 
or, in decibels: 


oF ax d? — a2 db = 6 db— 20 Ig ni. (33) 




















If we plot on semilogarithmic paper the values of the variable n along the logarithmic axis, and the de- 
pendence of oe, wine ~ i, Oh n in decibels, this dependence will be a straight line passing through the point (+ 6 
db, n - 1) and having a slope of - 40 db per decade. 


An analogous procedure is used to change from the variable n to w. 


In fact, T ?/ur* and 20 log T -= 20 lo ni? -- 20 lo ut 
¥ x ¥ 


T db = 20 lg n*? — 20 lgoa?. (34) 


If we choose a certain value of w, for example w ~ 1, the dependence of the time of observation T in 
decibels on n will be represented by a straight line passing through the point (n = 1, T = 0) and having a slope 
+40 db/decade, 


For other values of w, this dependence will be represented by straight lines, having a slope +40 db/decade 
and intercepting the ordinate axis at a distance —20 logw from the line representing w = 1. 


The nomograin for determination of the observation time T in the averaging of stationary random signals 
from known values of the amplitude and frequency of the hidden periodic components is shown in Figure 1. 


{d 






db 


m4x 


Fig. 1. Nomogram for determining the time of observation when averaging stationary 
random signals from known values of the amplitude and frequency of the hidden peri- 
odic components. 


Let us indicate a method for using this nomogram. The point corresponding to oH, max ~ a, in decibels is 
marked on the ordinate axis, aud a line parallel to the abscissa axis is drawn through this point. This line inter- 
sects the auxiliary linc, which has a slope —40 db/decade. From the point of intersection we draw an auxiliary 
line parallel to the ordinate axis until it intersects the line marked. w,,. The projection of the latter intersection on 
the ordinate axis determines the necessary observation time T in decibels, at which the error and the determina-~ 
tion of the mean value does not exceed a, max: The change from the values of 6, or T in decibels to the or- 


dinary numbers and vice versa is carried out with the aid of a logarithmic slide rule. 


The figure shows the auxiliary lines necessary to determine the observation time T for three values of the 
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frequency of the hidden periodic components (w, = 1 sec™, w, = 2 sec™, and wy = 400 sec”) and for a relative 
mean square error Geen = 0.01. The necessary time of observation is 200, 50 and 1.26 seconds respective ly. 


The nomogram for determining the error as a function of the type of the correlation function is plotted in 
an analogous manner. 


Introducing new variables 





x =aT (35) 
and 
then 
2c 1—y? 
ovimax = waaay et +2 —-75 4h. (37) 


1 _ 
If x >» 1, and considering that | <1 for 0 =| y| <0, one can write 


2c (38) 
of max aad x (i+ y?) . 


The latter yields 


201g o% ., —20lgc = 201g 2 — 20 lgz— 201g (1 + y?) (39) 
or, in decibels 


(0% max — ¢) db = 6db — 20lgxz— 201g (1 + y’). (40) 


If a certain value of y is chosen, say y = 0, then off max ~ € Will be represented by a straight line having 
a slope —20 db/decade. To plot the straight line it is enough to put x = 10°; then on max © = 6 db — 20 log 10° 


= —54 db, and a line is drawn through the point (x = 10°, y = —54 db) at a slope of —20 db/decade. For all 
other values of y, this straight line will be positioned lower at a distance 20 log(1 + y*) db. 


At small values of x it is necessary to take into account the expression contained in the braces in Equation 
(37). The values of the polynomial in the braces were calculated for two decades of x from 0.1 to 10 and for 


y =n(n=0, 1, 2,..., 5). The exact values of the polynomial in numbers and in decibels are given in Tables 
1 and 2, 























TABLE 1 
Xx 1-y? 
Values of e +x— Tg fory =n(n=0, 1... .. 5) 
x 

Yo. | 0,2 | 0.4 | 0.6 | 0.8 | 1,0 2.0 4,0 6,0 | 8,0 | 10,0 
0 {0.005} 0.019 | 0.070) 0.149 | 0.249] 0.368 | 1.135 | 3.018 | 5.002 | 7.000 | 9.000 
1 1.005} 1.019} 1.070} 1.149} 1.249] 1.368 | 2.135 | 4.018 | 6.002 | 8,0UU | 10,000 
y 1.605|1.619|1.670) 1.749) 1.849] 1.968 | 2.735 | 4.618 | 6.602 | 8.600 | 10.000 
3 1.805 | 1.819 | 1.870|1.949| 2.049] 2.168 | 2.935 | 4.818 | 6.802 | 8.800 | 10.800 
4 11.888) 1.902) 1.953 | 2.032 | 2.132] 2.251 | 3.018 | 4.901 | 6.885 | 8.883 | 10.8383 
S 4. 1.942} 1.993 | 2.072} 2.172] 2.291 8.9 
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Fig. 2. Auxiliary curves. 
es 
TABLE 2 


—x 
Values of e +XxX- 


hk 
“ 


‘in decibels for y = n(n = 0, 1,..., 5). 





x 


0.4 | 0.2 | 0.4 | 0.6 | 08 | 10 | 2.0 | 4.0 | 6,0 | 8,0 10.0 








> 
lor) 


—34 .4|—23 .1/—16.54|—12.08} —8.68| 2.6 
0.08 | 0.6 1.2 1.94 | 2.71 | 6.58 
4.16 | 4.46 | 4.86] 5.34] 5.88 | 8.74 
4/ 5.20] 5.44] 580] 6.24] 6.74 | 9.34 
5.58 | 5.82 | 6.16] 6,58 | 7.06 | 9.60 
5.76 | 6.0 6.3 6.72 | 7.20 | 9.72 


14.0 | 16.9 | 19.08 
15.54] 18.06 | 20.0 
16.4 | 18.7 | 20.5 
16.66] 18.88 | 20.68 
16.74} 18.92 | 20.74 
16.80| 19.00 | 20.76 





= 
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It follows from (37) that for small values of x 


20 Ig o% 4, —20Ige = 201g24+20lg{ }—20lg2*—201g(4 + y%) 
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oN max 22> — edb = 6 db+ 201g{ }—20lg2?—20Ig(1 + y?). (41) 


The sum [6db ~ 20 log x? — 20 log(1 + y*)] will be represented on the logarithmic characteristics by a fam- 
ily of straight lines having a slope -40 db/decade. If x = 1 and y = 0, the line will pass through the point (x = 
= 1, y =6 db). If y = 0, the line will pass lower at a distance —20 log{ Jab. The curves corresponding to 
20 log{ }ean be plotted from the data of Table 2. 


Thus, to calculate on max © it is necessary to add the ordinates of the straight line with a slope —40 db/ 
/decade and the curve for —20 log{ for equal values of y. The curves corresponding to —20 log{ hand the 
lines corresponding to the sum [6 — 20 log x* — 20 log(1 + y*)] for y = 0, 1, 2,. . ., 5 are shown in Figure 2. The 
heavy lines represent their sum. 


To change from the variable x to T it is necessary to use the Relationship (35), from which it follows that 
= x/a and 20 log T = 20 logx — 20 loga, or 
T db = 20 logx — 20 loga. (42) 


If we choose a, for example ~ = 1, then the dependence of T on x will be represented by straight lines 
having a slope 20 db/decade and passing through the point (T = 0, x = 1). If a #1, the straight line will pass 
parallel to the line for q = 0 at a vertical distance of 20 loga db. 


if db 





& 
a 


§" 


¢ db 


max, 


Fig. 3. Nomogram for determining the time of observation in the averaging of station- 
ary random signals from the assumed correlation function. 


The nomogram for determining the observation time T in the averaging of stationary random signals from 
the assumed correlation function is shown in Figure 3. 


By way of an example, the nomogram shows the auxiliary lines for the determination of the necessary ob- 
servation time T for the case of a’ process z(t), having the following assumed correlation functions 


R(t) = ce-*!*! cos Br, 














where 


e=10? o —40db, a=20, B=40, y= tb =2. 


Let the assumed mean-squared error be limited to 1%, then off max = 10~* or —80 db and off max~°= 
= —80 + 40 = —40 db. 


The point corresponding to —40 db is marked on the ordinate axis and a straight line parallel to the abs- 
cissa is drawn until it intersects the curve y = 2. A line is drawn from the point of intersection parallel to the 
ordinate axis until it intersects the line marked a = 20. The projection of the latter point of intersection on the 
ordinate axis determines the necessary time of observation. In our example, this time is 6 db or two seconds. 


To determine the time of observation from the assumed maximum relative mean-squared error 1} max if 
the case when the investigated process z(t) has a dc component m = ag # 0, it is necessary to mark on the or- 
dinate the point corresponding to (20 log of max ~ 20 loge + 20 log az) db. 


The above nomograms are suitable for the solution of the reverse problem, for example, to find the error 
in the determination of the initial ordinates of the experimentally -obtained correlation function R(T). In this 
case we know the observation interval and the type of the correlation function R(T). From the simple geometric 
constructions indicated above, performed in the reverse order, we obtain the value of —_— 


It must be noted that 


ory max ot; max of; max 
(Str max— ©) db = 201g —" = 20g RO ~ 9 8a@p: 


If the process does not contain hidden periodicities and has a zero dc component, wé have 


Sitmax _ D{[m(T)] (43) 


M[z())* — Diz()) * 





i.e., the value of on aon “2 obtained from the nomogram will characterize the ratio of the dispersion of the 
random quantity m(T) to the dispersion of the random z(t). In the determination of the error of the initial or- 
dinate of the correlation function R(T) it is necessary to take into account the Relationships (9) and (10), from 
which it follows that the attenuation coefficient of the correlation function and its frequency are doubled for the 
random variable z?(t). Consequently, the necessary time of observation may be considerably smaller than that 
in the determination of the mean value. 


Received March 13, 1956 
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ANALYTICAL INVESTIGATION OF THE STABILITY OF AN 


ELECTROMECHANICAL CONVERTING DEVICE 


I.M. Makarov 


(Moscow) 


The operating principle of an electromechanical converting device used for sim- 
ulation is given. The equations of motion of the device are derived. Its stability is 
investigated. 


INTRODUCTION 


In the simulation of automatically-regulated systems, the analog of the object is usually connected to the 


actual regulator with the aid of special devices, which convert certain electrical quantities into corresponding 
mechanical quantities. 


We shall consider in this article one such device, converting the de voltage from an electronic simulator 
into an angle of rotation, and derive the equations of motion and solve the stability problem. The device is an 
electromechanical servo system driven through an electrodynamic clutch (EDC) [1]. 


1. Description of the Principal Diagram and of the Individual Elements of the Con- 
verting Device 











The principal diagram of the converting device comprises the following basic elements (Figure 1): con- 
trol amplifier 1, drive mechanism (EDC) 2, reduction gear 3, proportional feedback potentiometer 4, and deriva- 
tive feedback tachometer generator 5. 


J 5 When the system is in operation, amplifier 1 re- 
ump | TTT - b ceives signals from an electronic analog as well as feed- 
— , back signals. The output stage of the amplifier incor- 
| porates the control windings of the EDC, one of which re- 
, J 9 ceives the amplified signal in accordance with the polar- 
sp ity of the error signal. As a result, the output shaft of the 
EDC rotates until the signal from the analog is balanced 
— Jn by the proportional feedback signal. This motion is trans- 
mitted through the reduction gear to a platform carrying 

the sensitive ele ments of the regulator. This is how the 
dn] i. control error signal applied to Me input of the device is 
eliminated. 
























































Fig. 1. 


2. Principle of Operation and Equations of Motion of Elements of Converting Device 





The power amplifier chosen for this circuit was a dc amplifier with deep negative feedback (Figure 2). All 
the impedances shown in the diagram of the amplifier are purely resistive, Lz represents the inductances of the 
electromagnet windings, and Rj the active resistances of these windings. Such an amplifier can conveniently 
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couple the converter with the electronic analogs operating on de. In addition, such an amplifier can perform 
relatively simply and with sufficient accuracy the operations of summation, scale increase, and integration. Its 
gain can vary over a wide range and may reach k = 200 at an output rating of 30 va. 






































Fig. 2. 


The equation determining the change in the output signal of the amplifier feeding inductive loads at the 


output, without allowances for the internal capacitances of the tubes and other small parameters, can be written 
as 


To -+1= Wi» (2.1) 


where T = L/Rp is the time constant of the control winding, Rp = Ry + Rf + Rj is the total resistance, L the in- 
ductance of the control coil, n is a proportionality factor, I is the current in the control windings, and Vip is the 
error signal, which in turn is determined by the equation 


Vin = kU, —ad— mi, (2.2) 


where U;,, is the control signal, 6 the proportional feedback signal, 6 the derivative feedback signal, and k, m 
and a are the gain coefficients. 


The principle of operation of the drive mechanism of the device is as follows. The EDC has two electro- 
magnets, rotating at a constant speed in opposite directions. The windings of the electromagnets are connected 
to the output of the power amplifier. Placed in the air gap of the electromagnet is a hollow rotor, comprising 
a duraluminum cup attached to the output shaft of the EDC. The rotating field of the electromagnet induces in 
the rotor eddy currents. The interaction between these currents and the magnetic flux that causes them produces 
a counter force, determined by the following equation [1]: 


Pa < os 6, BY, (2.3) 
0 


where d is the thickness of the cup wall, a, the length of the pole of the magnet, p9,the specific resistivity of the 
cup material, L,,the inductance of the current loop per unit length, 5, ,the relative angular speed of the electro- 
magnet relative to the cup: 5, = 5, — 5 (where 6 is the speed of the cup, 5,.the constant speed of rotation of 
the electromagnets), and B is the flux density in the gap. 


The torque on the output shaft of the EDC can be determined from the equation 


M = k, (6, — 8) B?, (2.4) 


where ky is a proportionality coefficient. 











2) 


13) 


the 
ro- 
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2.4) 








To determine the character of the variation of the torque as a function of the current in the control coils, 
we cinploy the relationship B = f(1). If the gaps between the rotor-cup and the magnets of the EDC are small, 
it is possible, upon suitable choice of material and of the cross section of the electromagnetic core, to make the 
following assumptions; 1) the leakage flux of the magnetic field is small; 2) there is practically no hysteresis 
in the electromagnet cores; and 3) the electromagnet core does not saturate. The unknown relationship is then 
determined from the following equation 


B = bl, (2.5) 


where b is a proportionality coefficient, determined from the magnetization curve of the core material by meas- 
uring the slope of the characteristic. 


Taking (2.4) and (2.5) into account, we obtain the following equation of motion for the EDC 
JE + b,/% = 6,/* sign J, (2.6) 


where b; = k,b*5,, b, = k,b’, and J is the moment of inertia of the moving parts, referred to the shaft of the 
clutch. 


If the ratios of the gear reduction and of the feedback proportional potentiometer are included in the coef- 
ficient a, and if the gain of the tachometer generator is included in the coefficient m (2.2), the equations of mo- 
tion of the converting device are as follows: 


Jé+b,52 = b,/* sign], Ti +1 =% (kU;,, — a — mb). (2.7) 


3. Investigation of the Equations of Motion (2.7) 





The most important characteristic of a servo system is the accuracy with which it reproduces the control 
action, The accuracy of reproduction depends to a considerable extent on the value of the gain coefficient, and 
the system accuracy increases with the latter. However, an excessive gain may lead to loss of stability. The in- 
vestigation of the stability of the system for specified equations of motion is therefore of certain interest. 


The Equations of Motion (2.7) are nonlinear, and the corresponding first-approximation equations have a 
double zero root. Our attempts to use known methods [2,3, 4] to determine the stability of the System (2.7) were 
unsuccessful. On the other hand, using the methods of qualitative theory of differential equations, to which at- 
tention was called in Ref. [5], and the use of the direct Liapanov method, have made it possible to obtain the de- 
sired result. 


Let us assume that all the constants contained in Equation (2.7) are positive quantities. The specified 
steady state of the servo system, which the system must maintain, is determined by the equation 


kV in 


ye = Min _ const. @.1) 
a 





Let us introduce new variables 


. (3.2) 
z=b—8, y=s, c=I. 
Put 
b b ay _ oe 
F = 4%, 7 = 4, pF =e Fu=>, | ied (3.3) 
and reduce the initial Equations (2.7) to the Cauchy normal form: 

P= y, 
y = (a, sign z — a,y) 2", (3.4) 
z= —az— by —cz. 
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Taking into account the sign of the variable z, the given system of Equations (2.7) transforms in the fol- 
lowing manner: 


1) z>0 

z= y, 

y = (a, — ayy) 2, 

z= — ax — by —cz: 
2) z<0 

Ly, 

y = — (a, + ay) 2’, (3.5) 

z= — ar — by — cz; 
3) z=0 

z=y, 

y=0, 

z= —ar— by. 


The steady state of the system is determined by the equation 


2 =y°=2°=0. (3.6) 
and the phase space of the system is symmetrical with respect to the origin. 


Let us consider a right-handed coordinate system x, y, z. Let us construct the planes determined by the 
equations 


a, 


(A) 4, = af (B) ax + by+cz = 0, (3.7) 


(4) yw=— =, az +by + cz =0. (3.8) 


Let us consider the space outside the planes (A) and (A‘) (Figure 3). Since according to Equation (3.5) we 
have y > 0 to the left of (A‘) and y < 0 to the right of (A), the generating point will pass over one of the above 


planes for all values of x9, Zo, | yo| > a,/ag. It can be said that these planes are elements of attraction for all 
the trajectories that begin at any point Xp, Zo, | yo| > a;/a2 in space. 


For a further study of the trajectory, let us consider the motion of the generating point along the plane (A). 


For this purpose, let us construct the solutions of Equation (3.5) for the initial conditions x = Xp», yp = a;/a2, Zz = 
= Zo > 0. 


Using the method of successive approximations we get: 
first approximation 


Ly = XZ + Yol, 
"1 = Yo 
azo+ (0 ar £) Yo 


a 
c — > vel 





m= 2+ (%—z)e*, 2 = — 


second approximation 


Tq = Io + yl, 
Ye = YW» - : 
Zz, > z, + (2) — 23) om, Zz, = 
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n-th approximation 


In =X + Yn-il, 


Yn = Yn—-15 
a cil te 
Zn = 2 + (2p —2,)e-%, 2, = 2.) 


The resultant sequence of functions will have a limit 


L =I + Yol, 
Y= Yo 3.9 
z=2z° + (z>—z*)e-*, — 


which serves as the solution®* of System (3.5) for the given choice of initial conditions. 


a + z (A) 


x 
= 
Ll 
\\ 











as 
\ 

\\ le 
tx 








Fig. 4. 





*N.P. Erugin called attention to the fact that for the given initial conditions, this solution follows from the unique- 
ness theorem. 
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To determine the type of trajectory, let us eliminate from Solution (3.9) the independent variable t and 








get 
oe ee — 5 (x—x) a 
=z +(%—z"")e ™ — > (&— %), 
ary + Rien y (3.10) 
z°° on ( : c ) : 


It is clear from the above that all the trajectories to the right of (A) continue on a plane (A). To investi- 
gate them on the plane (A), let us draw the straight line (Figure 4a) 





gm — Se *(o— =). (3.11) 


The equation of the line (3.11) can be otherwise written as 


3.12 
zZ=2 —=—(¢—%). ( ) 


It is clear from the last equation that all points z** are located on a straight line (3.12) which is the asymp- 
tote of the trajectory (3.10). The latter follows from the fact that 


c 
. dz. — Gb2-*) 
lim & = lim [- = (z—z*)e —*] mew. (3.13) 


x~ co z x~ oO 


One can therefore state that on the plane (A), for all trajectories originating at arbitrary values X9 and 
Zq > 0, the intersection between the plane (A) and the plane z = 0 is an element of attraction. From this line, 
all these lines become continuous in the portion of space included between the planes (A) and (A‘) (Figure 4b). 
The trajectories that intersect plane (A) at z < 0, simply pierce through it and enter the space between (A) and 
(A*). If an analogous investigation is made of the trajectories on the plane (A‘), it can be shown that their char- 
acter will be as shown in Figure 5. The latter also follows from the symmetry of the system pointed out earlier. 


It can be concluded from the above that all the space of the trajectories to the left and to the right of 
planes (A) and (A*) contracts into a strip contained between them. 


A study of the behavior of this system in the region between planes (A) and (A‘), to which all the trajec~- 
tories contract, will be made using Liapunov's method. For this purpose let us consider the quadratic form 





2V = Gy, 2? + Aggy? + 20,322 + Ag52” + 2do5yZ, (3.14) 





all the coefficients of which are positive numbers ay, > 0. It will certainly be of definite sign and everywhere 
positive if the following condition is satisfied 














4,0 a, _ 
O gq Gog | = Ag (441433 — 42.) > 441 03,. (3.15) 





433 23 433 
Let us assume that 
44493 > “?,- 
11% 33 13 


Then, for arbitrary values a4;, a93, Condition (3.15) is readily satisfied if ag, is sufficiently large. 


The total derivative function 2V, calculated on the basis of Equation (3.4) will be 
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Fig. 5. 
) V = — adygr? — (— ay, + bay3 + ads) ry — baggy* — 
— (— ag + Cdgg + bas5) y2 — CAg3z7 — (Ado, + Cay3) 72 + 
1p- + (a, sign z — agy) 2* [ag2y + ay52). (3.17) 
Let us consider the quadratic form 
) W = adyyr* + (ddgg + ba,3 — a4,) LY + baggy® + (bag + COs — Ag) y2 + 
+ (Ag, + Cay) TZ + C552". (3.18) 
To draw conclusions concerning the sign of the form (3.18), let us consider the determinant 
aa bay3— 43, 93 + ca 
aa; 23 + . 1s— 2 23 ; 13 
ia bay3— ° 
hon A935 + 3 @11 bao, bas3+ Cleg- Gag | « (3.19) 
2493 ++ C045 bags + Cae3— 443 oa 
2 2 33 
By virtue of the assumptions made above, the form of W will be positive definite, if the determinant 
(3.19) and its principal diagonal second-order minor are positive. Whether this minor is positive depends on the 
existence of an inequality 
4aba,,a A043 + bay3 — 44,)* 
4) 13423 > (4dz5 13 — 
or an inequality 
0 > (ade — bays)? — 2 (4423 + 5443) ay, + 24, (3.21) 
Let 
5) Ly, Ly = Ag, + bayg +2 V abaysdgy (3.22) 
be the roots of the equation 
x* — 2 (adg3 + bays) x + (aa_, — ba,3)* = 0, (3.23) 
6) Evidently x; > 0, x2 > 0. 
Inequality (3.21) is then satisfied if the number ay, lies within the range 
Ly <4 saint 


of the equality 














aa ba 
an = cose Foe (3.25) 


To determine the conditions under which the inequality A > 0 is satisfied, let us expand the Determinant 
(3.19). 


Introducing the symbols ayy = X, a93 = y, and ag, = z and carrying elementary algebraic transformations, 
we obtain the inequality 


pz? + z+ yx >0, (3.26) 


where 


7= — ab (ay + bz), 
b’c\ s atc 
y = (3ab +) +a(be —a) ry + = y’*, (3.27) 
X = 2z[(be + 3a) cry — ac*y? — (be + 2a) z?] = — aU (2, y). 
It now remains to establish that there exists in the first quadrant Q of the space x, y, z a region of values 
of x, y and z in which Inequality (3.26) is satisfied. It is evident that everywhere in Q we have gz’ < 0. 


To establish the sign of yz let us consider the discriminant of the quadratic form y: 


3ab +. +. a aos a) m 
Ay = a (be — a) atc = ry (8bc — a). (3.28) 
fo 


We see that the form y is everywhere positive if the following inequality is satisfied 


8bc >a. (3.29) 


The sign of x can be established by considering a discriminant of the form U (x, y): 





bc? 4- 3ac 
A. = a 2 a (a + 2be) + b%c? 
x=! be? + 3ac ; = 4 wl (3.30) 
el: een - 


It is evident that when A, < 0, it is possible to separate in the quadrant Q a wedge formed by the planes 


(be + 3a)e+2V—A, 
y= Daca z, (3.31) 





in which x > 0 everywhere (Figure 6). 


Upon further study of Inequality (3.26), we can determine the values of z, and 2, by the aid of equation 


—pviVY—4ey , (3.32) 





Inequality (3.26) can then be rewritten as (Zz — Z,) (Z — z,) < 0. 


It is evident that if Inequality (3.29) is satisfied z, < 0, z > 0, and Inequality (3.26) is satisfied by all 
values z < Z,. On the other hand, it is also necessary to satisfy Inequality (3.16). Using the above symbols, the 
inequality becomes 


2x2 


Pe. (3.33) 
ay+ bx * 


z> 





























Consequently, z must be chosen between the following limits 





2x? y+ VY — 4x 
ay bs 7S Oe 


Let us show that such a choice is possible. For this purpose it is 
enough to show that the inequality 


Qaba2§ <b + VP — 4g. (3.34) 


is satisfied. 


From the definitions in (3.27) it is obvious that this is true. 





) Fig. 6. Consequently, the only necessary condition for the form W to be of 
positive sign is Inequality (3.29). We then have from (3.17) 


V=— W + (4 sign Z —- a,y) (day + 52) 27. (3.35) 


It is evident that in a sufficiently small region S in the vicinity of the origin, the sign of V will depend on 
the sign of function W and the stability of the system is guaranteed at least within this region. 


Thus, we have proved that Inequality (3.29) is the only condition that must be satisfied to guarantee the 
stability of the above servo system for all disturbances except zero and for sufficiently small disturbances yy and 
Zg. For a specified time constant T of the control windings, this condition makes it possible to choose the coef- 











! 
) ficients a and m of the feedback loops of the servo system. 
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CERTAIN PROBLEMS IN THE CONSTRUCTION OF MULTICHANNEL 


AUTOMATIC REGULATION SYSTEMS 


V.P. Kazakov 


(Moscow) 


Examination of the circuitry and of methods used to construct basic multichannel 


(multiple -point) automatic regulation systems with time sharing of the channels, using 
contactless elements. 


INTRODUCTION 


One of the ways of reducing the quantity of apparatus necessary in the automatization of objects with a 
large number of controlled and regulated quantities, and to facilitate the use of the apparatus, is to use multi- 
channel (multiple -point) control and regulation systems. In general, a multichannel regulation system (MRS) is 
a device comprising many transducers and drive mechanisms (as many as there are objects) and a so-called com- 
mon section, which contains the remaining functional units of the regulation systems together with devices that 
make possible the distribution of the signals among the individual channels. 


In the automatization of modern technological units, the use of multichannel regulators would be quite ef- 
fective in many cases. Thus, for example, steel is heat treated with electric dome furnaces, whose temperature 
is regulated by means of contactors that switch heaters in and out. Each production line usually contains dozens 
of such furnaces, each requiring from two to four temperature regulators. The replacement of so large a number 
of regulators with a multichannel regulation system would facilitate considerably the problem of maintaining the 
proper temperature in the furnaces. It is evident that remote control of groups of objects, located at great dis 
tances from the points where the quantities used for the regulation are measured, is possible only with the aid of 
a MRS, which makes possible the use of a single communication channel (wire or radio) for the transmission of 
the control signals to the actuating mechanisms of the objects. 


In connection with the development of work on the application of computers to the automatic control of 
manufacturing processes, problems of multichannel regulation become even more urgent. The unification of ob- 
jects into several groups, each of which is regulated by a single multichannel regulator, would simplify substan- 
tially the system used to gather the information, since any multichannel regulator already contains devices for 
the production of data on the course of the process in each object served (measuring and scanning devices), and 
if necessary it can convert these data into digital form. 


The need for multichannel regulators arose quite a while ago. Thus, several MRS's were designed in the 
Thirties, for example, the 8-point temperature regulator for air dust, designed by Iu.G. Kornilov and E.P. Fel'dman 
[1] and the 12-point TF-12-SP thermal regulator by G.A. Fil'tser [2]. However, these systems did not find wide 
application owing to serious shortcomings, particularly their low reliability, short life, and low speed. This was 
caused by the fact that the principal devices of the common portion of the system were electromechanica] de - 
vices (contact switches, relays, galvanometers, etc.). At the present time, when we have such highly reliable 
elements as crystal diodes and transistors, magnetic elements with rectangular hysteresis loops, cold-cathode 
thyratrons, etc., the problem of constructing MRS's can be satisfactorily solved. 
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1. General MRS Scheme 





In multichanne! regulation systems it is possible to employ two principles of channel sharing; frequency 
and time. Frequency sharing, however, not only requires complicated circuitry and constructions, but imposes a 
limitation in principle on the possible maximum number of regulation channels. The time-sharing principle is 
wide ly used in multichanne] systems for pulse communication and for remote control; all the known MRS's also 
employ this principle. In time sharing, the error and control signals are transmitted sequentially in time with a 
definite repetition rate. Sequential switching is effected by means of a commutator, which becomes one of the 
principal elements in such systems. 


A suitable method for producing a pulse error signal in a high speed MRS is to close periodically, for a 
short instant of time, the circuit of the output signal. This makes it possible, with a minimum closed-state time, 
t,, to transmit all the information concerning the signal at discrete instants of time and no special device for 
shaping the pulses is necessary, for the pulses are shaped by the commutator itself. In this case the pulse signals 
are formed in the measuring devices of each channel or else directly past these devices. 


For a given time t, in the closed state and for a given duration of regulation cycle T,, the maximum num- 
ber of channels which the MRS can contain is 


Kmax = Tr/te = 1/7, 


where 1/y is the duty cycle of the pulse signals in the system. The number of channels is usually chosen less 
than K,,3x, to prevent mutual interference, i.e., influence of one channel on another due to the finite bandwidth 
of the common regulator elements. The capacity of the MRS, i.e., Kmax for a given Try, is determined by the 
required closed time t,, the value of which depends on the time necessary to form the error signal and control 


signal, and also on the speed of the drive devices, for the latter must have time to operate in response to the ar- 
riving pulse. 


The dependence of the choice of the required value of t, on the speed of the drive mechanism can be 
eliminated by increasing with the aid of memory devices the duration of the control pulses acting on each chan- 
nel past the commutator. In such devices, which will be called henceforth forming devices, the duration of the 
control pulses can be increased from t, to the value of the regulation cycle T;. The action of the forming de- 
vice is illustrated in Figure 1. Here Ug is the control signal (signal past the distributor) in one of the channels, 
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Fig. 1. 


and Uf is the same signal, prolonged with the aid of the forming device. The duration of the pulse that now acts 
on the actuating mechanism is determined by the following inequality: 


te < q = Ty. 


Let us note that the forming device can also transform the amplitude modulation of pulses into time mod- 
ulation or into polarity modulation, thus converting the regulation system in each channel into a pulse system 
with broad-band pulse modulation or into a relay -pulsed system. 


The functional scheme of a multichannel regulator, in which time sharing of the channel is used along 
with the conversion of the duration of the pulse control signals, is shown in Figure 2, where the following desig- 
nations are used; 1) measuring devices of the channels, 2 and 2) switches for the commutation of the error and 
control signals, 3) circuit for the control of the operation of switches 2 and 2 (devices 2, 2, and 3 comprise the 
commutator of the system), 4) electronic pulse amplifier, 5) correcting (control)device, 6) forming devices, 7) 
drive mechanisms, 8) power supply, and 9) generator for the sinusoidal voltage required to modulate the error 









signals. The dot-dash line border contains the section of the regula- 
c---------- ~ tor that is common to all the channels, 






























The regulator operates in the following manner. The commu- 
tator Closes in sequence each regulation circuit for a short time to 
applying to the input of the common amplifier 4 discrete values of 
the error signals from the outputs of the measuring devices. The se- 
quence of pulses so formed is amplified and is converted with the aid 
of correcting device 5 into a second sequence, which differs from the 
first by the manner in which the pulse amplitudes are modulated; as 
a result, the action on the operating mechanisms will incorporate the 
necessary law of regulation. 
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vice is distributed by switch 2, which operates in synchronism and in 
phase with switch 2, in accordance with the forming devices 6, in 
which the durations of the control pulses are amplified, and if neces- 
sary, in which the amplitude modulation is converted into a different 
type of pulse modulation. 
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The development of a multichannel regulation system involves 
2 problems in the formation and commutation of pulse error signals 
through each channel, the commutation of the channels with the aid 
of a contactless high speed and long-lived commutator, increasing 
Fig. 2. the duration of action of the pulse control signals, and the correction 
of the regulation processes in the MRS. 


We shall consider below certain of the possible solutions to these problems, principally in the case of regu- 
lation of a large number of channels (on the order of 100), in which the processes can occur at frequencies up to 
0.5-1 cycle. 


2. Measuring Devices 





The use of automatically balanced circuits as measuring devices in the MRS (self-balancing circuit) would 
result in the maximum measurement accuracy. However, this method requires that each channel be closed for 
a considerable time t,, and consequently this reduces sharply the possible number of channels in the system. To 
form the error signals in the MRS, it is most convenient therefore to employ the method of unbalanced circuits 
(bridges), in which one measures the voltage or the current between 
specified points of the circuits, which is proportional,if the unbal- 
| fe |) ance is not excessive, to the error in the regulated quantities. The 
measuring devices of the MRS can be subdivided into two groups, 
depending on the method used to form the pulse error signals. 





g The devices of the first group, used principally in the case 
when active transducers are used, produce a continuous measure - 
ment signal, which is subjected to subsequent commutation. To use 
contactless commutators, the switching of the signals is carried out 
by means of "time-selectors," which can be based on vacuum tubes 
5 or transistors, as well as on magnetic elements. In this case it is 
necessary to switch not the transducers, but the signals directly from 
Lgl the measuring devices, i.e., after the comparison with the set point 
has been made. This is necessary because of the considerable inher- 
ent instability of the keying circuits, which may reach the order of 
millivolts and even tenths of millivolts. Therefore, for contactless 
commutation of small signals, the latter must be represented in the 
form of modulated ac voltages with a frequency exceeding the com- 
mutation frequency by at least one order of magnitude. If the mod- 
ulated signals flow directly from the transducers, they must be com- 
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Fig. 3. 1) Generator; 








pared with the set values at ac, and this, as is known, involves considerable difficulties. Figure 3 shows a block 
diagrain of the measuring device of a MRS, using modulation of the error signal. The modulators employed may 
be contact-making vibrators, but if the commutation frequency exceeds 5-10 cycles, it becomes necessary to 
employ magnetic modulators with increased supply frequency. At the present time there exist already magnetic 
modulators with a voltage sensitivity approximately 10~* volts, and with a voltage gain of 10-10%. The continu- 
ously acting voltage from the outputs of the modulators is applied in sequence for a time t, by the input keys of 
the commutator to the common amplifier and are thus transformed into pulse error signals. 


In the second group of the measuring devices for MRS, the pulse error signals are produced directly in the 
measuring device itself. This is done by supplying the measuring device with pulsed current rather than with 
continuous current. 


The idea of a pulse method of measurement as used in multichannel control systems, and the method of 
realizing such a method, are discussed in [3]. 


The simplest way of realizing such a measuring device is to use parametric transducers. If a rectangular 
pulse is applied to the terminals of a bridge, consisting of ohmic resistances and parasitic reactances in the form 
of shunt capacitances or series inductances, the output voltage will have the form of the pulse shown in Figure 4. 
The amplitude of the flat portion, Ug, depends on the unbalance with respect to the ohmic resistances, i.e., it is 
proportional to the deviation of the measured quantity from the specified value. The overshoots at the start and 
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Fig. 4. Fig. 5. 


at the end of the pulse are due to the unbalance of the parasitic reactive parameters of the bridge. By suitable 
choice of the duration of the supply pulse it is possible to make the duration of the flat portion of the pulse, i.e., 
its useful part, many times greater than the duration of the overshoots. If for some reason it is impossible to re- 
duce substantially the relative duration of the overshoots, it is still possible to employ a strobing circuit to trans- 
mit only the flat portion of the pulse through the common amplifier, owing to the fact that the action of the 
overshoots and of the flat portion are separated in time. The pulse method for exciting bridges (let us note that 
this pertains not only to resistive but also to inductive bridges) makes it possible to realize relatively simply the 
measuring unit of a MRS. For this purpose, a special switching circuit is used to excite in sequence each bridge 
by means of a supply pulse, and the outputs of all the bridges are connected in paralle! and through a step-up 
transformer to the common amplifier (Figure 5). What is switched here is not the error signal, but a supply pulse 
of de or ac of large and constant amplitude, thus reducing considerably the difficulties involved in the switching 
of the channels because of the presence of unbalance and drift in the keying circuits. Such a measuring device 
makes use of still another advantage of pulse supply for bridges, namely that in pulse excitation the heat dissi- 
pated in the tansducer is reduced in inverse proportion to the duty cycle (1/y) and consequently, it is possible 
to increase the current in the transducer by WATY without exceeding the maximum permissible heating. 


The advantages of the null methods of measurement can be realized in a MRS if the measuring devices 
are constructed on the basis of dynamic balance. However, the use of this principle in MRS is limited owing to 
the considerable reduction in the possible number of channels in the system and owing to the complexity in the 
use of contactless commutators. The first circumstance is connected with the fact that the use of dynamic bal- 
ance presupposes the presence of time-pulse error-signal modulation and therefore requires larger values of t, 
than in the cases considered above. The second circumstance is connected with the need for comparing ac input 
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and sweep voltages. To obtain the maximum possible measurement accuracy, it is necessary toensure in this 
case that the phases of these voltages are strictly constant. 


3. Commutator 





Depending on the type of the measuring device, the contactless high speed commutator of the MRS can be 
constructed in accordance with one of two general schemes shown in Figure 6a and 6b. It is seen from these dia- 
grams that the commutator consists of two parts — a switching circuit and groups of identical selector devices, 


namely keying circuits. 
From measuring devices 
4‘ 





























, - It is the task of the switching circuit to generate pulses 
r+ --+ ae + a that are distributed in time and that are of constant amplitude. 
V | The keying circuit should change from the cut-off to the con- 
Ss +--+ eee +f : ducting state whenever pulses are received from the switching 
circuit, with good linearity and with a transfer coefficient 
JSUUL nearly equal to unity. The commutator shown in Figure 6a is 
a [z7] used in those cases, when the measuring devices modulate an 
pall ue ac voltage with the error signal and subsequently distribute the 
4---+: 1h Ae 4- modulated signal ahead of the common amplifier. In this 
a 7 case each channel consists of two keys — input and output. 
Lf —_. ottieiemiaine yH If the measuring devices of the MRS are constructed on 
7 nag aE the pulse excitation principle, the commutator used is that 
FO FRG SOT shown in Figure 6b. Unlike the preceding one, the commuta- 
es ee ee tor does not contain input keys, and the pulses from the switch- 
vO - WF ing circuit arrive directly at the measuring devices, and thus 
a Se ee aS exciting them in sequence. In all other respects the circuits 
SUUL are identical. When commutator circuits employing vacuum 
b 7 tube and cathode-ray tubes are used in the MRS, the result is 
a device of high speed, but the need for using a large number 
{--=f--==== , of such tubes reduces substantially the reliability and life of 
UF Ea 7 the equipment, owing to the fact that there is no guaranteed 
L-—— ———--—- -J minimum tube life. 
To forming devices The use of magnetic elements for the construction of 


switching and selector circuits for the multichannel system 
commutators is quite promising. References [4] and [5] report 
an investigation of a switching circuit made of magnetic ele- 
ments with rectangular hysteresis loops, operating at high 
switching speed and high reliability, high parameter stability, 
and long life. However, this circuit does not permit a ready variation of the switching speed over a wide range, 
thus reducing its value for use as an MRS commutator. This is explained by the fact that the choice of the re- 
petition period for each channel, T,, depends principally on the dynamic properties of the objects of regulation 
and is one of the tuning parameters of any pulse regulation system. 


Fig. 6. I— input keys; II — output keys; 
Ill — switching circuit; IV — measuring de- 
vices. 


Switching circuits employing cold-cathode thyratrons have many of the advantages of circuits employing 
magnetic amplifiers, and at the same time make it possible to change the switching speed of the commutator 
over a wide range. Recently, a Russian small-size cold-cathode thyratron, MTKh-90, has been used to construct 
many remote-control devices and pulse circuits [6, 7]. 


The simplest switching circuit that can be used is the counting ring circuit, in which the number of tubes 
should equal the number of channels. If the number of channels in the MRS is large, the number of tubes in the 
switching circuit can be reduced considerably by using a matrix commutator, in which the switching function is 
partly assumed by a circuit consisting of semiconductor diodes and resistances, 


The keying circuits of the commutator are time-sharing devices, the task of which is to separate out por- 
tions of the signal that coincides with specified instants of time. The time selectors can be built using diodes, 
triodes and multigrid tubes, and also saturated reactors. Circuits employing semiconductors and magnetic ele- 
ments have high reliability and long service life. By way of an example, let us illustrate the input key circuits 
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used in the commutation of error signals in the form of small ac voltages (Figure 7a and 7b). 


The first circuit, discussed in Ref. [8], employs as the basic elements saturated reactors and toroidal-section 
transformers. If cores B, and B, are saturated (terminal B is under voltage), and the four cores A and C are not 
saturated, the key conducts and the input signal, with an attenuation of approximately 10%, passes through the 
output. If, on the other hand, cores A and C are saturated (terminal AC under voltage) and B, and B, remain un- 
saturated, the signal cannot reach the output owing to the shunting action of chokes A, the large resistance of 
chokes B, and the weak coupling between the primary and secondary windings of transformers C. 


The additional winding on each toroid is used to apply a demagnetizing pulse every time after the con- 
trol voltage is removed. 


Such a device makes it possible to distribute reliably ac signals from a level of 1 millivolt up with good 
linearity and with a power Of less than 20 milliwatts consumed for control. A shortcoming of the circuit is the 
relatively high weight, dimensions, and cost. 


The second output-key scheme is considerably simpler than the first and employs as distributing elements 
two semiconductor diodes. When a positive pulse, greater than the constantly -applied blocking voltage, is ap- 


plied through the center tap of the transformer the diodes conduct and the signal passes through the key with almost 
no attenuation. 


This circuit calls for control pulses of high amplitude, so that the operating point of the conducting diodes 
falls on the linear portion of their voltage -current characteristic.. In this case instability in the amplitude of the 
distributing pulse will not affect the output voltage of the key. The strong dependence of the voltage -current 
characteristic of a semiconductor diode on the variation in temperature may cause a considerable drift in the in- 
itial level of the above circuit. The key will not become unbalanced whenever the ambient temperature changes, 
provided the change in the slope of the linear portion of the voltage-current characteristic of both diodes is the 
same. Suitable choice of the diodes makes it possible to construct a key that has low sensitivity to temperature 
variations. The use of silicon diodes simplifies this problem owing to the considerably lower temperature de- 
pendence of their parameter than in the case of the germanium diodes. An experimental verification of the above 


input~key circuit has shown that it is capable of commutation of error signals at a carrier frequency of 500-5000 
cycles, starting with a level of 1 mv. 
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Fig. 8.* 


If it is necessary to distribute pulse control signals of high amplitude, the output keys can be assembled, 
for example, using one of the circuits investigated in Ref. [9] and shown in Figure 8, which represents the com- 
plete diagram of a three-channel MRS distributor. The principal parameters of the circuit are as follows: Ry = 
= 1.5 megohm, R, = 140 kilohm, R, = 1.1 kilohm, Ry = 43 megohm, Rs = 1.2 megohm, Rg = 2 megohm, Ry = 
= 43 megohm, Rg = 47 kilohm, R, = 10 megohm, Ry = 12 kilohm, Ry = 20 kilohm, Ry = 720 kilohm, Ry = 
= 780 kilohm, Ry = 4 megohm, Rys = 2 kilohm , Ryg = 10 megohm , Ry = 3 kilohm , Ryg = 5.1 kilohm , 
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8 é atl 2 





*(Here Jl = ‘tube'.] 
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Ryg == 22 kilohm , Reg = 3.3 kilohm , Ray = 180 kilohm , Reg = 
= 39 kilohm , Reg = 31 kilohm , Cy = 0.16 microfarad, C, = 
= 1 imicrofarad, C, = 48 micromicrofarad, Cg = 1000 micro- 
microfarad, C; = 91 micromicrofarad, Cg = 0.04 microfarad, 
C, = 91 micromicrofarad, Cg = 0.02 microfarad, Cg = 0.004 
microfarad, Cy = 116 micromicrofarad, Cy, = 0.015 micro- 
farad, Cy = 110 micromicrofarad, The switching circuit 

V, — Vig is assembled using cold-cathode MTKh-90 thyratrons 
and consists of the following units: V, and V, — master gene - 
rator, Vs — Vy9 — commutator in the form of a closed counting ring, Vy, — Vy3 — Kipp relay, which normalizes the 
duration of the commutation pulses, and Vy — Vig — triggers for the control of the keys. An experimental veri- 
fication of this circuit has shown it to operate reliably over a switching frequency range from 0.1 to 200 cycles. 
The output keys are capable of switching signals from 0 to + 25 volts. The duration of the pulse signals in the 
system is determined by the delay time of the Kipp relay and can be made greater than or equal to 1 millisecond. 
The power consumed by the circuit is approximately 3.5 watts. 














If pulse -excited measuring devices are used, the commutator is constructed in accordance with the same 
scheme, but without input keys. The pulses occurring at points A, B and C of the commutator are applied both 
to the triggers, as well as the circuits comprising tubes Vg9 — V22 (Figure 9), which excite the measuring bridges. 
In each such circuit, the thyratron plays the role of a controlled discharge switch. At the instant that the con- 
trol electrode receives the pulse from the commutator circuit, the thyratron ignites, its resistance decreases 
sharply, and the capacitor discharges to the primary winding of the transformer. The resistances r are the equi- 
valent input resistances of the measuring bridges. Figure 10 shows an approximate form of the excitation pulse, 
occurring across a resistance r = 200 ohms. 


4. Forming Devices 





Depending on the type and structure of the system, on the desirable character of the regulation process, 
etc.,the forming devices should be capable of producing pulse and relay-pulse action signals that can vary with 
amplitude or duration. 
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Fig. 11. Fig. 12. 


Figure 11 shows the diagram of a forming device, capable of producing stepped or amplitude -modulated 
pulse signals of required duration. In this diagram Rp and ey are the resistance and amplitude of the signals at 
the output of the common section of the system respectively, K,the output key of the commutator, and R,, its 
forward resistance. he value of the capacitor C is chosen to satisfy the condition (3-5)C (Rp + Rg) = tc. If 
one replaces in the key circuit the two output semiconducting diodes by vacuum diodes and if special cathode 
follower circuits (doubled) are used, the fixing-capacitance is capable of holding a charge without substantial 
leakage for a considerable length of time. Experimental verification of such a forming circuit has shown that it 
is possible to obtain a charge leakage rate of approximately 0.3 volts/min at C = 0.05 microfarad. 


If the output keys of the commutators are made exclusively of semiconductor diodes, the above circuit 
will form amplitude -modulated pulse signals of exponential waveform. The time constant of the trailing edge 


of the pulse depends on the backward resistance of the semiconductor diodes and on the value of the fixing capa- 
citor. 


















































Fig. 13. 


A forming circuit, which converts the amplitude -pulse modulation of the control signal into time ~duratior. 
modulation, is shown in Figure 12. Using regulating resistor R, it is possible to change the rate of capacitor dis- 
charge, over a certain range, up to the drop-out voltage of the relay. Such a circuit produces a logarithmic de- 
pendence of the duration of the output pulses on the amplitude of the input pulses; at small signals, however, 
not exceeding the sensitivity of the relay by more than a factor 8-10, this dependence may be considered linear. 
Instead of a contact-making polarized relay it is possible to employ other relay-action devices, such as contact- 
less magnetic relays, to serve as forming and power-amplifying elements. The conversion of the pulse control 


signal into a relay~pulse signal can be effected without using vacuum tubes in the forming devices and in the 
output keys. 


Figure 13 shows the diagram of such a forming device, made up of cold-cathode MTKh~-90 thyratrons. It 
contains two Kipp relays, one of which is triggered by a positive control pulse, the other by a negative one. Two 
identical windings of the polarized relay are connected in opposition in the cathode circuits of the first tubes of 
each Kipp relay. The output signal of the device is pulsed. It differs from the input pulse in the duration of the 
pulses and in the fact that their amplitude is constant. The duration of the output pulses equals the delay time 
of the Kipp relay and is established in accordance with the requirement of the dynamics of the regulation system. 


5. Correcting Device 





The known methods for correcting the regulation process, based on converting the error signals, cannot be 
used in aMRS owing to the fact that the signals from the measuring circuits represent in this case ainplitude -mod- 
ulated pulses of small duration, and the ordinary correcting devices can convert only continuous signals. 


The method of correcting with the aid of feedback, which is quite effective, has limited capabilities in 
the MRS, and if the number of channels is large it is difficult to realize, for it requires a considerable increase 
in the number of lines between the objects and the regulator. 


It was shown in Reference [10] that correction can 
be ‘effected in pulse systems by choosing the shapes of the 
control pulses (in the MRS circuit under consideration here, 
these pulses are obtained from the forming devices). How- 
ever, it is not always possible to realize the required form 
- | of control pulses such as to insure variation of the dynamic 
properties of the system in the desired direction. 


input 
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ar s theref loy in MRS's special 
Hea TF It is therefore necessary to employ in s specia 
pulse correction methods, the nature of which consists of 
Fig. 14. converting a single pulse sequence, acting in the common 
section of the system, into another sequence, so as to in- 


sure the required properties of the system in each channel. 


The pulse method of correction involves connecting a certain pulse network into the common section of 
the multichannel regulation system so as to change the character of the modulation of the pulse sequence. 
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That such correction is possible is readily illustrated with a simple example whereby a signal proportional 
to the first derivative of the error is introduced into the regulation loop. Since discrete values of signals are em- 
ployed in the MRS, the derivative can be approximated by the first difference, which at values of T, which are 
small compared with the period of the regulation process, correspond to the speed of variation of the error signals. 
Figure 14 shows the block diagram of a correcting device for a MRS, performing the above function. It represents 
a pulse network, comprising a delay element with a time delay r = Ty. 


Delay elements with r = T, can be used to create correcting devices for the MRS that introduce into the 
regulation loop second and higher derivatives, so as toensure infinite stability in proportional systems and reduce 
to a minimum the steady-state errors, or to increase the self-oscillation frequency in relay-pulse systems. The 
method of determining the transfer functions and the structure of the pulse correcting networks is discussed in 
Ref. [11]. Since the most characteristic values of T; range from 1 to 60 seconds, the delay elements are designed at 
such a time with the aid of magnetic recording on a drum or a continuous tape, or else using memory circuits 
comprising capacitors or ferrites. 


The use of a pulse correcting device in the MRS makes it possible to regulate groups of objects, whose dy- 
namic properties differ greatly. In this case, it is necessary to switch, during each cycle, the various parameters 
of the correcting device immediately after the circuit around the group of channels, corresponding to regulation 
objects of the same type, is completed. Thus, in the example given here (Figure 14) it is necessary to switch the 
gain of the amplifier, the value of which affects the degree of the first-derivative action. 


It is possible to use as a universal correcting device for the MRS a digital computer, the operating charac- 
teristics of which are determined by suitable choice of its program. 
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MULTIPLYING AND DIVIDING DEVICE EMPLOYING THYRITES 


A.A. Maslov 


( Moscow) 


A new analytic method is proposed for determining the parameters of quadratic 
elements employing thyrites. A new multiplier circuit employing thyrite quadrators re - 


quiring only two operational amplifiers is described. Experimental data on the multi- 
plier are given. 


INTRODUCTION 


Multiplying devices employing diode quadrators have been widely used in dc analog. devices and in other 
computers, 


While they have sufficiently high accuracy and other good properties, these devices have, at the same 
time, shortcomings, such as a_ ragged variation of the output quantity, considerable power consumption in the 
filament circuit of the diodes, the need for a stabilized reference voltage, high cost, and limited service life. 


Multiplying devices constructed of nonlinear quadratic elements (vacuum tubes, semiconductor rectifiers, 
etc.) are free of these shortcomings, but the latter are unstable in operation and do not provide sufficient accu - 
racy. Accordingly, there is a great interest in the possibility uf constructing a multiplying device employing 
nonlinear resistances, which have stable voltage -current characteristics that can be artificially immed to be- 
come quadratic. Such, for example, are the carborundum resistances (thyrite, or wilite) [1]. 


Many articles are devoted to the problem of design of multiplying devices based on carborundum resist~- 
ances [2-5]. 


The circuits proposed in [4] and [5] can be used directly in analog equipment, for these circuits incor; ute 
operational de amplifiers (the former circuit contains five amplifiers, the latter three). 


However, the complexity in designing the squaring elements limits the application of the proposed multi- 
plying devices with thyrites. Thus, to design a single quadrator, using the procedure developed by B.1. Benin [3], 
it is necessary to solve for each thyrite, using the method of successive approximation, a system of four nonlinear 
equations with four unknowns. 


We propose in this work a method for designing the thyrite quadrators, whereby the circuit parameters are 
determined by substituting into the equations data obtained experimentally when plotting the static characteris- 
tics of the thyrite resistances. We also propose a new multiplying-dividing circuit, differing from those proposed 


earlier (5) in using the minimum number of operational amplifiers (two only), and will give the experimental 
results on such a Circuit. 


1. Procedure for Designing Thyrite Quadrators 





The characteristics of thyrite resistances differ from quadratic characteristics even in a narrow range. 
ilowever, by deforming the voltage -current characteristics of the thyrite with the aid of suitably designed linear 
resistances, it is possible to obtain a characteristic that is nearly quadratic or that approximates any other curve. 
It is possible to devise many circuits that insure thyrite characteristics that approximate a specified characteris- 
tic with any desired degree of accuracy. 
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Two versions of such circuits are shown in Figures | and 2. To determine the values of the resistances of 
these circuits, let us find out what should be the characteristic of each circuit in order to make the required quad- 
ratic depende .ce ideally accurate. Let us find the required characteristic of the thyrite for the circuit shown in 
Figure lL, 























Fig. 1. Fig. 2. 


To obtain the dependence of i = me}, it is necessary that the total conductance of the circuit vary in ac- 
cordance with the following law 


8(€jn) = _ = Mejn (1) 


Here g(ej,) is the conductance of the circuit as a function of the voltage of the argument, and m is a 
scale coefficient. 


Expressing g(€jp) in terms of the parameters of the circuit and equating the results to Equation (1) we ob- 
tain 
818 (in) (2) 
gy +> fy (4x) . 








me, = 82 + 
Putting for convenience g, = g,(k + 1), we obtain from Equation (2) 


8, [man ae. (k — 1)] (2) 
kg, — mes, : 





gs (e;,) = 


The voltage on the thyrite resistor should vary as a function of ejp in accordance with the following law: 


mefy — 8, (k—1)e;, (4) 


ere =e€e —_ - 
r( in) in 81 





Solving Equation (4) with respect to ejn and substituting the positive root in Expression (3), we get 


2 2 
key k Bi . 
aoe ~ eye *E,% 


ay (5) 





8, (¢,) = 


Hence 


6 Ret Bier 


2m 4m? nn Bi (6) 


Performing similar operations for the circuit shown in Figure 2, we get 


8 gt Bie, 
Ce a=: sii (7 
+ on 4m* m kgxer- 1) 


*(Here, and in subsequent equations, subscript 'T' should be read ‘t' — editor's note. ] 
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Let us now approximate the characteristic of a thyrite by means of 


and compare the latter with Equations (6) and (7). We find that to obtain a quadratic dependence the parameters 
of the circuit of Figure 2 should be 


on a — L _ 1 _ 2a es 
MB bP 8 RT) Bs Bae" = (9) 
and the parameters of the circuit of Figure 1 should be 
a va b _@& 10 
nate! "Genie MD ne 


The coefficients a, b and c are determined from three points of an experimentally-plotted thyrite charac- 
teristic, 


To obtain the design formulas for coefficients a, b and c, let us solve simultaneously the following system 
of equations 


i, = a— V a? — bes, — cer, 
i, = a — VY a? — bes, — cen, 


is = a— Y a*® — be,, — cey,. (11) 


The currents i,, i, and is of the thyrite resistor can be measured respectively at voltages e¢,, ey, and et,- 


After separating the square root in each equation and squaring, this system transforms into 


(i, + Cee,)? — 2a (i, + céy,) + bey, = 0, 
(ig + ces)? — 2a (ig +-Cey,) + bez, = 0, 
(is + cey,)? — 2a (is + ces.) + bes, = 0. (12) 


Eliminating first b and then a from these equations and solving the resultant quadratic equation, we get* 





gaan Lk Ete 
ao a 


where 
c= [ér,ex,¢3 (ex, va er,) — ¢7,€z,l2 (er, —_ €x,) + 1,¢, 41 (és, — éz,)], 
B = [ijiges, (Cr, — €n,) — tilsts, (Cr, — €r,) + Cr,lais (€s, — €,)], 
1 = lites, (ig — th) — i,€y,l3 (is — i) + ex,isls (ix, — i,,)]. 13) 


Using the obtained value of c, we determine the coefficients a and b from the equations 


ep (ig + cea)? — ep, (ig + Ceq)* (14) 
2 (Gp, ig — e159) ° 


*In the calculation it is necessary to employ the positive root 





é4= 








om B+VB Fey 
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at 2a (i, + ce) — (i, + cer )* (15) 


er, 


b 





The formulas obtained in this manner make it possible to compute the parameters of the quadrator circuits 
in Figures 1 and 2 such that their characteristics coincide with the ideal characteristic in three points. 
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Fig. 3. 


The remaining points are subject to a certain error, the maximum value of which depends considerably on 
the choice of the points on the voltage-current characteristics of the thyrite. 


A rational choice of these points, ensuring optimum approximation of the curve described by Equation (18) 
to the specified voltage -current characteristics, is carried out graphically using the P.L. Chebyshev polygon (6, 7]. 
For this the following range of variation of the voltage, namely 0 < e; < oo was chosen on the experiment- 
ally~plotted voltage current characteristic of the thyrite (Figure 3).* 


The value of ae was chosen in the first approximation as 


J] a . 
©'tmax = 9-9 inmax: 


A circle of radius i}jax/2 was then drawn about the center of the projection of the selection portion of the 
characteristic on the ordinate axis. A regular hexagon was inscribed in the circle such that two of its sides are 
perpendicular to the ordinate axis. 


From the projections of the vertices of the resultant polygon on the specified voltage ~current characteris- 
tics one obtains in first approximation the desired points (1', 2" and 3° on Figure 3). 


For a more ‘accurate determination of the design points it is necessary to refine the magnitude of the work- 
ing interval of the thyrite characteristics. For this purpose, the points 1', 2' and 3° are used to calculate the 
values of the conductances g, (Figures 1 and 2), The characteristic of the conductance g, is superimposed on the 
characteristic of the thyrite* and the maximum value of the input voltage e;,, ax is used to determine the max- 
imum values of the thyrite current i,,,,,, after which one finds finally points 1, 2 and 3 (Figure 3). 


As a result of calculations performed on several specimens of thyrites, it became clear that the conduct- 


* The characteristic of the thyrite is shown dotted on the graph. 
**The total characteristic is shown solid in Figure 3. 
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ances gy of both circuits (Figures 1 and 2) have in most cases negative values. This circumstance imposes a 
limitation on the use of the circuit of Figure 2, for in this case it is necessary to add to the circuit an additional 
sign-reversing amplifier, as shown in Figure 4. 

















ik. 2a 
I, tin ci 
ru | , 
r + 
Fig. 4. Fig. 5. 


The circuit of Figure 1 is more convenient, for to produce a negative value of r, it is possible to employ 
the inverting amplifier, which is usually contained in the functional converters to obtain a negative voltage of 


the argument (Figure 5). In connection with this, circuit 5 was therefore chosen to construct the multiplying 
device. 


Graphic verification of several quadrators, built in accordance with this diagram and calculated in the 


above manner, has shown that they can insure the reproduction of a quadratic dependence with a maximum er- 
ror not exceeding 0.5%.* 


2. Summing Quadrator Employing Thyrites 





To perform the operation of squaring a sum of several voltages, i.e., to reproduce the function 


cn =—- (3 tes) = 


i=] 


(where ¢; is the scale coefficient of the i-th component, and v the scale coefficient of the function), it is pos- 
sible to employ the circuit of Figure 6.** 


The resistances ry and r,j of the circuit will be chosen to be 


ri rs 
eee “t —— (17) 


To determine the resistances r, and rz, we shall use the circuit shown in Figure 7. The latter is equivalent 
to the circuit of Figure 6 if 











n 
tie 
n = 
> (e,— eg) & | . 
r = r ’ 
: 1 (18) 
n n 
> be » Cis te 
rs “" ; ry ° 
i=} t=} (19) 
*The error is relative to a full scale value of 100 volts. 
n 
**It is assumed that b C:% is always positive. If the sum of the input voltages changes sign, the func- 
t=] ; 


tion reproduced will be 


Cour =— (> cn) sign > Cea. 
tory t==1 
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Fig. 6. = — summing point of amplifier; m-— scale coefficient 
of the function (with respect to the current); T — thyrite. 


where Tye and fge are the total equivalent resistances. 


Solving Equation (18) with respect to tye, we get 





= —! 20 
==: (20) 
> 
i=l 
Condition (19) is satisfied if 
te/Ty = lpe/Tp- (21) 


To calculate the parameters of the summing quadrator (Figure 6), it is necessary first to find the maximum 
value of the input voltage of its equivalent circuit (Figure 7). Eliminating from the expression for e¢jp, (Figure 7) 
the resistance rye, determined by Equation (20) we get 


Dd oe 
_ 


fing n ’ (22) 
Dye 
i=1 
n 
(> Ge) 
i=1. max 
eee (23) 
Ot 


After determining €ingmax WE determine the resistances tye and fge and the scale coefficient me of the 
current characteristic of the quadrator, as described in the preceding section. 


The values of 14; and rgj are determined from Equations (17), (20) and (21) and amount to 


n n 
ned % Toe DS 
i-=1 i=l ‘ (24) 


ee." ra = Gi 
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Fig. 7. €jne — input voltage of equivalent circuit; mg — scale 
of current characteristic of equivalent circuit of the summing 
thyrite quadrator. 


The scale coeffficient m of the voltage -current characteristic of the summing quadrator is determined 
from the equation 


i=ig= MeC'ing- (25) 


Using Expressions (16) and (22), we get 


(26) 
m= Om 


(Sey 


The feedback resistance R¢ of the operational amplifier is determined from the coefficient v using the 
condition that the currents i and i¢ must be equal, i.e., 


—— on (Ste). (27) 


Hence 


Re = v /m. (28) 


3. Thyrite Squaring Circuits for Sign-Reversing Voltages 





The squaring circuits given above are suitable only in those cases when the voltage of the argument or the 
sum of the voltages of the arguments does not change sign. 


Squaring a voltage that changes sign (or a sum of such voltages) can be carried out with the circuit of 
Figure 5 by separating the positive and negative moduli of this voltage, using for example the circuit of Figure 8. 


When squaring the sum of several voltages with this circuit, it is necessary to use an additional amplifier 
for the summation of the input voltages. It is possible to avoid increasing the number of amplifiers in this case 
if the modulus of the sum of the arguments is separated in accordance with the following formulas: 
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or 


Shier —2 Der, Dd) Ger >0, 








. fem t=] {=1 
| Da, Dy Ger <0. 
tom} tm) 


By way of an example, let us consider a circuit for squaring the sum of two voltages, intended for a mul- 
tiplying device (Figure 9). 


The voltage (— x — ¢y)/2, obtained with the aid of a summing amplifier, is resolved by means of a diode 
key gy, Res Ser Bg» Re» Bg into two components: 








0, <0, 
ec t= ey . — + ey >0 (30) 
and 
- _ om ey . — + ey <0, 
Cs ~ é i 


0 — > 0. 


Resistances Ry and R3 of the diode key are equal and are intended to maintain the diodes g, or g, in open 
state for closed g, or gs. Their value is chosen in accordance with the condition 


Ca ong, >= 











be u 
14 ns i ° (31) 
N e 
=\fo 
The voltages e,, €,, and 4e,, 4e, are combined in the summing 
+r quadrator as shown in Figure 9. 
Fig. 8. Since ey + ey + 4e, = | ex + ey| and ex + ey + 4e, = {ex + ey], 


when the switch is placed in the “plus” position, the current flowing into 
the summing point of the amplifier £ (the amplifier is not shown in the 
diagram) is 

i = m(ex + ey + 4e;)? = m (ex + ey). 


When the switch is changed to the “minus™ position, the current i changes sign 


[= — m(éx + éy)*. 


At the end of this section we shall consider a circuit for squaring the difference of two voltages, as shown 
in Figure 10. The circuit employs the principle proposed in [8] for obtaining the difference of two voltages 








ae, — “te 
a ai te (32) 
and 
| —“—s, 33 
— St = st ey. (33) 


The modulus of half the difference between ex and ey is separated in this case by adding to the voltage 
(-¢, ~ ey) /2 a large initial voltage, e', = max(ex, ey), i.e., 
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3) 





eee 252) + max oo 


The negative modulus of the difference of voltages e, and ey is formed by adding to the voltage (— ey — 
— €y)/2 the smaller input voltage 


—e,—e , 
— |x — ey | = 2|—s—* + min (e;, e,) | ° (35) 


The largest and smallest voltages e4 = max(€ x,y) and e> = min(ex, ey) are obtained with the aid of 
diode keys gs, gg, Rg, and gy, gg, R. 



































*%ef 


Fig. 10. 


The principle of operation of one of these keys is explained in Figure 11. 


If both input voltages (or one of these) are positive, the diode conducting will be the one having the higher 
plate voltage, and therefore the voltage passing through point a will be the one that happens to be larger at the 
given instant. For the key to work also at negative values of ey and ey, the potential of the point a is reduced 
by voltage eref. Here it is necessary that the following inequalities be observed 





> | &xmax- (36) 





srof ref tefftef 
Pea > |v max and R+ Rj 


For given values of ére¢ and Rj, this condition is satisfied by choosing resistance R in accordance with 


R<R, “ref © max an 


max 
where €max = €xmax = €ymax: 


To separate the smaller of the two voltages it is enough to change the connections of the diodes, making 
the anodes of the diodes common, and to change the sign of the reference voltage €re¢. 
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If an unstabilized source of supply is used to provide the voltage 
4-4; 4 €ref. it is necessary to substitute into (37) the minimum value of éref. 


£ eee a R In the diode keys of the circuit of Figure 10, the role of the resist- 
D 47-2 


=—2 ance R is played by resistances Rg and R's. To calculate their value it is 
gob —3 * ref necessary to replace in Equation (37) the resistance rs in lieu of Ry, 


a i,{ uf since eg of the thyrite (Figure 10) is zero for the maximum input voltages. 
+ 








In all other respects the circuit of Figure 10 operates in the same 
Fig. 11. manner as that shown in Figure 9. 


The current flowing through the summing point is obtained from 
the equation i = m(e, — ey). The sign of the current is changed by means of the switch. 


4. Principal Diagram of Multiplying-Dividing Network 





The multiplication circuit shown in Figure 12, as in the case of the majority of networks employing quad- 
rators, is based on the relationship 


1 1 
€z = 700 [(¢x + ey)? — (ex —ey)"] = Too °x@u- 


The circuit was designed for input and output voltages ranging from —100 to +100. 


The division circuit is based on the multiplication network as is done in the multiplying-dividing network 
used in the EMU~-5 electronic analog apparatus [9]. The sum and difference of voltages ¢x and ey are squared 
with the aid of the circuit shown in Figure 9. The current scale factors of the two circuits is made equal by using 
thyrites with identical characteristics, adding to the circuit used to square the difference of the voltages ex and 
ey, a resistance ty. (Figure 12), the value of which is chosen in accordance with Equation (26). 


It follows from (26) that to make the scales of each of the circuits equal for equal values of me it is neces- 
sary that the sums of the coefficients of the individual components be equal. For this purpose, the value of the 
resistance 14, is chosen to be 


ry 
i= >= 3rie- 


The resistances fj, fgg and fq of the circuits of Figures 9 and 10 and in the complete principal diagram of 
a multiplying-dividing network (Figure 12) have been eliminated, since the sum of the currents sent by these re- 
sistancesinto the summing points of the amplifier > is always zero. 


The voltage -current characteristics of the thyrites are made equal in the realized circuits of the multipli- 
cation-division network in two ways: 


1, If the available thyrites have characteristics that do not differ from each other by more than + 10%, 
one connects in parallel to the thyrite with the smaller current level a resistance r (Figure 12), the value of 
which is chosen to satisfy the condition that the approximated characteristics must coincide at the terminal 
points of the working range. This method ensures similarity of the characteristic with an accuracy of approxi- 
mately 0.2% of the maximum current. 


2. By placing on the same specimen of thyrite three electrodes in such a way, that it becomes possible to 
obtain both characteristics. Here it is necessary to place the electrodes in such a way that the electrode con- 
nected to the summing point of the amplifier is between the two others, for example, as shown in Figure 13. The 
potential of the center electrodes remains unchanged, and therefore in addition to serving its principal function, 
this electrode eliminates also the leakage between the outside electrodes. 


When we checked the multiplying-dividing network constructed in accordance with the circuit discussed 
in this article, we employed thyrites in the form of a disc 50 mm in diameter and 10 mm in height. The 
placement of the electrodes is shown in Figure 14. 


The characteristics of each half of the thyrite were timmed by applying to them equal voltages of oppo- 
site polarities (Figure 14). If the current is was positive, the left electrode was reduced, and vice versa. 
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Fig. 12. g1, Bo. 83» Bg ~ DG~Ts25; Rg, Ry — potentiometers of the 
Omega type; gs, 86 87 8g — DG-Ts27; ty, and rp, — thyrites; ty, — 
type MMT thermistor; R, to Ry, Rg — type VS and NLT resistors. 


When is = 0, and for equal current-characteristic scale factors, the maximum error for both halves of the 
thyrite did not exceed 0.2% in this case. 
































| at 

tat 
ss 
— 

vy 

















Fig. 14. 


The temperature error of the multiplying-dividing network, resulting from the negative temperature coef- 
ficient of the thyrite discs [1], was compensated for with the aid of a thermistor ry, (Figure 12). The values of 
resistances fgg and rg of the circuits of Figures 9 and 10 were replaced when connected to the thermistor by r5 


and rg so that the current flowing through these resistances into the summing point of the amplifier remain 
constant. For this purpose it was necessary to satisfy the relation 








.. ! Bic ! (38) 
r i. ae a -F a ; 
™ ra(ae ti) trr = ta +4) +rr 

22 23 


The calculated value of resistance tgs is always half the Calculated value of resistance rg,, and therefore 
the resistances r}, and r3,, obtained from Equation (38), should equal 


Pos = Tog — 1,57), Tea = oq — Srp (39) 
In the multiplication-division networks realized in this work, we employed type MMT thermistors which 
had a negative temperature coefficient ranging from 2.8 to 3%/°C [10]. 
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The value of the resistance of the thermistor was chosen from the condition that the temperature error be 
compensated for at the maximum value of the output voltage ez,,,, = 100 volts. 


For this purpose, the temperature coefficient of resistances fgg and fgg should be 


ve ‘sax 
Tres = Tire = NeZ—— (40) 
(r2+Ts)max 


Here ny,, and nr,, are the temperature coefficients of resistances fgg and tz, ne is the equivalent temper- 
ature coefficient of the thyrite and of the resistances connected in series with it, i;,,,, is the maximum current 


flowing through each of the thyrites, and iy, +155) 4x is the maximum total current through resistances fy and 
T23- 


The coefficient ne is negative and ranges from 0.3-0.4%/°C for various thyrite discs. The ratio i,,.,, 


sie te3)max *298°S from 3 to 4, and therefore the coefficients ny,, and nr, were approximately taken to be 


The resistance of the thermistor is determined from Equation (39), rewritten to allow for the temperature 
variation: 


(ros — 1,072) (1 + 7rAG) = reg (1 — 4,46) — 1,57, (1 — y,A8), 


where n, is the temperature coefficient of types Vs and MLT resistors, and ny, is the temperature coefficient of 
the thermistor, and AO, the increment in the temperature. 


Hence 


Nr, +7 41 
rT= Te3 iSi,+a)~ 0,257.43. ( ) 


5. Results of Experimental Verification of the Multiplying-Dividing Network 





When checking the experimental models of the multiplying-dividing networks, the following results 
were obtained. 


1, The maximum static error of each of the models in the multiplication of two voltages did not exceed 
0.6% of the full scale of 100 volts at room temperature. The maximum error in division did not exceed 2%. 


2. The temperature error without compensation amounted to 0.3-0.4%/°C. After compensation, tlie mn. .- 
imum temperature error did not exceed 0.5% with the unit heated to + 50°C. 


3. The frequency characteristic was plotted while multiplying and dividing a constant sinusoidal voltage. 
In both cases, the frequency characteristic remained flat within the passed band of the operational amplifiers used, 
i.e., 100 cycles at an output voltage amplitude of 100 volts. 


SUMMARY 


1. The methods proposed in this work for separating the moduli of the sums and differences of two voltages 
made it possible to develop a multiplication network using quadrators with a minimum number of operational 
amplifiers (two amplifiers) compared with the previously -proposed versions. 


2. The procedure detailed for the design of quadrators employing nonlinear resistances makes it possible 
to calculate the circuit parameters by means of formulas given in closed form. 


3. The multiplication network using thyrites are not inferior in accuracy and stability to diode networks, 
and at the same time have many new valuable properties, Among the advantages of such networks are: a) sim- 
plicity of circuit and low cost; b) reliability and long service life; c) absence of reference voltage; d) smooth 
variation of the output voltage and of its derivatives. 


The circuit developed differs from the thyrite multiplication networks proposed earlier in that they employ 
a new quadrator circuit, ise a new method for separating the moduli of sums of differences of the input quantities, 
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and are able to perform the division operation. 


A general shortcoming of multiplication networks using thyrites is the need for determining the parameters 
of the circuit for each model. However, the above shortcoming does not limit the possibility of using the above 
circuit, which can be recommended for use in analog computers and other computing devices. 


The author thanks B.Ia. Kogan for help and valuable advice in the development of the circuit considered 
in this article. 
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ON THE THEORY OF HALF~-WAVE MAGNETIC AMPLIFIERS.® I. 


R.A. Lipman and 1.B. Negnevitskii 


(Moscow) 


In 1951 R. Ramey [1, 2] described a new circuit of magnetic amplifier, differing from the usual circuits in 
its high speed. Such amplifiers were called half-wave amplifiers in the literature. Thereafter, many magnetic 
amplifier circuits, based on the simple Ramey circuit, have appeared. The descriptions of the physical processes 
and the calculation of the characteristics of the Ramey amplifier, contained in the available literature [1-5], 
are inadequate. In addition, there is no detailed analysis of the transients or of the cases where control is ef- 
fected by various types of signals. 


The published reference. containing the most detailed theoretical analysis of the Ramey circuit is [3]. 
However, [3] considers only control by means of rectified half-wave sinusoidal voltage, while in practice it is 
no less interesting to investigate the control by alternating sinusoidal or by dc voltages. Reference [3] does not 
analyze the change in the current in the control circuit, does not show the range of applicability of the derived 
equation for the load current and for the voltage gain coefficient, and does not consider the problem of the power 
gain. 


This article is devoted to an analysis of all these problems. 











Fig. 1. 


The principal circuit of the amplifier is shown in Figure la. The right half of the diagram shows the load 
circuit, and the left one the control circuit. The voltage E'y and the control circuit will be called the reference 
voltage. The transformer T serves to decouple the load and control circuits. 


The supply voltage E of the amplifier and the reference voltage E’y are sinusoidal, have the same frequency, 
and are in phase. 


In the steady state, it is advisable to distinguish between the so-called control half cycle, when rectifiet 
V,, conducts and the core is demagnetized (is magnetized in the negative direction), and the working half cle, 
when rectifier V; conducts, the load carries a current, and the core is magnetized in the positive direction. 





*Delivered at the Seminar on Magnetic Amplifiers at the Institute of Automation and Remote Control, Academy 
of Sciences, USSR, April 4, 1956. 








During some instant of time in the working half-cycle, the core saturates and the supply voltage is applied 
to the load. The instant of saturation, and consequently, also the voltage across the load, is determined by the 
degree of demagnetization of the core during the control half cycle, which in turn depends on the control voltage. 
This indeed is the principle on which the operation of this magnetic amplifier is based. 


Basic Assumptions 





We shall analyze this amplifier subject to the following assumptions. 


1. The core of the amplifier reactor is made of a material with an ideal rectangular hysteresis loop. 
a oa Figure 2a shows the type of real dynamic hysteresis loops and sev- 
( eral particular cycles with constant demagnetization and without it, while 
a Figure 2b shows the idealization assumed for the dynamic loops and par- 
: ticular cycles. 
Ud 


le 











analysis of the processes on the amplifier is obvious. As will be shown 
below, even the quantitative agreement with the experimental data will 
be good if high grade magnetic materials with rectangular hysteresis loop 
(type N50-P and N65-P) are used. A magnetic material with an ideal 
rectangular hysteresis loop is characterized by two parameters — the sat- 
8 4 uration flux density B, and the coercive force Hg». A reactor with a core 
| | made of such a material, having a cross section S, an average length of 

; flux line 1, and a winding with w turns supplied by a sinusoidal voltage, 
can also be characterized by two parameters; the saturation voltage and 


4 
] : i] . . ” e 
“| sal, “4, wae the “arbitrary coercive” current: 











| That it is possible to employ such an idealization for a qualitative 
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Em = @wSBAO™, Ing= £2-. (1) 
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2. The inverse current of the rectifiers is in all cases small compared 


b with the current Icg- 


Fig. 2. 
Here it is possible to neglect the inverse currents and to assume 
backward resistance of the rectifiers to be infinite. 


3. The control and load circuits are pure ly resistive. 


4. The resistances of the reactor windings and the forward resistance of the rectifiers is contained in re - 
sistances ry and r', respectively (Figure 1a). 


5. The resistances ry and rg are related by 
t's (Wz/ We)* > I). (2) 


Otherwise, as will be seen from the discussion that follows, the control and load circuits so to speak inter- 
change places in the absence of the signal, saturation will occur during the control half cycle, and demagnetiza- 
tion will occur during the operating half cycle. 


If all the quantities of the control circuit are referred to the load circuit, we have 


w, \? H Ww). w » © 
, I ae ae es . oo 
ean (t). b= BL, cme, wagel, p= nie 
c c\w./’ w, ’ w, ’ Ow, Cw, (3) 


and if we take into account that the operation of the amplifier is usually considered at 





EE 
ae ay 
E 
Em<ow BS10* of e=>™ <1, (4) 
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it becomes evident that the aimplifier circuit of Figure la can be replaced by an equivalent circuit of Figure 1b, 











where the arrows indicate the chosen positive directions. 


The processes in the amplifiers will be analyzed subject to the Supplementary Conditions (4), although the 
first of these two conditions, as will be shown below, is not obligatory. The analysis will be carried out using 
the circuit of Figure 1b, but the end results will be given also for the initial circuit. 


The quantities referred to the load circuit will be unprimed, and the principal ones primed. 


Steady-State Operation 





An analysis of the processes in the steady state is carried out for control with: a) rectified half-wave volt- 
age; b) alternating sinusoidal voltage; and c) de voltage. 


In all cases the supply voltage is 


e= E,sinwt = E,sin 8. (5) 


a) Control with Half-Wave Rectified Voltage 





A “positive signal” is applied to the input of the amplifier 


eo =Eymsin6 at — tr <b<0, - 
é. = 0 at 0<b<r. 


Control half-cycle (-— 7 = @ = 0). We shall assume that during the control half cycle, the current in the 
load circuit is zero. 





Let us assume that at the start of the half cycle (@ = @g = —) the core is saturated and its state is deter- 
mined by the point 0 on the hysteresis loop (Figure 3a). With this, the reactor voltage ur is zero and the current 
flowing through the control circuit is 


e—e E,..—E 
—— I m cm . 
i = ~ = -s sin 6. (7) 
c c 





During the instant when 6 = @,, the current i, becomes equal to —Igg. The state of the core is now deter- 
mined by point 1. The core then begins to demagnetize, and the control current remains unchanged: 


ic = —Ico- (8) 
The demagnetization takes place under the influence of the following voltage applied to the reactor 


=e— — j =e— 7 y 
Smee if =e Ce t+ Loe (9) 


When the reactor voltage becomes zero, the demagnetization terminates (9 = 6,). The magnetic state 
of the core is now determined by point 2. 


It follows from (7) that the angle 6, can be determined from the expression 


Teor 
§, = arc sin 4) —f, 10 
. | En— Eom (10) 
and the angle 6, is 
6 == — c¢— 0 ° 
. , (11) 


Starting with the instant of time when @ = @», the current ic attempts to assume an absolute value that is 
less than Igg and as a result the magnetic state of the core goes through a minor cycle. Under the assurmptions 
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made above, this change occurs at a constant flux density (portion 2-3 on the loop, Figure 3a), and consequently 
the voltage across the reactor remains zero, and the control current again is determined by Equation (7). 





















When @ = 63 = 0, the current i, becomes equal to zero, the state of the core corresponds to point 3 on 
the loop (Figure 3). This terminates the control half cycle. 


In this case, the condition that no current flow through the load during the contol half cycle is satisfied. 
Actually, the current iy = 0 if rectifier Vz is blocked, i.e., if 
Uy, =e uy < 0. (12) 
Since e < 0, Condition (12) is satisfied during the entire control half cycle, because uy is either zero or else 
satisfies Equation (9). 


Figure 3a shows graphs for the variation of the supply and control voltages across the reactor, the valves, 
and also on the currents and flux density in the core. 


Let us consider the case where the "sign" of the control voltage changes — a “negative” signal: 


@ = — Ecmsin 6 at —rcb<I, 
€&o = 0 at D<0<x. _ 


If we assume also, in this case, that the load current is zero during the control half cycle, the processes 
described above remain the same in the amplifier, and it is necessary to reverse the sign of Eerp in the equations. 
Now, however, Condition (12) will be satisfied only if 


Ecm = Icofc. (14) 


The corresponding graphs for the variations of the voltages, currents, and flux density are given in Figure 3b. 


Let us follow the course of the process in the case when Condition (14) is not satisfied, i.e., if the control 
signal is too large (Figure 3c). 


The initial conditions being the same in the interval from @ = @9 = —@ to 6 = 6, the core is saturated, 
the reactor voltage is zero, and the current flowing in the control winding is 





e—e E E 
ic= fe _ Pmt Fem sin 6. (15) 
rc r 
During the instant corresponding to @;, we have i, = Igg and 
lo6 
0, = arc sin (“ae —f. (16) 
: Em v Fem 


Rectifier V; is blocked (uyy = e < 0). After 6 = 64, the core begins to demagnetize under the influence 
of the voltage across reactor (9). 


The voltage across rectifier V; is now 


Uy) =O — Uy = Oo — Iege = — Kmsind — hgy- (17) 


If Condition (14) is not satisfied, then the voltage uy; becomes zero at @ = @', and will then tend to be- 
come positive, and rectifier V) will start condicting. It is obvious that 





, I 
0, = are sin ( we )—-. (18) 
om 






With rectifier V) conducting, and bearing in mind that the current flowing in the reactor is ig = —I¢o (the 





operating point shifts on the hysteresis loop along section 1-2), we can write 





Co=—iotg tin, iy = ip —ic = — ko— tk, (19) 
hence 
; Cot hot Co — foo (20) 
{= -,.,r—sOOUFY/'_} = 
” ratte To tM" 
The demagnetization of the core continues under the influence of the following voltage 
r rv 
a l ; cil 
eme—e oie + hate * (21) 
Rectifier V; remains conducting until @= 6% (6, = —m~— 64) when the current iy becomes zero (Figure 
3c), because after this time uy; < 0 and rectifier V7 is cut off. Here the current is ic = —I¢o, and the voltage 
across the reactor is given by (9). The demagnetization continues until @ = 62 (62 = —m— 64), when u; = 0. 


Starting with 62, the voltage u, remains zero, and the control current varies in accordance with (15). 


When.@ = 63 = 0, the current ic = 0 and the magnetic state of the core corresponds to the point 3 (Figure 
3c). This concludes the control half cycle. 


Working Half Cycle (0 = 9 <7). In the interval from 6 = @3 = 0 to @ = @, the flux density in the core 
remains constant, the voltage across the reactor is zero, and the load current varies as 





s. ., 
ly =—> = sin 0. (22) 


a ie 


When @ = @4 (the magnetic state of the core is determined by point 4 on the loop, Figure 3), the load 
current becomes +1,,, and 


I,?, 
a (23) 





6, = arc sin 


A positive voltage appears across the reactor, and the core begins to demagnetize (the operating point 
shifts along section 4-5 of the loop). 


Since the load current remains constant 


i, = loo: (24) 


the magnetization occurs under the influence of the following voltage: 





Up = e ~igry = e —Icory. (25) 



























When 6 = @s, the core saturates (point 5 on the hysteresis loop), the voltage is ur = 0, and all the supply 
voltage is applied to the load 


up=iry=e = LEmsind. (26) 















The angle 6, can be calculated from the condition that the voltage across the loop, averaged over the cy- 
cle, should be zero 














wT 03 0, 


| upd = | u,dd+\ u dd=0. 


of 0; Oo, 















After Qs, the core remains saturated, the operating points on the hysteresis loop passes through positions 
5—5'—5, and at 0g = m, when the load current vanishes, the core returns to its initial state, determined by the 
point 6 (or 0) on the loop. 


This completes the operating half cycle. During the entire operating half cycle the rectifier V¢ is cut off, 
since the inverse voltage across it (considering that eg = 0) is 


Uye = uy = ipry. (28) 


Plots showing the variations of the voltages, currents, and flux during the working half cycle are shown in 
Figures 3 and 4. 


b) Control with Alternating Sinusoidal Voltage 





A “positive” signal ¢, = Ecm sin @ is applied to the input of the amplifier. 


It is obvious that during the control half cycle the circuit will operate in exactly the same manner as in 
the case considered above, where control is by half-wave voltage. The only difference occurs during the work- 
ing half cycle, which will be considered below. 


_At the end of the control half cycle, the state of the core is determined by point 3 on the hysteresis loop 
(Figure 4). Starting with @3 = 0 to @,4 (23), the flux density remains constant, the voltage ur = 0, and the load 
current is determined by Equation (22). In this case the rectifier V_ blocked by the inverse voltage uyc = e — 










































































—€q. 
| ty During the instant @ = 6,4 (point 4 on the hysteresis 
0 iy loop), the current is iy = Igo, a positive voltage appears 
y r across the reactor, and the core is magnetized. The value 
n J of u, is now determined by Equation (25). 
\ 
The inverse voltage across rectifier V. becomes 
Uye = Ico] — &c. (29) 
When 6 = 64, where 
, lg 
6, = arc sin C2! , (30) 
. Fom 
$' the inverse voltage Uy is zero and rectifier Ve becomes 
conducting (Figure 4). Now the following equations hold 
J 
ec=ari—icreo Hirt 
or iy = ko— ic (31) 
and 
i tells, 
0 H ce r} + ro ’ 
ue, ak 
Y4 iy ie —S—_Sde (32) 
rs l r? + lo 


Fig. 4. Supply voltages, currents, and induc- 
tion when sinusoidal alternating control volt- 
age is used. 


The core continues to magnetize under the influence 
of the voltage 


uy = € ~ipry, (33) 














and during the instant @5, where 95 is determined from (27), the core saturates (point 5 on the loop), the voltage 
uy = 0, the entire supply voltage is applied to the load, and rectifier V_ is again blocked (uyo = e — €¢). 





At 0, = m, the working half cycle is completed and the subsequent control half cycle begins. 


Thus, during control with alternating voltage, a characteristic feature is the fact that current flows through 
the control circuit during the working half cycle. At the same time, a corresponding “addition” appears in the 
load current. With this, as will be shown below, the average value of the load current, for equal values of Ec, 
and other conditions being equal, will remain the same as during half-wave voltage control. This can be ex- 
plained by the fact that the presence of the current i, during the working half cycle causes the saturation of the 


reactor to take place later, thus reducing the average value of the current i), compensating for the "addition" 
indicated above. 





The processes occurring when the phase of the control signal is changed — for a “negative” signal — can be 
analyzed in a similar manner. 


c) DC Control 





A “positive” signal is applied to the input of the amplifier 


e, = Es. (34) 


The curves for the current, voltage, and flux density are shown in Figure 5a. 


Control half cycle. When @ = @) = ~—m, the core is saturated and its state is determined by point 0 on the 


hysteresis loop. With this, uy = 0, the control current is zero, because rectifier V, is blocked by the inverse 
voltage 





Uye = € ~&c = Em sine + Ec. (35) 


When 6 = @,, where 


9 


. =3 c 
6, = are sin=— — 7, 


~“m 


(36) 


the voltage Uy = 0 and rectifier V, conducts. The core is still saturated, the control current varies in accord- 
ance with 








, @—e E,, sin@+- E 
ie = B an out +e . (37) 
el ro 
When 6 = 6g, the current is i, = —I¢g (point 2 on the hysteresis loop). The core begins to demagnetize, 
and the current i, remains constant; ic = —Igg. 


The demagnetization is effected under the influence of the following voltage 
Ur = € —€c ~igtg = € + Eg + Igole. (38) 


When 6 = 63, the demagnetization terminates (u; = 0) — point 3 on the loop. 


The angle @, is determined from (37): 


E 
0, = arc sin ( Fat Seo ) —f (39) 


se 
“m 


and the angle @, is 


6, = — n—6,. 

















The magnetic state of the core varies next over the minor cycle at B = const (section 3-4 on the loop), 
and the current i, is determined from (37). At 04 the current ip = 0 (9, = — 17-64). After this the current i, 
remains zero until the end of the control half cycle (9, = 0), and the rectifier V. is cut off. 


The load current is zero during the control half cycle, and the rectifier Vz is blocked by the voltage 
Uyy = © — Ur. (41) 
When the polarity of the control voltage is reversed — when the signal is "negative" — we have 
&c = E, (42) 


The voltage, current, and flux density curves are as shown in Figure 5b. 
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Fig. 5. The same as in Figure 3, but when dc voltage is used for control: a) for “posi- 


tive” signal €g = —Eg; b) for “negative” signal e, = Eg. 


During the control half cycle, as long as the reactor is saturated, the current ic varies as 


— e—E.. 
— . 
'c 





(43) 


Over the section @,-@2, the current is ip = ~Igg. In the interval 62-63, the current i, again varices as in 
(43). The load current is iy = 0, since rectifier Vz is blocked. 


Working half cycle. If the control voltage is as given in (34), the working half cycle is the same as ob- 
tained by control with rectified half-wave voltage. It is necessary only to note the increased inverse voltage 
across rectifier Ve. 











Let us examine the working half cycle when the polarity of the control voltage is reversed, as given in (42). 
In the interval @— 04 (Figure 5b), the current i, continues to vary as in (43), and its absolute value dim- 


inishes. The load current is iy = e/t;, and now the current in the reactor 


ig = i} + ic (44) 


increases, and becomes equal to +I, when @ = @,4. Following this, a voltage appears across the reactance and 
the core magnetizes to saturation (@ = @s5), and ig = Igo. 


Inasmuch as current flows in both the control and load circuits during the interval @,— 65, we Can use equa-~ 
tions analogous to (19) to obtain 


. holo + He : Saleh 
i= =ceonst, lo= = const. 
rite c rnt+re (45) 


At @ = @s the core saturates and until the end of the working half cycle we have iy = e/rz, and ig is as 
given by (43). It should be noted that the process will follow this course only until the value of E¢, for a signal 
as given in (42) exceeds a certain critical value. Actually, as E¢ increases, the core will become demagnetized 
more strongly during the control half cycle, and a condition will be reached where it will be impossible to sat- 
urate the core during the working half cycle. The critical condition occurs when the “limiting” state of the core 


during the working half cycle corresponds to the point 5 of Figure 5b. It is possible to show that the critical 
value Eq ¢, is 


r 


_— c 
Foc = kéc To tan” (46) 
At Ey = Eger, the value of the load current is a minimum. If f¢ is substantially greater than rj (2), then 
Ecer & Ieotc, as in (14). 


The equations obtained above for the various operating modes make it possible to calculate, for the as- 
sumptions made above, by relatively simple means the various relationships in the amplifier for the steady state. 


"Input-Output" Characteristics 





Let us agree to call the principal “input-output” characteristic of the amplifier the dependence of the 
average value of the voltage across the load (during the cycle) on the control voltage and on the resistance in 
the control circuit: 


Utav=f(K mt): 


a) Control with Rectified Half Wave and Alternating Sinusoidal Voltages 





For both cases, with the exception of a mode in which the load current flows partially during the control 
half cycle, i.e., with the exception of the case when a signal e, = —Egmsin @ is applied and Ecm > Igofc. it 
is possible to write for U; ay 


rT rT 


2aU} ay = \\ vad = \ (e —u,) dB. 
0 


; (47) 


Next, taking (27) into account 


(wad = ( u,d9 = —| u, dd. (48) 
6 
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Using (48) and (4) we obtain from (47) 


bad A, n 02 
2nl} ay = \ead + \ u dl = \ edt + \ (e—ee+ 1.gc) dé. (49) 
0 0, 0 0, 


Integrating (49), bearing (5), (6), (10) and (11) in mind, we obtain an equation for a family of “input-out- 
put" characteristics in the following form 


av 1 boc 


Tt 

; ot ¢. —. 
E,. E_. ( c— + + a), (50) 

where 
i f (51) 
sina = 5 , 
En — Ee m 
If the signal is eg = —Egypsin 9, it is necessary to reverse the sign of Egyy in the equations, 


In the particular case when Igor, = 0,* we obtain from (50) and (51) 


MUtay = Eom: (52) 
In the absence of a signal at no load (E,,, = 0) we have 


nU) ay 





on \ Icor 
— = sina (5 —@\)+1—cosa, sina= E =, (53) 
“im - / ad 


m 
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Fig. 6. "Input-output” charactetistics when half-wave recti- 
fied or alternating sinusoidal control voltage is used. Experi- 
mental points: O) control with half-wave rectified voltage; 
x) control with alternating sinusoidal voltage; () control with 
alternating sinusoidal voltage in the absence of rectifier V.. 


It is advantageous to introduce the following relative quantities 


"ray _ yo Eom __ 750 bo! =) 
Bs TS — co (54) 





* This equality is possible only in the absence of hysteresis, when Igg = 0, since r¢ # 0 in accordance with Con- 
dition (2). 
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Equations (50) and (51) will now assume the following form in relative units 


aU} av=! — B(ctga— + + a) ’ 


Pr 
dace... , (55) 
lees Fem 
and Condition (14) becomes 
Etm = Ito- (56) 


The family of “input-output” characteristics, calculated in accordance with (55), is plotted in Figure 6. 
The characteristics shown to the right of the ordinate axis correspond to signals (6), which we called "positive" 
signals, while those to the left of the ordinate axis correspond to “negative” signals (13). 


The characteristics for “negative” signals are calculated for those values of a at which the Condition 
(56) is satisfied. The characteristics can naturally be calculated by the same procedure also for Eém > Ito, but 
the calculations are more cumbersome and are not cited here, particularly since these sections of the character- 
istics are of considerably smaller practical interest. 


Since U;ay = Izaytz. the same characteristics represent the dependence of the average current in the load 
on the control voltage. 


Strictly speaking, the characteristics are nonlinear over the entire working range, with the exception of 


0 
Too 


Let us note that the characteristics of the amplifier are quite identical for half wave rectified and alterna- 
ting sinusoidal control voltages. 


b) Control with DC Voltage 





The equation for the family of “input-output” characteristics for dc control are obtained in a manner anal- 
ogous to that given above, and are of the form 


nU 
2 S ala 
i = { cosa + (5 a) sina, 


m 


(57) 
where 
f E 
sin a = oe £ , (58) 
In relative units (54), Equation (57) can be written as 
. 59 
Uf ay =1—cosa +(5—a)sina, — 
where sing = It, + Ee. 
If the signal ise, = Ec, it is necessary to reverse the sign of E, in Equations (58) and (59). 


A family of “input-output” characteristics, calculated from (59), is shown in Figure 7. For negative sig- 
nals (42), the characteristics of Figure 7 are correct up to E, <= Egy (46). 


Comparing Figures 6 and 7, it can be seen that the nonlinearity of the characteristics is more clearly pro- 
nounced for de control. The characteristics of Figure 7, unlike those of Figure 6, are parallel to each other; in 
other words, a change in I2,, merely represents a shift of the characteristic without changing its slope. 
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Fig. 7. “Input-output” characteristics for control with dc voltage. 
The points indicate the experimental data. 


c) Control with the Aid of a Resistance in the Control Circuit 





From an examination of the processes in the amplifier and from the equations obtained for the amplifier 
characteristics, it follows naturally that it is possible to effect control by varying the resistance in the control 


circuit. The amplifier characteristics for a variation in rg can be calculated from Equation (53) subject to the 
condition 


Io s Em Neo. (60) 


Voltage Gain Coefficient 





Let us agree to call the voltage gain coefficient of the amplifier of Figure la the following quantity: 


= tay 


—— , ’ 61 
OE. av ( ) 


where E’,,,, is the average value of the voltage from the source of the control signal at the input of the amplifier, 
averaged over the half cycle. 





ae 





ay S 
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Fig. 8. Dependence of the relative voltage Fig. 9. The same as Figure 
gain coefficient when half wave rectified or 8, but with de control. 


alternating sinusoidal voltage is used. 


We shall call the average voltage gain coefficient the quantity 
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0 OU) ay 


w= 





; . (62) 
Ok. = 


Then, in the case of control by half-wave rectified and sinusoidal voltages, we obtain from (55) 


ke = cosa = \/ 1— = hg 63) 
i— fe, ( 


b, wOSa0 2... 
bat 





(64) 
In the case of dc control, we obtain from (59) 
ki =>—e= > —aresin (f+ &’), 65) 
ko ow ; 
ky= ——L. 
zw, (66) 


Figure 8 shows a family of curves for ki, calculated from (63), and Figure 9 shows the corresponding curve 
calculated from (65). 


The voltage gain coefficient depends on the position of the working point on the characteristic of the amp- 
lifier (on the value of the input signal), and reaches a maximum for negative signals. 


Current in the Control Circuit, and Power Gain 





The equations given above for the current in the control circuit can be used to calculate the average or 
effective value of the control current, We shall restrict ourselves only, by way of an example, to a calculation 
of the average value of the current i, in the case of control by rectified half-wave voltage. 





WO UW VB 0 We Ww UW Ww 


Fig. 10. Average value of current in the control circuit 
when half-wave rectified control voltage is used. The 
points represent the expefimental data. 


For positive signals (6), integrating Equations (7) and (8) over the cycle with allowance for (10), (11) and 
(51), we obtain 


EE. — E om ’ ‘ ™ 
Ieay = — (== (1 — cosa) +1,40,5 — +) (67) 
or in relative units 
0 I t— EB m a 
Soe * EE ?- aR" (1 cose) +0,5— |. (68) 
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In the case of negative signals it is necessary to reverse the sign of Egor in (67), (68) and (51). 
Figure 10 shows the variation of the control current as a function of the control voltage. 


When E, = 0, the current I, # 0. For positive signals, the control current and voltage do not agree in di- 
rection — when Eg increases, I¢gy diminishes in value. When a =1- Bo. the current ic in control half cycle 
is sinusoidal with an amplitude equal to Igg, and beyond that, as Eger increases, the control current remains si- 
nusoidal (up to Ecn) = Em); from there on the current I,,, diminishes linearly with increasing E,,,. For nega- 
tive signals, the direction of the current ig agrees with that of Ec, and when E, increases I,,, increases. 


Analogous phenomena occur for all types of control voltages. 


Naturally, one cannot employ in this case the usual definition of the control power (input power), for ex- 
ample in the form Pe = Ierg. It is equally unadvisable to employ the definition of the power gain coefficient, 
usually used for magnetic amplifiers. In addition, although in an ordinary magnetic amplifier one can speak of 
the power gain of the amplifier proper, without reference to the parameters of the transducer used at the input of 
the amplifier (with accuracy up to the influence of the even harmonics in the control circuit), in our case the 
internal resistance of the transducer (which enters into r,) determines the operating condition of the amplific: 
and affects directly the gain coefficient ky. This amplifier must therefore be analyzed in conjunction with the 
actual transducer. 


To estimate the power gain of a Ramey amplifier and to compare it with other types of magnetic ainpli- 
fiers, particularly those characterized by the ratio of the power gain to the time constant, it is necessary to ini 
duce such a definition of the power gain, that would be equally valid for all types of amplifiers. 


Under these conditions, it is advisable to determine the input power by starting with the “potential” pow: 
that the transducer can deliver to the input of the amplifier. Actually, it makes no difference to us whetie: the 
particular transducer delivers power or not, but it is important to know what its power rating should be. 


The maximum power that can be delivered to a load by a transducer with an emf E’, and an internal re- 
sistance r’; (under our assumptions, a pure resistance), is 


pe. 


ar. (6 ') 


Since we are interested in the average value of the current at the output of the amplifier (or volt-ge). the 
input and output power will be calculated from the average values. Here the power gain coefficient wiil be 
fined in the following manner: 








2 ’ , 
k i AU, av 4r. si k2 4r. i) 
Pp \ AF r _ alle 
Cav. l y 
In the case of half-wave or sinusoidal control, we obtain with allowance for (64) 
2 ’ ‘3 
_ o “1 4r, TU e ; 
_ (0.542 24) a as Ow n) 
1“r 
and in the case of de control, considering (66), we get 
4r’ w? 
ky = ko), 
Pp nr, w? ( u) (72) 


Let us recall that the quantities I,, Egy, and re which enter into the expression for Ke are all referred to 
the load circuit (3). 


It follows from the above that the amplifier will act as a power amplifier only if Condition (2) is satisfied: 


7 yp 
c 
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Transients 





Since the steady state is essentially determined by the position and magnitude of the minor cycle, which 
in turn, subject to the assumptions made, is determined by the value of the constant component of the flux den- 
sity Bo, it is evident that in this amplifier the transients will be fully characterized by the manner in which the 

de flux component will vary in the core. 





9 og? We shall show that for the assumed idealization of the hysteresis 
a; 9 ‘ 

io ow loop, the appearance of an arbitrarily small dc component of field 
y 42 \ Aw intensity in the core causes the steady state to exhibit such a de flux 





density component Bo, at which the resultant asymmetrical minor cy- 
cle passes through the saturation point +B, (or —Bs), regardless of the 


4) 
a 
~ 


We, 



































V4 7 value of 
atA LA _—,* 
V, Fr. (74) 
ZL 
a2 
Ecm , 
a cE] Actually, since the width of the minor cycles is 2H,, independ- 
a a a a a) ently of € and Bo, the dc component of the intensity can occur only if 


during some part of the cycle the instantaneous value of the intensity 
Fig. 11. Dependence of the rela- exceeds the value H,o, which, in turn, is possible only in a saturated 
tive value of the dc component of core. 


induction Bf on the relative values a 
Let us consider now the quantitative dependence of By on «, 1s- 
of the supply voltage ¢€ and of the 


signal voltage ee ilies dee tee suming for the sake of simplicity 
trol voltage is sinusoidal or half 1 E 15 
wave rectified and I2, = 0. col] < Em, (75) 


which always holds in practice. 


In the steady state, the value Bg in relative units is 


Be = 5 mis [0.25 +2 -sinB — (0,25 + %) cos p| ' (76) 


where 
8 = arccos(2Ujf,, — 1). 


The angle B can be called the “saturation angle” and corresponds, for example, to the angle 65 of Fi: ure 3. 


Equation (76) is valid for any of the types of control considered above. The value of Ulav as a function 
of ... and I°,, (control by means of an alternating voltage and resistance rc) or as a function of E®, and If. (con- 


trol by means of a de voltage and resistance r,) can be determined from (55) and (57) respectively, or else «' 
rectly from the curves of Figures 6 and 7. 


Figure 11 shows the dependence of Bj on E,;, for various values of ¢ = const, for the particular case I, = 
= 0 (in practice, this case corresponds to Iggr¢ « Em). It follows from Figure 11 and from (75) that when i%e 
control signal is constant, decreasing ¢ (decreasing the ac component of the flux density) causes an increase in 
the dc component of the flux density (the same as in ordinary magnetic amplifiers). In particular, an increase 
in the value of US av from zero (more accurately, from the value meet » ho matter how small, resulting from 

m 

turning on Eg or varying I,, Causes the dc component of the flux density to increase in a "jump" (the dynamics 
of this jump will be considered below) by an amount 


AB? =i—e. (78) 


If ¢ = 0(E,, = 0), the flux density, naturally, increases abruptly to Vs. 
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im 


18) 





It is evident that the instantaneous value of the relative flux density will be, for this case, 


B® (6) = 1 —e — ecos0. (79) 
Consequently, 


Bo (— x) = B°(+ 7r) =1; (80) 


thus proving the assumption proposed above. 






















































































Fig. 12. 


The amplifier can operate in two possible modes. The first, which can be called symmetrical, is charac- 
terized by the absence of a de flux-density component; in this case the magnetization of the core is reversed 
through a symmetrical minor cycle, and the load current is a minimum. 


A symmetrical mode is possible only if the equivalent load and control circuits are absolutely identical, 
i.e., 


Io = 1, © = € + Se. (81) 


The second mode — the asymmetric one — is characterized by the presence of By. The reversal of core 
magnetization takes place through an asymmetric minor cycle, which must pass through the saturation point of 
the extreme hysteresis loop, regardless of the value of the supply voltage. The asymmetric mode takes place 
when Equations (81) are violated by any amount, no matter how small. 


It follows from the above that the transients in the amplifier can be divided into three types: 


a) transient produced upon changing from one asymmetric mode to another (also asymmetric) with the flux 
density By having a constant sign (Figure 12a); 


b) transient due to change from a symmetric mode to an asymmetric one and vice versa (Figure 12b); 


Cc) transient due to change from one asymmetric mode to another, with a change in the sign of the flux 
density Bp (Figure 12c). 


Let us examine the transients occurring upon an abrupt change in the amplitude of the control voltage and 
resistance of the control circuit. We shall call henceforth the change in the above quantities (individually or to- 
gether) as the change in the control signal. 


Transient of the first type. Assume that the circuit operates in a certain stationary asymmetric mode. If 
the control signal assumes a new value at the instant @ = @ = —m, when B = Bg and ic = 0, it is evident that 
the change in the induction during the interval — 7 = 9 = 0 (controlling half cycle) will be determined already 
by the new value of the control signal, whereby 











AB 4 ° 
2 | 4, a0. (82) 


During the next working half cycle the core must reach saturation, and consequently 
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Yaa =— § u,dd. : it 
Since 
2nU} ay —|u,d0=(ea0—( nao = \ eas + (ura, (84) 
0 0 0 0 —n 


the value of Uzay during the very first working half cycle after the change in the control signal will correspond 
to the new value of the control signal, i.e., there is no transient. 


If, however, the control signal changed during any instant of time within the given cycle (— ™< 6 < 1), 
the conditions considered above will occur only at the beginning of the next cycle and the steady state will take 
place during this next cycle. 


Thus, the time of the transient of the first type of transient does not exceed one cycle of the amplifier sup- 
ply frequency. 


Transient of the second type. Let us consider this transient, for example, for a sinusoidal half-wave or al- 
ternating control voltage at = = 0 (Figure 13). Assume that at @ < @» the symmetrical steady-state mode cor- 
responded to Ro = 0, Ino = 0, and € < 1. The induction in the core varied through a symmetrical minor cycle 








with an amplitude Bly) = € < 1. Let at the instant 69 = —7 a signal 
fone sin 0 85 
_ ae cm ’ ( ) 


be applied to the input of the amplifier. 


Let us trace the variation of the induction, starting with this instant. At 6 = @» 
Bo (6,) =e. (86) 


During the first control half cycle, the core demagnetizes under the influence of the voltage 





¢é—¢ 
BH = pf =e (1 — Een) sin’, vines 


sm sim 


and during the first subsequent working half cycle the core is magnetized under the influence of the voltage 





e ° 
E = =esin 6. (88) 


sm sm 
The corresponding total change in induction during the first cycle is 

AB? = 2e — 22 (1 — Eom) == 2eEom, (89) 
and towards the end of the first cycle the induction is 


B? (85 + 2x) = B°(0)) + AB° =e (1 + 228,,). (90) 


At the end of the n-th cycle, assuming that saturation has not yet been reached, we have 


B° (6) + n2m) = B® (0,) + nAB° = e (1 + 2nEQ m)- (91) 


The transient terminates when saturation occurs, i.e., 
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1) 





B® (05 +- 2nyr) =e (1 + 2m, EE m) = 1. (92) 


From (92) we get 
i—e 
Rg 8 ee , 


93 
26E°, , (93) 


When nx is calculated from (93) it is necessary to take the nearest highest integral value of n,.* 
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Fig. 13. Transient of the second type occurring when half wave rectified control volt- 
age is turned on. For the sake of illustration, the minor cycles are shown in the draw- 


ing as having different widths. Actually their widths are the same and amount to 
—2H 
co" 


Taking into account the arbitrariness of the instant at which the control signal is switched on, the duration 
of the transient will be 


t = (m, + 1)T, (94) 


where T is the period of the supply frequency. 


The transient of the second type follows a similar course in the case of dc control, and also if the resist- 
ance r, is changed (increased). 


The transient of the third type can be investigated in an analogous manner, but modes of this type are of 
less interest in practice and will not be considered here. 


*When ¢ = 1 we have ny = 0, meaning that the transient of the second type follows the same course as the 
transient of the first type, since the induction is B = B, when @ = ¢rf. 


399 











It is important to note that the duration of the transients of the second and third type depend on the values 
of ¢ and of the contro! signal, and can be made theoretically as large as desired. Thus, if ae — 0, ny, @, 
corresponding to an infinite value of dBS/dE C1) as EG —> 0 (Figure 11). 


It must be emphasized, however, that normally the amplifier should operate in an asymmetrical mode with 
a Constant sign of the dc componcut of induction. Actually, since in a power amplifier we always have f¢ > r) 
(73), the symmetrical mode does not occur even if the control voltage is zero. 


Consequently, in the normal mode of the power amplifier, the transient time in an abrupt change in the 
control signal does not exceed one cycle of the supply frequency (regardless of the value of the supply voltage — e€). 


Thus, the circuit considered above provides maximum possible operating speed for an amplifier operating 
with a carrier frequency and detection. 


Results of Experimental Verification 





A quantitative verification of the results obtained in this article was carried out with several amplifiers, 
built in accordance with the circuit of Figure 1. The reactor of one of the amplifiers had the following para- 
meters: toroidal core 31 mm inside diameter, 46 mm outside diameter, woundof N65P tape 0.15 mm thick and 
3.5 mm wide, the length of the tape being 6 m (1 = 12 cm, S = 0.247 cm*); the number of turns in the wind- 
ings were W, = wy = 700, the wire being 0.38 mm in diameter. 
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Fig. 14. Oscillograms of transients. Transient of the 
first type: a) signal off; b) signal on; d) signal on and 
rectifier V,. removed from control circuit. Transient of 
second type: Cc) signal on. 


Measurements in a de field have shown that B, = 12,100 gauss (in a field of 60 oersted), Bp = 10,900, the 
squareness coefficient of the loop B;/B,; = 0.9, and Heg = 0.12 oersted. 


The coercive force, corresponding to the extreme dynamic hysteresis loop at a frequency f = 500 cycles, 
measured with the aid of a cathode-ray oscillograph, was 0.28 oersted. The nominal coercive force was taken 
to be H,, = 0.25 oersted, corresponding to a minor cycle with AB = 0.5 Bm.* With this, the parameters charac- 
terizing the reactor (1) were: I, = 3.4 ma, Eg,, = 59 v (according to B,). 


The rectifiers V. and V; used were germanium diodes DG-Ts24, the inverse current of which did not ex- 
ceed 0.1 ma (« Igo) in the operating mode. 


The static characteristics were plotted for f = 500 cycles, Eq, = 30_f 2 volts, Egm = 30.) 2 volts, ry = 54 
ohms (Ep)/mry = 250 ma). The total active resistance of the control circuit was set at r, = 50, 2500, 5000, 
7500 and 10,000 ohms; the corresponding values of I% were 0.004, 0.2, 0.4, 0.6 and 0.8. 


The measurement results were recalculated in relative units; the corresponding experimental points are 
shown in Figures 6, 7 and 10. 


The agreement between the calculated characteristics and the experimental ones can be considered to be 





*The change in induction AB is shown, for example, in Figure 3. 
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fully satisfactory. The experimental “input-output” characteristics in the case of control with half-wave and si- 
nusoidal voltages actually overlap. 


It is scen from Figures 6 and 7 that the slope of the experimental “input-output” characteristics is some - 
what smaller than the calculated value, particularly at large values of 184. This discrepancy is principally ex- 
plained by the fact that the equivalent width of the minor cycle (consequently also of I°,,) does not remain con- 
stant, and diminishes somewhat with increasing load current (increasing dc component of the induction). 


Figure 14 shows oscillograms of the transient of the first type when a sinusoidal control voltage is turned 
on and off; a) signal disconnected; b) connected. The lower half wave of the control voltage corresponds to 


the control half cycle. In Figure 14a the signal was disconnected at the end of the control half cycle; in Figure 
14b it was disconnected at the start of the working half cycle. 


In both cases, the instant at which the signal changed was the most unfavorable one and the transient time 
equaled one cycle. 


The oscillogram of Figure 14c shows the transient for a symmetrical initial mode where a half wave recti- 
fied signal is switched on. The transient lasts nine cycles. The calculated duration of the transient for the given 
case (€ = 0.35, c. = 0.16) with Equation (94) is seven cycles. This discrepancy between the value calculated 
from (94) and the experimental value results from the assumptions made and has no practical significance, for in 
practice one should not operate in the symmetrical mode. 


SUMMARY 


The Ramey circuit was analyzed in this article in the same simple form in which it was presented by its 
inventor. 


The results obtained, represented in the form of equations and curves in relative units, can be considered 
as generalized. They can be used to obtain readily the necessary characteristics of an actual amplifier. The 
generalized characteristics are calculated only once, and there is no need whatever to repeat these calculations. 
The basic characteristics are cited in this article. 


The experimental values are in good agreement with the calculated ones if good magnetic materials with 
rectangular hysteresis loop are used. 


The results obtained can be generalized to include the more common type of “single-core" magnetic 
amplifiers with internal feedback. 


Thus, it is seen at a glance from the analysis performed that the reference voltage need be considered 
only as an ordinary bias voltage. It may also be absent. Changing the reference voltage does not change the 
generalized “input-output” characteristics if the control signal is rectified or alternating; they merely shift with 
respect to the ordinate axis (if de is used for control, the characteristics, as shown in Figure 7, change somewhat). 


A significant problem is the role and necessity of rectifier V, in the control circuit, which in the Ramey 
circuit exerts a harmful influence in the amplification of small voltages. It can be shown that the “input-output” 
characteristics of Figure 6 do not change even in the absence of rectifier Ve. Actually, since rectifier V. con- 
ducts in all cases when there is a change in the induction in the control half cycle, its absence does not affect 
the change in induction (AB, Figure 3), during the control half cycle. On the other hand, the average value of the 
load current is determined fully by the change in the induction during the control half cycle. Consequently, for 
a given value of E,,, and other conditions being equal, the elimination of rectifier V. does not change Iz ay. 


A theoretical analysis and experimental verification (see Figure 6 and oscillograms Figure 14) have fully 
confirmed these premises for both the steady state and the transient modes. 


Thus, the Ramey circuit does not offer to a certain extent anything new compared with the ac controlled 
single-core magnetic amplifier with internal feedback. To the contrary, the presence of a rectifier in the con- 
trol circuit of the Ramey circuit can only affect adversely the operation of the amplifier. 


Problems connected with the elimination of rectifier V, and changing the reference voltage, as well as 
allowance for the slope of the “vertical” sides of the hysteresis loops and elements of amplifier design will be 
considered in the second part of this article. 
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INFORMATION CRITERIA FOR EVALUATING TELEMETERING SYSTEMS 


M.M. Bakhmet'ev and E.R. Vasil'ev 


(Moscow) 


Information criteria are proposed for the determination of the quality of opera- 
tion of telemetering systems. 


INTRODUCTION 


Information theory which has received a comparatively complete formulation in Shannon's work [1] has 
made it possible to compare the effectiveness of the operation of existing telemetering systems (TS) and to find 
in principle a new approach to their design. This article is devoted to an examination of the first of these possi- 
bilities. To be able to make a correct choice of the method of designing a TS, it is necessary to have an ob- 
jective estimate of the operation of various systems. Attempts to make such an estimate are already available 


in the literature (see, for example, [2]). However, all the known criteria have that shortcoming that they are 
arbitrary to a certain extent. 


The use of information theory for the analysis of the operation of a TS can be more successful than in the 
field of telephony or television, where the information loop contains such information-converting “devices” as 
human sensory organs. The insufficient knowledge of their operation causes the parameters that characterize 
the transmission of information to be determined only approximately. 


In telemetering, the channel used to transmit the information has parameters that are sufficiently well - 
known or that can be determined with sufficient accuracy even in the present state of the art.* The only field 
that has not been sufficiently studied in the case of transmission of information over a TS is the subject of noisc.** 
For all its complexity, this problem does not apparently present any theoretical difficulties, 


1. Speed of Message Production as the Most Rational Criterion for Evaluating Tele- 
metering Systems 








Telemetering systems serve to transmit information concerning processes that occur at places where the 
transducers are installed. The information that is received at the receiving end of the TS determines the degree 
of acquaintance with the actual state of the objects. The aggregate of parameters used to accomplish a trans- 
mission of this information depends on the technical capabilities and on the effectiveness with which the TS is 
constructed, In any case, however, the best system is one which, other conditions being equal, can produce at 
the output a larger amount of information. This amount of information can be measured in certain units, most 


frequently binary, and can serve as the basis for the establishment of a variety of criteria that characterize the 
operation of the TS. 


One of the important criteria of the quality of a TS is the number of information units transmitted per unit 
of total frequency bandwidth of the communication line. 





*For example, the speed of transmission of information is determined by the character of the distortion in- 
troduced by the communication channel, along with other factors. 


**The concept “noise” includes in this article both noise in the communication line, as well as apparatus 
instability and other factors that disturb the information. 
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The degree of complexity of the TS can be judged from the ratio of the number of information units trans- 
mitted by the system to the number of definite clements of the system, and its reliability can be judged from the 
ratio to the number of nonreliable elements. In those cases when the volume or weight of the systein is limited, 
its quality can be judged from the number of information units per unit volume or weight of the system, etc. 


The amount of information at the output of the system can be calculated if many parameters, character~ 
izing the TS, are known. These parameters include the bandwidth of the signal, the average power of the system, 
the average power of the noise, etc. 


All TS can be divided into two large classes: systems of discrete action and systems of continuous action. 
In the case of a discrete TS, and also in the case of a continuous TS having a finite accuracy of transmission of 
the measured quantities, the amount of information at the output represents a finite quantity. Accurate compu- 
tation of this quantity may be a complicated matter in some cases. However, under certain assumptions, the 
speed of creation of information at the output of the TS can be determined in a relatively simple manner. 


When a TS operates under actual conditions, the amount of information at its output depends both on the 
characteristics of the TS itself, as well as on the statistical laws that determine the variation of the transmitted 
quantities, which are considered to be random functions of time. When estimating the quality of a TS it is neces- 
sary to determine the maximum amount of information that can be obtained with its aid. It is known [1] that 
the maximum amount of information corresponds to the case of uniform distribution of the values of the trans- 
mitted quantities in the specified limits (in the absence of limitations on the average power) and corresponds to 
statistical independence of all values of the transmitted quantities. 


2. Examples of the Determination of the Criterion for Estimating the Operation of 
a TS 








Let us first consider discrete systems and let us assume that all the values of the transmitted quantity in the 
i-th channel of a multi-channel TS have equal probability and are bounded within the limits (~aj, aj), and that 
the quantization interval of the signal 5; was chosen sufficiently large, so that the probability that the signal will 
become distorted by the noise can be neglected. Evidently, under such limitations the amount of information 
transmitted in each message is 





2 
logs ( ; + 1) binary units 


If the TS has M channels and the readings are transmitted over each channel in rj seconds, the speed of 
message formation at the receiving end (speed of information transmission) in such a system is 


Ra 34 + tog, (= ~~ 4 1) binary units () 
im] sec 


In the case when all the channels are identical 


, = log, (3 2a + 1) A getee (2) 
As indicated above, one of the basic criteria for estimating the quality of a TS is the quantity that shows 


the speed at which information is transmitted per unit bandwidth of the communication channel of the system 


R M 
= “AW, logs (“5 > +1) binary units (3) 





c 


where AW, is the frequency bandwidth of the communication channel. 


In many cases the TS contains time-delay elements (for example, output pointer-type instruments, in 
which the time Ts, required to produce steady-state indications amounts to 3-4 seconds). Such elements reduce 
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the actual speed of message formation at the output of the system, since the transmission of the individual inde- 
pendent readings can be effected only after approximately the time rg. (independently of the cycle frequency of 
the system). It is therefore necessary in such cases to insert in Equations (1-3) Tg. in lieu of r, (or Tr). 


In TS with continuous transmission, in which the input and output quantities are continuous functions of 
time, the action of the noise and the limit on the bandwidth of the communication channel make it impossible 
to obtain absolutely accurate transmission of the values of the measured quantities. To estimate the quality of 
the transmission of the continuous functions it is necessary to introduce criteria for the fidelity of the transmission. 
One of the possible criteria is one in which the fidelity of transmission is determined through the average value 
of the square of the deviation of the received quantity [y(t)] from the transmitted one [x(t)], namely v = 
= (x(t) —y(oF. 


This criterion is widely used and is mathematically convenient, provided the error at the receiving end 
follows the normal distribution law. 





The speed of message formation R at the output of the TS, under the assumptions made and subject to uni- 
form distribution of the measured parameter within a range (—a, a) is bounded by the following quantities 


9° 
. 


W log, “<< R<W log, a (4) 


me o- 


where W is the frequency bandwidth of the signal, and o is the mean squared value of the error. 


For a numerical estimate of the accuracy of the work of the TS one employs frequently the value of the 
limiting relative error, which in the case of a normal distribution of the error amounts to 


30 
1=5, 100%, (5) 


where 30 is the maximum error and 2a the interval of parameter variation. 


It follows from (4) and (5) that the quantity R lies between the following limits 


W (12,363 — 2 log, 7) <.R<W (12,873 — 2 log, 1). (6) 


It is evident from (6) that since the difference between limits is half a binary unit, one can assume with 
sufficient practical accuracy that 


R=W (12,5 um 2 logs 7) binary units . (7) 
sec 


All the above pertains obviously to a single channel of a multichannel telemetering system. In the case 
of M channels the speed of message formation at the output of the TS is 


M 
R = >) W, (12,5 — 2 log, Oe a (8) 
im] 


If all the channels are identical, we have 


R = MW (12,5 — 2 log, 7) binary units (9) 


sc OC 
As in the case of discrete systems, an important criterion for estimating the quality of a TS is the quantity 


R MW 
We = SW (12,5 — 2 log, 7) binary units (10) 





*This inequality follows from Shannon's 23rd theorem [1]. 
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where AW, is the bandwidth of the communication channel. 


In the case when the TS contains time-delay elements, that have a settling time Tg, it is necessary to em- 
ploy the quantity r,,/2 instead of the quantity Wj (or W) in Formulas (7-10). 


Formulas (7-10) can be used to evaluate TS also without account of the limitations imposed by the normal 
character of the distribution of the error. The results obtained will be approximate. For example, let us give an 
informational estimate of three commercial te lemetering systems (Table 1). The parameters of these systems 
are taken from [2]. 











TABLE 1 
Name of TS and type of Number of | Bandwidth | Accuracy,| Speed r, Speed of in-| Criterion 
modulation channels | AWe, cy- | y,% seconds formation | R/AWg, bi- 
M cles R, binary nary units 
units/sec 
ace | © | m | s | a as ae 
ld _ 3-4 13.8—10.4 | 0.115—0.086 


British System (code -pulse - 
modulation, amplitude - 
modulation) 10 120 1 a 15.4 0.128 

System of the Institute of 
Automation and Remote Con- 
trol (IAT), USSR Academy 
of Sciences (amplitude - 
pulse modulation, frequency 0.2 206 0.83 


on , 1. ———— 0 O89 —0 029 
modulation) 7 250 . 3-4 13-9.8 0.052—0.039 


























Remarks: 1. The table should be considered as a purely illustrative material, explaining the procedure for cal- 
culation, since there is no knowledge of the conditions under which the errors are determined, nor are there ac- 
curate data on the settling time of the output recording instruments used in these systems. 

2. In the "Brown-Boveri" and the IAT systems there are two values of speed. The first value corres- 
ponds to the frequency of operating cycles of the system, and the second to the actual speed in the case of indi- 
cation of data produced by pointer instruments with a settling time of approximately 3-4 seconds. 


It follows from Table 1 that the best system from the point of view of utilization of the bandwidth of the 
communication channel in the case of indication of data received from pointer instruments is the English code 
system. 


For different noise levels, the accuracy can vary in different systems in a different manner, for example, 
owing to the different methods used to modulate the signal in the transmission over the communication line. It 
may therefore turn out to be that at low noise level the greatest ratio R/AWg will be exhibited by some systems, 
and at high noise level by others. This should be taken into account when deciding the comparative estimate of 
the quality of various TS's, i.e.,the comparison should be carried out under noise conditions that are customary 
for the given operating conditions of a TS. 


If additional limitations are imposed on the statistics of the signal, the optimum distribution will not be 
uniform, but of some other type. The Appendix contains a determination of the optimum distribution of a para- 
meter when the value of the mean square of the parameter and its maximum value are limited. 


APPENDIX 
The determination of the distribution of probabilities p(x), insuring maximum information H = — 


| e(z)loge(z)dz , subject to limitations imposed on the possible values of the measured quantity -a <x = 
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a 
a and the average power Q= \ x*p (x) dx , reduces to solving the isoperimetric problem of variational cal- 
=—G 


culus. Adding the normalization conditions to these limitations and solving the Euler equation, we get 








P . cee at —acr<a, 
bi unite P (2) =o at |z|><a. 
sec 


The above equation shows that the unknown probability 
distribution will be analogous to the normal one. Taken as 
the initial distribution 


& 


x* 
9 (2) = Vines ~ at —a<eca, 
0 at |z|>a, 


we obtain the dependence of the parameters a and o on Q, 
This dependence is given implicitly by the equations a = 








Cnnsfl i i 1 J 











-' 1 4 Rell ye = ud, 
“Qua we mo hb Mw eas —~ -— 
Q=o?/1— ~4 e * | =o%k%(u), 
Fig. 1. 1) Truncated normal distribution; 2 V 2 
and 3) lower and upper limits for uniform dis- ‘ u ut —1 
tribution. a= - e 2 du 
( V 2n J 


The difference between the amounts of information for the normal and truncated normal laws, having 
equal average powers Q, is 


27 
AH=H —Hy =1nV 2neQ —tn Ver O tok ine pA ee 


To solve the problem, we assume that the speed of information transmission at a specified accuracy y 
should differ from the maximum possible by 1%. Mathematically this is written as: 


R,.=2W(H—H, —AH)=0,99x 2W(H—H, 


Inserting the values for Hp, H and AH, we obtain the dependence of Ry on y (see Table 2 and Figure 1). 




















TABLE 2 
1, % ; 5.08 4.38 3.95 3.55 3.18 2.84 2.55 2.25 
n Binary unite 1.24 7.67 8.00 8.31 8.64 8.98 9.30 9.68 
Y »% 1.87 1.55 4.11 0.78 0.54 0.366 0.244 0. 62 
R, binary units! 40.23 1 0.79 11.78 12.82 13.91 15.05 16.23 17.44 
sec 




















Figure 1 shows the speed of information creation at the output of the TS for uniform and truncated normal 
distribution, as a function of the accuracy y. The fact that the uniform distribution gives a greater speed is not 
surprising, for with equal measurement limit a and equal noise, i:e., with equal accuracies, the uniform distribu- 
tion corresponds to a greater average signal power. 
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LETTER TO THE EDITOR 


The journal "Automation and Remote Control"(Volume 15, No. 6, 1954) contains an article by A.S. Sadov- 
skii “Through -Type Inductive Transducer.” 


The article is devoted to the important problem of the theory of the inductive transducer, which is used in 
the "coordinate boring” machine model 2430. The article becomes even more timely because of the lack of 
any literature on the theory of the operation of through-type inductive transducers. The need for theory that 
would permit the design and calculation of the above type of transducer is sharply felt by engineers who design 
machine tools with inductive determination of coordinates. 


During our work we encountered the need for selecting the optimum parameters for an inductive through- 
type transducer (ampere turns, configuration, and dimensions of the magnetic core and of the air gap). We hoped 
to find answers to some of our problems in the above article. 


Attempts at a practical application of the deductions obtained by the author have not led to the desired 
results. A closer acquaintanceship with the article has shown that it cannot help persons engaged in the design 
of through-type inductive transducers, The theoretical arguments on which the investigation is based contain 
many principal errors, which practically nullify all the conclusions reached by A.S. Sadovskii. It is therefore no 
wonder that the theoretical conclusions obtained by the author of the article are in disagreement with the exper- 
imental data given in the article. 


The basic principal errors of the article are as follows. 


1. The magnetic circuit of the through-type inductive transducer consists of a ferromagnetic portion and 
an air gap. In real transducers the sensitivity is increased by making the air gap so small, that its magnetic re- 
luctance becomes commensurate with the reluctance of the ferromagnetic portion. Consequently, one cannot 


agree with the author of the article, who disregards the reluctance of the ferromagnetic portion of the magnetic 
circuit. 


How important the design and correct construction of the ferromagnetic portion is can be seen from the 
fact that only thanks to the use of the particular shape of the ferromagnetic circuit it became possible to produce 
the “precision armored transducer* (I.Iu. Klugman, V.S. Mozakerin and M.P. Rashkovich, Patent Application No. 
6961), which has a sensitivity that exceeds by a factor of eight the sensitivity of any transducer with a different 
shape of magnetic circuit having the same number of teeth and having the same size of air gap. 


2. No allowance is made for the density of the magnetic flux lines in the air gap, as a result, if the deriva~- 
tions given are followed, the tooth surface of the transducer is not an equipotential surface. Considering that in 
the above transducer the length of the magnetic flux lines in case of “covering” (Figure 5) changes from 0.1 to 


5 mm, i.e., by a factor of 50, the intensity of the magnetic field along the surface of the tube also changes by 
a factor of 50, which is quite absurd. 


3. The author assumes that the flux lines of the magnetic field are in the form of ellipses (Page 514) (since 
p *q and x » 6, these lines become circular arcs). This assumption does not agree with reality, for the actual 


shape of the magnetic flux lines varies in accordance with the position of the teeth and is represented by equa- 
tions of higher order, 


4. In the article the area of the teeth “pierced” by the magnetic flux lines (Figure 8) varies whenever the 
mutual placement of the teeth changes (!?). Thus, the author does not take into account the actual dimensions 
of the teeth, and operates with teeth of variable height equal to x. 
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In addition, the article contains mathematical errors and inaccuracies. 


1. Instead of Expression (22) he should have obtained 


29d 1 1 2 
AG (aes ty +n. r+8 





) an. 


2. The author assumes without any foundation that “the maximum value AG will occur when A = 0" (Page 
519), but when Expressions (10), (13), (22) and (23) are tested for their maximum entirely different results are 
obtained (and Expression (15) does not contain A at all). 


3. The simplifications assumed in the article are suitable only for the case x, » 6, while the author many 
times assumes xX, > 6. 


We cannot understand why the author of the article, who gave preference to transducers having the configu- 
ration shown in Figures 3e and f, considers only the theory of the transducer shown in Figure 3d, which he does 
not recommend for use. 


The author does not compare the theoretical results he obtained with the experimental curves given in the 
article (Figure 4). Not one of the expressions obtained can explain the shape of the curve I, = f(AA): for large 
armature displacement — the sharp increase (to 10 ma at AA = 0.1 mm), and then a smooth decrease (to 4 ma 
at AA = 1.5 mm), followed by an asymptotic approach to the ordinate (4 ma). 


I.lu. Klugman and Ia.L. Litmanov 
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A METHOD OF DETERMINING THE OPTIMUM CHARACTERISTICS 
FOR ONE CLASS OF SELF-ADAPTING SYSTEMS 


A.M. Batkov and V. V. Solodnikov 


(Moscow ) 


The problem of optimalizing a system, in the sense of reducing the sum of 
the squares of the dynamic and mean-square deviations to a minimum, is considered 
for one class of linear systems with variable parameters when a stationary level of 
random noise is present. This method gives systems which are optimal in that they 
are self-adapting to the nature of the signal input. 


INTRODUCTION 


One of the main obstacles to further improvement in the dynamic accuracies of automatic control systems 
is that they are inflexible and have invariant dynamic responses, which are built in during design and fabrication 
to correspond with certain typical conditions of operation. It is thus of considerable interest to produce systems 
which can automatically adapt their responses to external conditions, or which are, in other words, self-adapting 
to give optimal properties in response to the continually changing circumstances in their environment. 


The importance of self-adaptation to automatic control is obvious. Firstly, real systems always differ 
from the ideal ones used in design on account of theoretical difficulties, and secondly, not only do the properties 


of the system itself change with time, mainly in an unpredictable fashion, but so also do the external circum- 
stances, 


Self-adaptation principles, as they develop, can be used to overcome these difficulties, e.g., by using 
computers in automatic control systems, One may assume that in the future automatic control systems will be 
designed as follows. They will be designed approximately for some typical operating mode and supplemented 


by a self-adaptation unit, which will seek out the optimum mode of operation and tend to maintain this under 
all possible circumstances, 


At present only the very first attempts to develop the theory and to produce self-adapting systems have 
appeared; e. g., in Ashby’s [1] homeostat, the self-adapting system is one which is initially unstable and which 
tends automatically to a stable state by adjusting its responses and rejecting the unstable elements in its behavior. 
A self-adapting servo system has been described [2] which was designed to reproduce discrete input data.. The 
system operated in two ways: an averaging mode when there is no acceleration input, and a following mode 
when an acceleration input appears. The system switches from one mode of operation to another automatically. 
A method of designing systems with variable parameters and indications as to certain ways of making them have 
been given [3], these leading to the minimal mean-square error between any wanted signal and the output on 
the assumption that the ‘current’ (see [3]) spectral density of the wanted signal changes unpredictably with time 


and that the spectral density of the superimposed noise is either constant in time or else changes in a known 
fashion. 


The present paper gives a method of deriving the pulse transfer function for a system with variable para- 
meters which change to correspond with the current values of the wanted signal and noise correlation functions 


in such a way as to ensure that the sum of the squares of the dynamic and mean-square errors, suitably weighed, 
is a minimum at any instant. 
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An integral equation is obtaincd which defines the optimum condition in the above sense; a method is 
siven for solving, this equation for a noise type important in practice, and examples of calculations of pulse 
transfer functions are presented, 


1, Setting-Up the Problem 
A system will be termed self-adapting if it automatically seeks an optimum or demanded mode of 


operation and carrics out ‘experiments’ to this end, and if it continually alters its internal responses so as to 
remain close to the demanded mode when the external circumstances and other perturbing factors alter. 


The above definition shows clearly that self-adapting control systems must contain the following basic 
elements; 1) an assembly of sensing elements to analyze the surroundings; 2) a computer unit which determines 
the optimum operating conditions from the information supplied by the sensing elements, and which produces 
the appropriate control signals; 3) an effector unit which creates the optimum conditions of operation by altering 
the structure, responses or parameters to correspond with the control signals; 4) a comparator unit, which compares 
the actual and optimum operating conditions and which produes additional control signals if there is any dis- 
crepancy. 


We shall in the future consider that class of self-adapting systems in which the surroundings act via the 
system input, and we will restrict the problem to that of deriving the pulse transfer function appropriate to the 
optimum operating condition as regards dynamic accuracy in the sense explained above. 


So we suppose that a perturbation or noise n(t) acts on the system and that at some instant a control ar 
useful signal g(t) appears at the input. Then the input is 


y (t) = g(t) + n(?). (1) 


The system must reproduce* the wanted g(t) and suppress the noise n(t) in the best possible fashion. 


By best possible we mean a reproduction in which the sum of the squares of € q(t) (dynamic) and € p(t) 
(mean-square) errors [(€ ms(t) being assigned some weight A(t)] is at all times minimal. In other words we 
take the dynamic accuracy index to be 


E? (t) = 4 (t) + 7 (t) ehe(t). (2) 


g(t) will be taken as being a certain function of time, known from its analytic expression, 


As regards n(t) we will assume that it is a random function of time of average value zero having a known 
correlation R (t, T). 


We then have to find a method of deriving the pulse transfer function for the system, k (t, r), which 
ensures (2) is a minimum and which simultaneously satisfies the physical feasibility condition 


k(t,t)=0, t<t, (3) 


where r is the instant at which the action is applied. 


We shall now make certain comments on this way of setting up the problem and of selectiny the dynamic 
accuracy index, 


* For simplicity we here restrict consideration to reproducing g(t), this being a particular case of transforming 
it with the operator H(p) (see, e.g., [4])- 
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1, Since the requirement is that E? be a minimum the pulse transfer function must clearly depend on the 
instantaneous values of input signal and noise correlation function, 


2. The solution shows that this index leads to optimal systems with variable parameters even with stationary 
randoin noise, unlike results that have been given [5, 6] which lead to systems with constant parameters under 
these conditions, This more complex system (see below) is justified by its providing a more accurate reproduction 
of the wanted signal] than does one with constant parameters, 


3. The above way of setting up the problem, unlike the ways adopted in other papers [5, 6], imposes no 
requircment that k(t, r) return to zero outside a finite interval (0, T). In other words we obtain systems with 
infinite memories which are somewhat more readily producible than those with finite ones [5]. 


4, (2) specifies the system response in both transient and steady-state modes arising directly from the 
application of a control signal. The factor \ appearing in (2), which is in general a function of time, enables 
one to a) alter the weighting assigned to dynamic and mean-square errors (if A = 1, the weightings are equal 
at all times); b) to obtain a set of dynamic error at a definite instant. 


2. The Integral Equation Defining the Minimum Condition 





We shall first pause over the expression relating the input y(t) = g(t) + n(t) and output x(t), 


Results that have been published [5] show that the usual formula 


T 
x(t) =\y(t—x)k(x)de, (4) 


0 


gives an expression for k(t) with second-order discontinuities at the ends of the integration range (0, T) in 

most cases of practical interest. These results [5] cannot be taken as completely rigorous if no special conditions 
are applied to the range of integration (see Appendix I), We therefore suppose that the correlation function for 
n(t) has 2q continuous derivatives, and so y(t) may be differentiated q times®, thereby using (see [17]) another 
formula 


qa t 


x(t)= >) | y(x)d.Wi(t, 2), (5) 


i=-0—w 


where Wj (t, r) is a function with a restricted range which is characteristic of the optimal system. We assume 
it continuous in the range (—o0, t) and to have possibly a step at r =t, so the Stieltjes integral in (5) exist. 


In the simplest case of practical importance q = 0 and 


t 


x(t) = \ y (x) d,W (t, *). (6) 


-oo 


Then W (t, r) is simply the integral of the pulse transfer function in the range (—oo, t), i.¢., the response 
to a unit step function, 


It is readily seen that by integrating (5) by parts, subject to the initial conditions being zero, we get the 
form 


i 
r= (yaar +[ SMa, 0] ) 


— oo ol 





* g(t) is assumed at least as ‘smooth’ as n(t), 
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where k(t, 7) is the pulse transfer function for t> 7. 





(7) shows that the necessary and sufficient conditions for «3 (t) + A (t) EF A5(t) to havea minimum is that 
k (t,r ) should satisfy the inteyral equation 


S D2) R(x, 0) + ge) BOK (t, 0) dd 4- 
0 OR i 0) a) P (8) 
+ SoS + ee] RO} = ee 


t=O 


(see Appendix II) when t >r. 


3. Solution of the Integral Equation 





Let us consider a method of solving the integral equation (11) for a class of noise n(t) which has a correla- 
tion function R(t, r) bearing a known relation to the function in Green's self-conjugate differential system. 


A stationary n(t) with a rational-fraction spectral density of the form 


o?™ +b, oe™—2 4-...- 4- bo (9) 
quo 4. a,o""™— S4.. sha, 


Sn (@) = | $n (Jo) |? = 





in particular, belongs to this class, where ¥n(S) has no poles or zeros in the right half-plane of s. 


If we introduce the linear self-conjugate differential operators with constant coefficients 





M, = (—1)™bop2™ 4 (— 1)"-1b, p22 4 - - - — bmp? + bm, 


2 ° (10 
L_ = (— 1)"agp*” + (— 1)"—4ayp?—? ++ + + — nap? + any 
d 

where p= a’ then we can show that 

R(x, 6) = N°M,G (x, 9), (11) 
where G(r, 9) is Green's function for the self-conjugate differential system 

L,(z) = 0, 
lim 2) (*) = lim 2 (* )=0,k=0,1,...,2—1. (12) 


The class of stationary random noise distributions considered in [7] which have spectral densities of 
rational-fraction form with constant numerators is a subdivision of the class considered here, which latter 
includes most cases of practical interest. . 


And so we shall solve the integral equation for random processes with spectra] density forms as of (9).*. 


* This method of solution can readily be generalized to nonstationary processes occurring at the outputs of 
linear systems with variable parameters when white noise is applied to the inputs, since the correlation functions 
are the results of integro-differential transformations of the pulse transfer function [as distinct from (11)]. 
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(8), taken together with (11), may be rewritten as 


t q giG(t,s) | j 
d2 (1) N2 | MG (s, 0) k(t, 0) dO + 22 () NAM YS (Qe) = 


1-0 owt 


q : ‘ (13) 
= 8 (g(t) — >) (g(t) g (0) KI (4, oot — \ g(t) g (0) k(t, 0) dd, 
io 


~@ 


since r, 8, o, t are independent variables, so 


9 
vonem| | G(x, 0) k(t, oad + 3, (AEE: a8 (0) - 
1-20 


—o@ a--t (14) 
q t 
=8(s) [ew — Di(e*> (0) H(t, @) Jone — | g O)A(t, ©) an}. 
i=0 —o 


To reduce the lengths of the expression D(r) will be used to denote the quantity in square brackets on the 
right side of (14), and then we clearly get a linear nonhomogenous differential equation of order 2m with constant 
coefficients: 


M,[D(t)| = g (*). (15) 
Its general solution can ‘be written as 
2m—1 
D(t)= Dy Cue + Mz" [g(2)), (16) 
p=0 


where Ay are the roots of the characteristic equation 


M (dy) =0 (17) 


and M7 (g(r) denotes a particular solution of (15) 


To the general solution (16) we apply the condition* 


lim D™ (x) = 0 (n=O, 4, 2,..., m—14), (16°) 
tT -Oo 
* (20) shows that these conditions are those necessary and sufficient for k(t, r) to be finite when r -® — o, 


















from which we can determine the m arbitrary constants Cy. Further, (14) and (16) give 


t q 
\ G(x, 0) k(t, 0)d0 = MORE g(t) — p [g (0) Ki(t, o)Jomt — (18) 
cies =0 


- ( g (0) k(t, nao} — BS Ki (t, .)| 


—oo i=—90 


But since G(r, @) is Green's function and the operations of differentiating with respect to r and o are 
commutative we can rewrite (18) as 


i NI 0 
R(t, *) = sraym|e D [e (0) A(t o_| LD) — ” 


t 
sam | LD) a (Oa (t, 0) ao. 


—co 


Thus we get a nonhomogeneous Fredholm integral equation of order two in k(t, r) having a degenerate 
nucleus, 


By normal methods it may be shown that the solution of this takes the form 





L,|D (*)} A(t) 
k (t, t) = i . (20) 
a2(t)N?-+4+ J L,[D (6) g (0) a0 
where 
q 
A(t) =g(t)— >) [g (3) A? (t, oot (20°) 
i=0 


and L,, D(r) are defined by (10) and (16). 


From (16), (16") and (17) it is clear that the solution contains m + q + 1 arbitrary constants. These can be 
deterrnined from the m + q + 1 algebraic equations obtained by substituting the expression found for k (t, 7) into 
the initial Equation (8). 


In fact if we substitute k (t,r ) into (8) and use Green's formula it can be shown by direct calculation that 


when the conditions imposed on the operators R(t, r), D (r ) and the imput g(t) are fulfilled the Cy, and the 
steps kf (t) are defined from the conditions 


q n 2v—1 
{2 —¥ eo opate ol] ane Y (1 AE des-n (o)| + 
i=—o v=1 k=0 dc 
(21) 
t q i 
+ Exo N?+'{ Lo{D(0)) g(0) av|| > ae k(t, | = 0, 
~_ i=0 o=t 
rye g=n—-m—i. 











where q=n-m-~1, 


Let us consider certain particular cases of these solutions, 


1. If g(t) can appear at the input only when t=0, then 


qd 
LAD (t) [g (t)— S (¢ (6) k(t, 0) om] 


k(t, 2) = 4 (22) 


29(1) N+ J Le {D(0)| g (0) dO 
0 





(21) remains in force, the lower limit in the integral changing to zero, 


2. With white noise having a correlation function N’5 ( T —@) (20) takes the form 





k(t, t) on eels) 
AB (1) N94 fg (0) d0 
0 


(t> *). (23) 


Then all the ke (t) are zero, i.e., the pulse transfer function has only steps and no second-order discontinui- 
tles att= r, The angular points in the transient ‘correspond to these steps, and (21) is automatically fulfilled. 


3, When the noise has a rational-fraction spectral density, as in (9), subject to the condition m =n ~1, 
[The correlation function being, e.g.. V*e—#i=—9, N%e—2I*—9 cos wy (t — 6), J, the pulse transfer function 


L. 1D (=) g(t) [1 — ko(L)) 
k(t,t) = (t>t>0) (24) 
A(t) N?+ | Lo [D(6)} g (6) dé 
0 








has only one discontinuity at t= 1, which is determined from the condition 


n 2v—1 
g(t) [1 — k(t) > ae (—1ytt» FRE pw t-0 (o) | + 
v=l k=—0 dc o=t 


(25) 


Ay 


+ 12 (1).N* + | LolD(9)1 4g (0) 48] R(x, t) h(t) = 0. 





4, Preliminary Remarks on the Production of Systems Falling in this Class 





The present paper does not describe the possible ways of making the adaptive systems falling in this class, 
We only intend to relate the results to various more or less evident physical concepts, so we only present one of 
the simplest possible designs, This design is adaptive (self-adjusting) in response to the type of input signal, 


We suppose that y(t) = g(t)+ n(t) is applied to the inputs both of the system and of a special computer 
(Fig. 1). We assume that although the characteristics of both components are not known in advance, certain 
preliminary information is nevertheless available, E.g., a case of practical interest is where g(t) depends on 
the parameters a4, a2, . . ., 4), concerning which there is no prior information, while the noise has known 
statistical aspects, 
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Published results [9] enable one to devise a computer unit 3 (Fig. 1) which will compute these parameters. 
Then the system will operate as follows, Over some time interval 3 estimates the parameters of the wanted 
input signal, and 5 uses these data to determine Koprlts T) (the optimum pulse transfer function), this being 
compared with the current pulse transfer function for system 1, i.e., k (t, r). This latter is fed continuously 

to unit 6, Comparison of these functions in 7 gives rise to changes in the parameters of the corrector unit 2 

such as to cause the pulse transfer function of the whole system to approach the optimum one, defined by (20). 

























The accuracies of the parameter will increase 

4 as time passes so the dynamic accuracy of the whole 

— system will increase, approaching the designed optimum 
t 




















gt) +n) operating mode, If a, ag . . . a, change after the 
input output passage of a certain time the adaptive process repeats, 




















? Other particular cases of interest for programmed 
control systems are those where the wanted signal is 
&(ér) a given function with known parameter values while 
the noise has unknown statistical features. Then the 
Ql | 6 } correlator 4 (Fig. 1) may be used by the computer to 
7” a(go determine the noise characteristics, Adaptation to 
opt optimum conditions will occur as previously if we 
suppose the noise characteristics to remain approxi- 
Fig. 1 mately constant over a definite interval of time. 























But in the general case both noise and signal parameters may not be known in advance, Then the computer 
must contain both the parameter calculator 3 and the correlator 4. Under definite conditions these units will 
correlate against one another and will provide the required information about the input signal. The accuracty 
of such parallel operation of the two units is a subject for separate study. 


The way in which the accuracy of the computer affects the accurate operation of the whole system is 
also of interest here, 


The complete consideration of this problem is a separate task. Only a particular case is considered here: 
that where the computer of Fig. 1 determines the instantaneous values of g(t), with a maximum error a, together 
with nN? the noise per unit band-width (for simplicity the noise is assumed ‘white"), with maximum error 7, i.e. 
we suppose g;(t) = ag(t) and Nn? = BN’, 


when A (t) = 1, ( 23) gives 





k (t, «) _ 81 1) 81 (7) 
N?-+§ 87 (6) d0 
0 





If a signal g(t) and a noise N? appear at the input of such a system the total error in the reproduction 
will be 


oo [(5) "ere +4] 


By = + ting 87 (t) 
” [ferw+s] (26) 








N? 
p(t) = -——_- 
J e?(0) 0 (27) 
1) 











Since when the system is exactly adapted to the input signal characteristics the error is 


2(t 
E? = g*(t) aoe (28) 


the relative error due to inexact control of the system may be represented as 





EY 7 [1 + p7(¢)) (5) (0) +4] 
_ [Seosip _ 


P £ The relations between E}/E* and the parameters 
p> (t) and a Jo? are shown in Fig. 2. It is readily seen 

that E?/E” is always greater than one (when B*/ #1) 

which must be so, since the error is increased by the 

s system being inexactly controlled, It is interesting 

Uy. that, according to (29), the error is optimal when 

, a* =", Also Fig. 2 shows that (29) is maximal when 
yi ”? p* a?/ B =p’, having a region in the (g 2h", p”) plane 
where E} is close to E* for large a* and g*, 

















Y) The possibility of using such a control method 

in principle indicates that the increase in total error, 

E? - E’, produced by the inexact control,is always 

less than the permitted error in the computer determining 
the signal. 


In fact if €? = (ga (t) — g(t) = g(t) a- a}, then when B” = 1 we have 


Fig. 2. Relative error when an optimum system 
is‘ inexactly controlled, 


[E* — E"Imax— eo? = ee (2a — 3a? — 3) <0 


for all a, i.e., [Ei] — E"] na, <€%. For example if a = 0,5, then{Ef—E*}.,, = 0.11 g%(t), since €* = 0.25 g(t). 


5. Examples 





Let us consider certain examples of the use of (22) to illustrate these results. 
Example 1, Let the wanted signal be a unit step-function 1(t), while n(t) represents white noise. 
(23), with \? = 1, gives 


k (t,t) = t>0. (30) 


_ i 
N?+2’ 

x(t), which appears at the output of the system [the latter having a pulse transfer function of the type of 
(30) when the input is 1(t)], is given by x(t) = pee ° 


Figure 3 clearly shows that the transient x(t) will rise more slowly the greater nN’, 
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Example 2, Let the wanted signal be g (t) = at, while the noise, as before, is white, Then (23), with 
P= 1, gives 


2% 
k(t, t)= “ (>) 
ee (31) 
(Fig. 4) and the total error is 
N?* 
i. a (32) 
ata 


The optimal system with constant parameters 
considered in [5] for zero dynamic error gives a mean- 


= 
square error €1,.= 7 





for all t2T. 





Comparison of E* and ¢. gives 














e §=6 4N® 4 tt 
P= aas +5 Tr: as 








Fig. 3. Response of the optimal system to a unit This shows that 
function. 


1) E? < e. for all t=T; 


2) the use of a system with variable parameters enables one to obtain errors equal to ¢. when t<T; e.g., 


when a” = N? and T = 1.41 sec. E® = Sue when t = 0,72 sec. 





Fig. 4, The optimum pulse transfer functions for the signal g(t) = at 
(t=0), when the noise has R(r) = N75 ( T), (a? = N*), 
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3) BB < } becomes stronger when the noise level rises and E’— 0 whent— oo, since €2.= const; this 


ms 
is one of the fundamental properties of this class of systems. 


Example 3. We suppose the wanted signal is given by a function g(t), (t= 0), while the correlation function 
and spectral density of the noise are given by 


—_ ny2,—alt—0} 2aN? 34 
R(t, 0) = N*e . 5.) = Spar (34) 
i Co, L,=—p*+a*, M,=2a=const, ¢g=0. 


Then D(r)= afr) and when \? = 1,(24) gives 





k(t, 2) = EOF MOU -KO G59) (35) 


2aN* + | [a%g (0) — g” (8) g (0)d0 
Q 


Further (25) gives 


ko (t) = g (t) [ag ad (t)] (36) 
g (t) [ag (t) + g’(t)] + 2aN* + f§ [0% (6) — g” (8)] g (8) a0 
0 





and so the optimum pulse transfer function takes the form 


g (t) [a2g (t) — ” (t)I 











k(t, t)= ; (t >t>0). (37) 
g (t) [ag (t) + 8 (t)] + 2aN* + | [a%g (6) — 8” (8)] g (0) a0 
0 
In particular, if 
[So,, 1>0, (38) 
g (t) _ a=@0 . 
| 0 , #<9, 
then 
p Pp 
b ba b, bgt" [a — Pe] 
k(t, t)= == (39) 
2, < u+6—1 |(2-+ 3)*—1](at+ B)+0%? (a+ 3—1)—a(a—!)(a+3+1) 
—s 2s babe! ai (2+ 6)?—1 


t>r>0, 
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Pp p 
PA >» op,0°*°-* (at + 8) 








k(t) = —> == : " : (40) 
a+p—1 ((2+3)*—1] lat+3] +470? (2+ 3—1)—a (a—1) (a +3+1) 
a Pa (a+ 6" —1 
If 
bsin Wel, t>0, 
8 (t)= 0 <0, 
then 


k(t, t) = b? (a? + w?) sin @,¢ sin @,t 








b? at. (> 720) (41) 
2aN? + ab? sin?wot + > [ -f ?) t+ Tae sin 2eve | 
and 
ko (t) vm b? (a sin Wot + Wp cos Wot) sin Wot . (42) 





w? — a? 


2aN* +- ab* sin*wot + ba [«e? + 2) t+ = sin wet | 





Example 4, Suppose g(t) = at, t= 0, while for the noise 


R,, (x, 0) = N2e~@!*—®lcos wo (+ — 8) (43) 


the spectral density of the noise being 


2a (w? + a* + w?) 


(44) 
w* + 2 (a? — w2) w + (a? + «2 )? 


S,, (w) = N? 





then 


L,(p) = p* —2 (a — 6) p® + (a? + 2)’, (45) 
M, (p) = (— p* + a* + w§) 2a. 


. we . 
The solution to M, [D( r)]= att) is 
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D(x) = Ce8* 4. Cye8 4 (46) 


2a BF 
Imposing the condition lim D(r) = 0 and remembering that g(r) = 0 when r = —o, we get 
= “oo 
bt 47 
D(t) =Ce* (47) 
(1) = Ce + oS, 
where g = a? +u is the root of the characteristic equation M Ay)= 0. 
Further 
L, (D(z)| = 8? [4egcet + = (48) 
. 0 2a J 


Substituting (43), (47) and (48) into (25) when r? = 1, equating the coefficients to the linearly-independent 
functions sin w(t— 7) and cos wet — r) to zero, and solving the resulting pair of algebraic equations for k(t) 
and C, we get 


2b? w? (b*t +- 2awo) 








1 
h(t) = {1 + 2a + 3 beptes — Be tt 1 — e+ 

b% f 2 (3° + 2aa,) . — 

a [— apa t Pat +-1)— 208} (49) 





b [3% + 2aeo] 
403° (8 +a) * 
(50) 


Substituting (48), (49) and (50) into (24) we get the final expression for the optimum pulse transfer function 
as 











2/Q2 ‘ 
tT 5 (8 t + 2aw,) —p(t—r) 
k (t,t) = dtd aera | 
ee 2, agg 8 , 2b°w2 (3° + 2au,) - (51) 
(¢>t>0). 


A partial test that these results are correct is obtained by putting wa = 0 and comparing (52) and (54) 
with the results from example 3 with g(t) = bt. 


CONCLUSIONS 


1. The theory oi self-adapting systems which automatically alter their responses in such a way as to 
keep the operating mode near optimal as the surrounding conditions change is an important current problem 
in the theory of automatic control. 
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2. (2) may be chosen as an index of optimum operation in this class of dynamic systems, as regards dynamic 
accuracy; i.c., E? = tir (t)+ 701) €4(t) = min at any time t. 


In order to satisfy the optimum condition (2) and the physical feasibility condition (3) for stationary random 
noise n(t) as well as for a fairly wide class of nonstationary noise spectra it is both necessary and sufficient that 
the pulse transfer function should satisfy the integral equation (8), this latter having a solution of the form of (20) 
when the random noise is stationary. 


4, The above approach to the problem leads to systems with variable parameters and an ‘infinite memory’ 
even with random stationary noise; and the criteria of dynamic accuracy proposed above specify the system 
response during transients as well as in the steady state, provide a known relation between the dynamic and random 
errors at different times, and ensure that the error during the response is reduced, 


5. One possible way of producing adaptive systems which fall ia this class is to use computers to determine 
approximately the instantaneous signal values and noise correlation functions. 


6, These examples show that the proposed method of computing the optimum pulse transfer functions en- 
counters no difficulty in many practical instances. 


APPENDIX I 





__ In [5] {formula (64)] the optimum pulse transfer function k(t) contained terms of the type 6M «ay and 
4 (i) (t- T). When k(t) takes these forms the output signal, strictly speaking, does not exist, since the values 
of t at which the derivatives of the 5 -function are taken, fall at the end of the range of integration in (4). 


This fact was not allowed for in [5]since it was assumed that 


T 
\ y (t —t) 8 (x) de = y™ (2). 
0 
and 
Zz 
\ y(t —2)8 (7 — ede = y (t—7), (52) 
0 


but these integrals diverge to infinity (the first when r = 0, thesecond when r = T). Let us consider for instance 
the expression 


T 


2, (t) + \ y (t — t) 8’ (t) dt. (53) 
0 


By taking the §-function and its derivative 5( 1) as being limits (see [8]) e.g., 


. (54) 
Bs) = ieee ROSE Ay 
. li 2 MA 
8 (t) = — Oe OP (55) 
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it is readily seen that 


\ 8’ (t) dt = 8 (t). (56) 


So by integrating (53) by parts we get 
rs, (t) = [y(t — =) 8(*)) 2+ y" (t) (57) 


and so x 5° (t) does not exist when y(t) # 0, since according to (57),65(1r)= 0 when r = 0, 


The discussion shows that (52), strictly speaking, is only correct over the range of integration 0< r < T 
or 0- = 7 =< T*, and not in the range 0<= r= T. 


APPENDIX II 





In accordance with (7) the expression for the dynamic error may be put in the form 


t 
& q(t) = 8 (t) — \ 8 (*) k(t, t) dt — Q(t), (58) 


—-—@ 


where 





q 
aM=[YMOMU |... 


rae (59) 
and the random error expression in the form 
; 
c= \ n(t) k(t, t) dt + p(t), (60) 
—oo 
where 
p 
p= [> M@ie)]_, (61) 
i=0 , 
sO 


Et = 4 (t) + 2? (t) eft) = 
t 
= g? (t) —2[g(t)-—Q(4)] \ & (t) k(t, t) dt + Q?(t)— 2g (t) Q(t) + 


t t 
+ \ [2.2 (t) R(x, ®) + g(x) g (0)] k(t, +) k(t, ©) ded + 2* (t) p® qt) + 


co -—o 


t 
+2 ( A2 (t) p(t) a(t) k(t, t) dt. 
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Let us find a k(t, r) such that E?isa minimum. Assume thatk (t,t )is varied by Ak(t,r ). Then we get 
Ct t 
EA = E*- 2A (g(t) QU VS g(r) k(t, r)dr + 2 OX (t) J p(T) (t, r) dT + 
¥ —o —o 
+28 \ (pe Re, 0) + 6c) e (0) R(t, +) kU, 0) de dO + 


—oo —0oo 
t t 


+02 | | 2 6x, 0) +4 (+) @ CO) Ree, =) k(t, 0) de a. 


—©o —o@ 


Differentiating EX with respect to A, equating the result to 0 and then putting A = 0 (as usual) we 


get 
‘ t 
(g(t) —Q (4)] \ g(t) k(t, t) dt — *(t) \ p(t)n(t) k(t, t)dt= 
t ¢ . ani 
= J \ [a* (t) R(x, 0) + g (+) g (0)] &(t, t) k(t, 0) dt dO. “a 
Since (62) must be satisfied for all k(t, +) we have 
t 
g(t) g(t) = \ [a® (t) R (+,6) +8 (t) g(0)] k(t, 6) dO + A? (t) p (t)n (t)4- Q (¢) a(t). (63) 
but 
q 
Qele)= [> ee @ Ho) |, (64) 
i=o 
and 





q q 
P(t)a(t) = p? n(t) n“ (a) k? (t, ) a = > kc SX) ko (t, 2) 
1-<0 i—o ds 


Substituting (64) and (65) into (63) we get (8). 
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STABILIZING CONTROL SYSTEMS WITH A SPECIAL SIGNAL 


R. Oldenburger 
(Lafayette, Ind., U.S.A.) 


Linear automatic control systems with two or more main delay links* may be stabilized 
by injecting noise or a signal of sufficiently high frequency subject to the condition that system 
hunt is not too severe,** The signal amplitude must be sufficient to drive a bounded element 
to its limits, €.g., must correspond to the control range of an auxiliary control valve in the 
regulator, Optimal nonlinear control systems with one or more delay links can also be stabilized 
by injecting a suitable signal. If the stabilizing signal is not very great the responsés to the larger 
perturbations will only be slightly affected. 


1. Stabilizing with Signals 





Early automatic control systems were stabilized about their equilibrium positions using stable linear links, 


Automatic control systems, which in the vast majority are nonlinear at large deviations, are considered 
as linear on the assumption that the errors in the controlled variable and its derivatives are sufficiently small 
and that the roots of the characteristic equation are satisfactory,”*. 


Here the stability is produced by rionlinear methods, The results given here were obtained in work on the 
frequency-response of a regulator-turbine system programmed on a Philbrick electronic computer, The system 
showed hunting, but when a sinusoidal signal of appropriate amplitude and frequency was applied the hunting 
ceased, These resuits are due to the changes in the gains of the nonlinear links. 


MacColl and Minorsky have derived certain results in the general theory of stability. 


MacColl [1] considered servomechanisms operating on the all-or-none principle, in which the output 
was -A,0 or -A for positive, zero and negative inputs respectively. Thus the output was always either zero or 
one of the limiting values +A, When a sinusoidal signal was applied the system operated linearly for small 
inputs, 


This approach differs from that used here in that here the output from the nonlinear element is taken as 
proportional to the input, 


Minorsky [2] studied the use of signals for exciting or damping oscillations in physical systems described 
by second-order differential equations in the variable x(t), while the coefficient of the damping term, which 
contains dx/dt, was an even polynomial in X. 


Minorsky’s method of stabilization depends on the properties of the asymptotic solution to the differential 
equation and its adequacy is different from that of the method given here, 


The piston speed is bounded in any hydraulic servomechanism, In Fig. 1 the variable m is the controlled 
+ This evidently implies systems containing two or more time-constants, (Trans, editor, A. M, Letov). 
* Having in mind periodic oscillations which may change in amplitude but do not differ greatly from a 
set constant value, (Ed.) 
ans Meaning roots with negative real parts. (Ed.) 








variable, being, for instance, the position of the throttle in an internal combustion engine. The output variable 
from the controlled system is denoted by c . In an engine + controller system c canbe the r.p.m. The input to 
the controller is r-c+r,, where r is the set value of the controlled variable (set angular velocity when the engine 
speed is controlled), and r, is an extra input designed to stabilize the system, r, c and rs represent deviations from 
equilibrium, where r = ts = c = 0, 

On account of physical restrictions we have 


|m'|<K, (1) 


where | m'| is the absolute value of m' = dm/dt; K = const. 





Real systems always have delay links. Systems to 
which the method of stabilization described here is applica~ 
ble have two or more such links, none of which predominates, 


Fig. 1. Control system: 1) controller; The controller is based on a linear control law, i.e., on a 
2) controlled object. normal combination of integral, proportional and derivative 
control. 


This method is also applicable to physical systems with one or more delay links in which the control 
function contains the préducts|m"| m' [3] or analogous products of higher derivatives. 


Let us now suppose that the system of Fig. 1 hunts at a low frequency f when r, = r = 0, i.e., when the 
input signal is zero, and r= 0, The method described here is usually used in systems which hunt over less 
than 10% of the total range in the controlled variable, e.g., 10% of the nominal engine speed. 


If we inject a sinusoidal signal r, of frequency not less than 10f and of amplitude slightly greater than is 
needed to cause m* toreach its limiting value in the absence of a disturbance, the ainplitude of the system hunt will be 
much reduced and will tend to zero. The amplitude of the signal a for example, can be 1.2 and even 4times (but not 
20 times) the value needed to make m‘ reach its limits. In systems with linear control laws I, may be injected into the 
controller at any point up to the output. Random noise can be used instead of a sinusoidal signal. In addition r, can take 
the form of triangular pulses or waves, or ay other convenient repetivive signal of frequency not less than 10f, or with 
components of such frequency. The amplitudes of such signals must be sufficient to giving limiting values of m* . The 
bounded element must be unsaturated over a certain time interval. Sorectangular waves will not produce stability (r 
and c must bein a 1:1 ratio).. 

If r,, present as rectangular waves, is insufficiently large to produce a saturation zone in the bounded 
element when r is fairly small, the gain in the system will not change. If on the other hand rectangular waves 
produce a saturated zone at sufficiently small t the output c will remain unchanged, independently of r. Thus 


the relation between c and r will be destroyed, The bounded element will then be continually saturated by 
such signals. 


The stabilization of a signal with r, we shall term signal stabilization. The frequency of the stabilizing 
signal must not be a multiple of f . This method of stabilization enables one to use higher gains and thus to 
improve the transient response, 


Other quantities than speed may be bounded in a servomechanism e.g., the torque on the rotor of an 
electric motor or the current producing the torque. 


2. Advantages of the Signal Stabilization Method 





Signal stabilization changes the gain of a channel. The presence of a convenient 50 cycle or 400 cycle 


supply, or some other convenient high frequency supply, simplifies the injection of a stabilizing signal with 
electrical equipment, 


Let us now consider a sisuple hydraulic servomechanism comprised of a normal valve and piston assembly. 


Speed restriction in a servo is equivalent to restricted valve range here, The characteristic of a bounded 
element, such as a valve, is shown in Fig. 2, The gain curve for such an element is shown in Fig. 3* (cf. [4]). 


* The so-called ‘equivalent admittance’ is here implied. 
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As the input amplitude increases the gain falls. The equation for the servomechanism takes the form 


m’ = kz, (2) 


where x is the valve opening, m‘ the servo speed, and k = const, 


Consider a regulator with the control law 


output —— <= c+ ac’, (3) 


input 








where c," is the derivative of cy (cy = r~C + f,), a& = Const, 


The valve opening will be 





z= — K,%, (4) 


Fig. 2, Characteristic of a bounded 
element, 


where K, = const. 


Injection of a stabilizing signal reduces the gains for deviations in cy and cj, which gain reductions are 
transferred to the bounding element and corresponding increase the stability. 


Suppose y = cy or ¥ = cy + Tc’; when T = const, If the control function is 


Z=$+B/9'[9 (6 = const) (5) 


or 


B= G+ 14 +i q |e (j= or (6) 


= const 


then the injection of a stabilizing signal reduces the gains of the linear elements (corresponding to reductions 
in the terms , cy and ycq) but raises the gain of the multiplier channel (g|¥"|y"°). The gain of the channel 
in (5) which corresponds to |y"| y' will be zero when y~* = 0, To render the loop stable we should increase the 
gain. This can be done by injecting a stabilizing signal provided the signal is injected before the multiplying 
element, The desired result is not obtained if the signal is injected after the multiplying element, Similar 
remarks apply to the nonlinear control system described by (6). 


In general if the curvature of the characteristic curve for the nonlinear element (in which curve the ordinate 
is the output and the abscissa the input), which passes through the origin (output zero when input is zero), 
increases numerically, the injection of a sinusoidal signal at the input of this element will increase the gain 
as compared with the pre-signal value, Similarly, if the curvature drops numerically the injection of a 
sinusoidal signal will reduce the gain as from the instant of injection. 


3. Experimental Results 





Consider a system containing machine and controller, The engine is described by the equation 
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Fig. 3. Horizontal axis: Amplitude at the Fig. 4. Signal’ stabilization of a system acted on 
input, teduced by a factor 4 A. Gain curve by a stepwise perturbation 
for a bounded element. 
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Amplitude at the imput, reduced by a factor 2° 


, m 


= Taippiy +L (7) 


where D represents the derivative with respect to time t and L is a load term. 


The denominator in (7) corresponds to there being two first-order delay links with time-constants of 0.1 
sec. The controller equation takes the form 


m' = 1002, 
c. c. 
¥ = 0.8¢, + Ll, q=r—ctlrs, (8) 
where ¢ is the control law, Also 
| m’|<10 ” 


this being the restriction on the servo piston speed. 


Fig. 4 shows the data for the servosystem with a bounded speed. Curve I denotes the speed m", while II 
denotes the position m, III indicating the rpm of the engine c. The system has two delay links with identical 
time-constants of 0.1 sec. The left side of the oscillogram shows the inherent hunting in the system, while 
the right side shows the stabilizing signal applied (30 cycles/sec),« The engine is described by (7). The 
controller laws took the form 


m’ = 50%, 
L=c,+0.8ci, 
¢;=r—c+r, 


(10) 


* The stabilizing action of the signal is evidently due to isssuppressing the servomotor hunting while the 
engine speed remains unchanged (Ed.). 








subject to the condition |m*| < 10, 


Fig. 4 shows that the response to a perturbation is only slightly affected by injecting the stabilizing signal, 
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PULSE STABILIZATION OF AUTOMATIC CONTROL RELAY SYSTEMS 


N.A. Korolev 


(Moscow) 


A pulse method of increasing the self-oscillation’ frequency in automatic 
control relay systems is described, together with some ways of designing stabili- 
zing circuits. 


INTRODUCTION 


Some relay systems (e.g., Figure 1a) operate in a self-excited oscillatory mode, Typical examples are 
vibration controllers, bistable servos etc. Relay units with characteristics as shown in Figures 1b and Ic are 
usually used, One problem in designing and using these systems is that of increasing the frequency and de- 
creasing the amplitude of self-oscillation. This is sometimes termed the stabilization problem. It can be solved 
by using accelerator (forcing) elements in the controller circuit or by using additional loops (other than feedback) 
in parallel with the controlled object and with the inertial links. The transfer function for the linear link is 
then altered (see, e.g., [1-3]). But it is sometimes difficult to use the normal methods, and others have to be 

"sought; e.g., the brush B (Figure 2) has to be kept in contact with the contact strip C by the follower system in 
a predictor without the brush being mechanically loaded. The strip oscillates continuously with respect to the 
end of the brush. 


















































linear / Ff + 
link , i, 
g z 3 2 0 om 
2 t _| % 9 + effector 
rl | rly rly 
a b c 2 ] 
Fig. 1° Fig. 2 


The static motor voltage characteristic as a function of the B-C distance is the same as for an ideal relay 
system (Figure 1,b). 


The accuracy of this follower system is improved by increasing the frequency and diminishing the ampli- 
tude of oscillation, Derivatives with respect to error are difficult to derive as the error itself is not measured in 
this arrangement, Applying internal feedback to the relay is also ineffective because this cannot be done in 
such a way as to ensure relay oscillation when the B-C contact is both open and closed, At high feedback the 
relay system acquires the properties of a linear link (vibrational linearization), This is impossible here because 
the sign alone, and not the magnitude of the error, is determined. 


Any method of stabilizing automatic control systems can be considered as equivalent to performing the 
requisite change in the operation of the effector, But control in relay systems is not only exerted by altering 





* ["rl" = “relay” — editor's note.) 





the linear link by the use of derivative fecdback in the control characteristic, and so on. A similar effect 

can be produced by pulse methods, Pulse stabilization of relay systems has been briefly described [4]. The 
pulses form (yinFizure 1,a)is changed by altering the linear link (effector), The self-oscillation frequency 

is changed by alterin;; y. The problem is then to give y a form such as to increase the self-oscillation frequency 


and to derive a relation between this latter and the pulse shape. 


Only stepwise changes in y are considered here: two types of pulse stabilization using auxiliary circuits 
to correct the pulse shape are described, and tnethods of designing the circuits are given. Transients are not 


considered, 
Stabilization by Pulses of Arbitrary Duratioa 


Suppose an automatic control or servo system using an ideat relay unit (Figure 1,b) self oscillates at a 
frequency w"g. The linear link has the transfer function 








P 
WP) = Guy = 





The control signal y (t) at the relay output will be a train of rectangular pulses,* The self-oscillation 


frequency is independent of the steady-state gain when the control pulses are rectangular if the loup in the 
relay characteristic is of zero width [1]. The self- 


oscillation frequency is to be increased, 


Let us alter the form of ¥ oft) with the correcting 























linear ST ee * circuit CC (Figure 3,a) which subtracts from the pri- 
% link } Z mary pulse train ya(t) a train Y, (t), as in Figure 3,b, 
S rl z ¥ i.e., the extra pulse is displaced in time by ya/wo. 
4 A The extra pulses are of length (1—y ) 4/w», where 
ae hee % y <1. We shall show that with this type of control 
signal, yo(t) = yy (t) — yg (t),the self-frequency is raised. 














In an uncorrected relay system w', is defined by 
the solution to {1}: 


Fig. 3 
z,(=) = 0 (2) 


if 
“—/s 
(5) <0. (3) 


(2) and (3) assume that the self-oscillation is simple, i.e., the relay switches over once per half-period: 


z()>0 (o<t<=). 


* The sign ~ over a symbol denotes that it changes periodically. 
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This may be verified on drawing the waveforms,* 


Using Tsypkin's method [1] we have to determine the self-frequency by constructing the characteristic 
J, (w) for the relay system: 


J, (a) = Red, (0) + jImJ, (0) = — 2 4(2)— (2). 


(4) 
If the system is closed in the absence of an external disturbance 
x (t) =—2 (t), 


this frequency is given by the point where J,(w) intersects the negative real axis,* * 


We now turn to the derivation of the self-frequency for a corrected relay system, Yot)s applied to the 


linear link, produces the € response Za(t). The principle of superposition enables us to represent Z»(t)as the dif- 
ference. Zo (t) = 24 (t)- Zs (t). 


Determination of w» obviously amounts to solving 


—%, (=) = ImJo(o, 1) = ImJ, () — Im J, (0, 7) = (5) 
if 
4 a 
— 5 20 (Z) = Redo (1%, 1) = Re J; (tao) — Re J (t, 1) <0, - 


i.€., Wg is defined by the point where the hodograph Jg (w, y ) intersects the negative real axis. J, (w) and 
J2‘(w,y ) can only be constructed when expressed explicitly in terms of the system parameters. 


At t= #/w the component response 2 (t) may be computed (see Appendix) from (A) if we suppose y = 0 
and remember that h(0)= 0 


. If on relay switch-over (i.e., at the instant t = ¢/w'g) the rate of change of the control signal shows a 


break we should subtract X, on the left in (3) from the step when the relay has a loop characteristic igure 1,c), 
i.e., subtract % ( #/w'g— 0). If the relay characteristic is single-valued (igure 1,b) X should be subtracted 
from the step on the right, i eas 4 (n/w'y + 0) (see [5]). We shall in future assume that (1) shows the property 


lim pW (p) =h (0) = 
p+ c@ 


Then 
2(= —0)=2(= +0) =2(=). 


** For the stability of self-osciliation see [1]. 
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n ~My 
2 (F) = 4m D co *—— = ImJ, (0). (1) 


vel a 
1 4-e° 





29 (t)att=n/w is also determined from (A): 





mser a Lia SP 
— i, (=) = kes d) Co —— =ImJ, (0, 9). 
) Veni i 
ail (8) 


P (p,) : 


Kp1 and kp are the gains of relay and corrector respectively, n being the number of poles py of W(p), 
—~_— , Ji (W) is the uncorrected relay systern characteristic, 
PQ’ (Py) 


C,,9 being a coefticient defined by Cy) = 


and Js (w,y ) is the characteristic of the linear link plus corrector. 
The real part of the relay system characteristic is determined from (C) by analogy with the above (on 


the condition that h (0) = 0): 


7 
@ Pv 
(9) 


ho ial 
ReJ, (0) =" >) pew igo 





sais i+ re 
rT 
k A 4 oa A le o Pv 
Re Jz («, 1) = -* >) prev = 
: + e° 


If the poles of (1) are difficult to determine the relay characteristic can be derived by using the partial 


characteristic W (jw) = U (w)+ jV (w): 


{U (2m— 1)o} + 7 IR Ael, 


m=1 
2k < (si = : 
Im J, («, 7) = ——2 >) {= V [2m — 1) 0] — (11) 
m=1 


J, (0) = 





4 +- cos (2m — 1) yx 
— it eos Ont) V (2m —1) a}}, 





 — 
Re J, (w, 1) =—2? D) {[1 + cos (2m — 1) yx] U [(2m — 1) 0] + 
m=1 


+ sin (2m — 1) yx V [(2m — 1) o]}. 


* The first formula in (11) is given in [1]. The second and third may be derived from those in [1] by 
replacing y with (1-y,), followed by displacing the origin of coordinates by yy1/w, to the left along the 


time axis, i.e., by the substitution t = ty — yy7/w. 
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if ke is given a family of J2(w, y ) curves for different values of y(0< y < 1), may be drawn up, From 


Jo (o, 1) =J; (o) — J, (a, 1), (12) 


the Jo (w, y) family can readily be derived and the self-oscillation frequency determined at any giveny. 
Figures 4a and c show the Jy (w,y ) 
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Fig. 4 


and Jo (w, y )families drawn for a particular system, The transfer function for its linear link was 


or 
4v 


W (P) = step +1) OUP Hh) * 





(13) 


kp? was assumed equal to one. 


The self-frequency is in practice more conveniently determined from Jg (w, y ). Figure 4,b shows this. 


When the self-frequency for each value of y has been determined from (5) we can draw up the relation 


6 = (1): ~ 


Figure 5a shows a group of these relations for varying kp. The effect of the extra pulse train (from the 
corrector circuit) on the self-frequency is clear from the graph. When Kpe < kp1 the curves we = f(y ) have 
maxima, the optimum y falling as Kp2 increases. When kp = Koa , (14) becomes monotonic; as y falls,wo 
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we get 


Im J, (1, 1) = = {kya sin yx U (00) + [2k pr — kya (1 + 008 7")] V (w)} = 0, 


(in theory) increases without limit. It may be shown that in the high-frequency range Jg(w, y ) in (13) can be 
approximated with adequate accuracy by the first term in its trigonometric expansion, From (5) and (11) 








(15) 
and hence directly 
V fe) sin yx 
tan § = ° 
(0) = 7 (9) pL 
Z —1i—cos yx 
= (16) 
But if we put p = jw in (13) and separate the real and imaginary parts we get 
i— TT? 
ta = = (17) 
= 0(,) (T1 + T2) 


where T, = 0.05 sec, T, = 0.03 sec. 
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* When kp, = kp; the indeterminacy is dealt with in the usual way. 


Simultaneous solution of (16) and (17) shows that 
We —* @ when 


k 
2 —1i—cosyr=0, sin yr <0. 18) 


The asymptotic curves we = f(y ) for various 
Kp2 = Kpy* are determined from (18); these are 
the vertical straight lines y,,. The yas values for 
various kp, are shown in Figure 5,a. This also shows 
(dashes) the wy = f{y ) curves computed from the 
first harmonic of Jg (w, y ) The Figure shows that the 
curves computed exactly and approximately are in 
good agreement. 


This pulse stabilization method can be used in 
systems withk hysteresis in the relay, Then the 
left of (5) (equations for the periods) must be equated 
tO Kg, and the line ImJ9{ w, y ) = —Kg (dashed) must 
be produced, The wg are defined by the points where 
the line —Kg intersects ImJ9(w,y ). Figure 5,b shows 
We = f(y) when Kg = 0.1 for various kp in system (13). 
The relay hysteresis clearly lowers the self-oscillation 
frequencies in the original and in the pulse~stabilized 
systems. 
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Fig. 6° 


Figure 6a shows a circuit illustrating the principles of pulse stabilization. The contacts of the main 
relay rl, connect the motor toad.c.supply. After a certain timer = y#/wgo,relay rl, operates and cuts in the 
resistance Rey. r is determined by R and C in the circuit rly. At the instant when rl, changes over C is discharged 
via the low resistance of rly: the process then repeats. The requisite y is obtained by choice of R and C. kp 
is varied from 0 to 1 by appropriate choice of Rex. The requisite values of y and Kp are determined from 
graphs analogous to those of Figure 5 in accordance with the chosen we and Kg for rh. Figure 6,b shows the 
self-oscillation in the system, Here +# y,(t) = Ug is the supply voltage, y,(t) = Up is the voltage drop in Rex, 
Yo(t) = Um is the motor voltage, z9(t)= yp, is the motor shaft rotation, x(t) = kA gm = Uyb is the bridge 
unbalance voltage, K q = U, is the relay switch-over threshold voltage. 


The additional pulses can also be shaped with a delay line. If the delay is fixed to be r = yw/we and 
the extra pulse drops to zero at the same time as the main one the delay line system will in no way differ in 
its mode of operation from the one above. The use of delay-lines for correcting signals in open-loop (effector) 
and closed-loop linear systems has been described (e.g., [6, 7]). In this case the shape of the extra pulse is 
predetermined and there is no need to repeat the shape of the main pulse: the delay line can then be replaced 
by a normal RC circuit, as in Figure 6,a. 


Dependent Pulse Stabilization 





This stabilization method can also be used for raising the self-oscillation frequency: it differs from the 
previous method in that the start of the extra pulse is not arbitrarily defined, being the moment when the control 
signal x(t) is maximal, The extra and main pulses end at the same time, The resultant action on the linear 
link Yp (t) is primarily that of the difference between the main and extra pulses (Figure 3,b). 


We here have to determine both wa and y , and this is more complex than the previous case: the first 
equation for the periods 


Im J, (@, 7) = 90 


or, where the relay link shows hysteresis 


Im Je (o, 1) =m —~ X%& (19) 


is supplemented by a second 


*["1i"* = "effector" — editor's note.] 








Re Jo, (®, Y) = — ~ 20 (1 =) = 0. (20) * 


The sought frequency we and the relative duration y are determined by simultaneous solution of (19) and 
(20), on the condition that (20) and 


Im Joy (29, 1) = — 2 (1 =) > 0. (21) 


are fulfilled. 
To determine ReJoy (7) we need to know Z ( 4 and %, ( *). 


Za (yn/w) is determined from (C) by substituting t = yr/w. Since H(0) = £ CygPy = 0, we get 
v=1 





Re Jey (0, 1) = — > (1 2 =) = “8S cops al (22) 


% (yx/w)is also determined from (C), First of all we must put y= 0, and then t = y #/w in the formula 
found, Then 


Tt 
Y-—Py 


(1 £)-—85 C0Py sate 


v=] Py 


4 + e 


SN }e 


4 
Re Jy, (#, 1) = — 42, 


The family ReJgy( w,y ) may now be drawn up for various y. Figure 7 shows this family of curves when 
kps = Kp = 1, for the relay example above with the linear link of (13). Each y, has its own wo, given by the 
point where ReJgy(w, y) cuts the w axis. 


The curve wg= ¢ (y ) shown in Figure 5 was drawn up from Figure 7, At the points where the curves for 
the k,,2 intersect,w, Yg are determined; these will be the required self-oscillation parameters, since both (19) 
and &0) are then satisfied simultaneously. The required frequencies can be obtained by varying kp, for the 
correcting circuit. 


The frequency is determined approximately (from the first harmonic) from Figure 5 with y = 0.5. An 
exact calculation for Kg= 0 gives yo= 0.485 which is close to this (see Figure 5,a) but when Kg = 0.1 the 
difference is already important (yp = 0.4), although the error in determining the frequency is less than 10% 
(Figure 5,b). 


Figure 8 shows the application of dependent pulse stabilization to Figure 2, The tachometer Tach, Relay 
2 and the resistance R,, in the armature circuit form the correcting circuit, Relay 1 operates when C touches 
B, its contact in the armature circuit changing over. At the same time its other contact shunts R,,. The motor 
slows down, its armature current being reversed, The tach output passes through zero and changes sign at the 
moment when the motor stops. Relay 2 then switches over and its contact cuts in Rex. When the C-B contact 





* The index y in Joy denotes that the characteristic is taken at the instant y r/w. 
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Fig. 9 


opens Relay 1 again changes the supply polarity and also reshunts R,,. This cycle is periodically repeated at a 
frequency Ww. 


The effects of dependent pulse stabilization were verified on an EMU electronic analog unit, The linear 
part of the system had the transfer function of (13) and was built up from analog equipment units; the relay unit, 
having a characteristic as in Figure 1,b, and the correcting circuit were simulated with nonlinear circuits (using 
diode limiter circuits), Figure 9,a shows the block diagram. Figure 9,b shows the signa) waveforms in various 
parts of the circuit. The oscillograms of Figure 10,a show the self-oscillation in the uncorrected system (yg = 0). 
Those of 10,b illustrate the working of pulse stabilization when kp, = Kp1- We see that the correcting circuit 
raises the self-oscillation frequency from 25.2 sec“! to 52.3 sec™*, The amplitude drops by a factor of 6.7.* 





* Iam deeply indebted to Engineer I, V. Pyshkin who carried out the experimental work in the Automation 
and Remote Control Laboratory of the Academy of Sciences of the USSR. 





Finally we observe that the stepwise control 
action Yo(t) can be produced by adding the main 
pulse train ya(t) from the relay and an extra train 

Z(t) Ya(t) from the corrector circuit (instead of subtracting, 
WWW TAC Ae, as in Figure 3,b). The main and extra pulses must 
then begin together. The instant when the extra 
pulse terminates can either be selected from Figure 
T*025sec 5, or can be superimposed on the maximum of x (t) 
= | This latter method demands a larger overall gain, 
LI LIL a1] es l which normally implies a higher supply voltage and 
effector overloading. The self-oscillations also become 
of larger amplitude at the same frequency since the 


7 I. 
a0 dO power input to the system as a whole is larger than 


when subtraction is used on y(t), as above. 














F-Qle sec - 
z(t) aa} sec_— — SUMMARY 


1, Pulse stabilization of automatic control 
h ” relay systems consists in altering the form of the 
signal from the relay to the linear link. 


Fig. 10 2. When Kpe > Kpt (Kot being the relay co- 
efficient and kpg the corrector coefficient) the practi- 
cal upper limit of the self-oscillation frequency is dependent on the hysteresis and time delay in the relay. 


When Kpe <k.4 there is an optimum y (y being the relative duration of the corrector circuit pulse) the 
self-oscillation frequency then being maximal. 


3. Both types of pulse stabilization — arbitrary and dependent pulse-length stabilization — are equally 
efficient. Dependent stabilization is preferable as being simpler in design and more reliable. 


APPENDIX 


§ 41 of [1] gives equations (10.16) and (10.17) which define the form of the hunting mode Z(t) for the 
case where the origin of time coincides with the beginning of y(t): 





n 4 + (—v)=p. 
Tr 
. i— — 
T= hyd cee (y Etc), 
v=] i+" = 


where y is therelative pulse length in YO. kp being the relay gain. 


To determine z(t) for ‘Ya(t) Figure 3,b) y mustbereplaced by 1-y in these formulae, the zero of time 
being displaced yn/w to the left, i.e., we put t —yn/w for t. Performing this substitution in (10.16) we get 


7 
n Y¥—Py Pad 
T= yl co + > oq tt ot vo), 
v-1 1+e° v 


(o<t—r = <a—v 4) 





or 


get 





nr 
n ~T Pe 
on +e ® pt 
Tm by foat D) be AS — ol} (y Barc), 
From (10.17) 
T 
n —(1—¥)= Py 
—e Py \t-y— 
z(t)=ky >) Sv = Pel D 
ona { +0 
—p Pp 
n new ~* v oe * 
e —e€ 
= i, v0 a ePv! 
7 1+ Fe 








(Z d-n<t-y2<2) oe (Zar<d+n 4), 


Since Z(t) is of interest in the first half-period we replace t byt +a/w. Since z (t) =—Z(t+n/w), we 











- Romer 
~ Seat T 
z(t)= ky >’ Cvs - ePv! (oct<r—=). (B) 
vai 1+ eo 
Differentiating Z(t) we have 
: 1+ ote 
z(t)= ky >) Sw, z Pv! (v5 <i<t), (C) 
v=1 { + oy ” 
° n { (1—v)—py 
at —e 
z(t) =ky >) CypPy = ePv! (oxt<y—). 
vl ite” (D) 


The poles py of the transfer function for the linear link W(p) are supposed simple and nonzero; but when 


Py = 0 the result can be derived by the usual method of passing to the limit. 
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THE DESIGN OF LINEAR FOLLOWER SYSTEMS FROM THE CRITERION 
OF MINIMUM PRACTICAL LIMITING REPRODUCTION ERROR 


K. I. Kurakin 


(Moscow ) 


The optimum transfer function of a servo system is determined for the case 
where the input to be reproduced is a known slowly-varying function of time and 
the noise spectrum is uniform over the working frequency range. The follower 
design is based on the criterion of minimum practical follow-up error given in [1], 
Methods of producing an optimum servo transfer function are described which em- 
ploy a corrector unit operating on d.c. 


INTRODUCTION 


In some practical cases the input quantity to be reproduced changes according to a completely defined 
law during one cycle of servo operation while the main parameters in the law change from cycle to cycle but 
the character of the law remains the same. Such real slowly-varying time functions can be represented approxi- 
mately by nth-order polynomials or by harmonic functions. In the latter case the function period is hundreds 
of times greater than the inherent period of self-oscillation in the system, When the problem is approached in 
this way the input is considered as an assembly of functions which is in general not ergodic, The results of [2)} 
are known to be then inapplicable. It has been shown [3] that the optimum system for nonstationary input 
functions (determined from the means of the assemblies) is a linear one with parameters variable in time. 

This paper presents a method of deriving the optimum transfer function for a servosystem with parameters 
constant in time from the means of the assembly of input functions when the noise at the input is white. 


1. Derivation of Optimum Transfer Functions which provide Minimum Practical 
Limiting Follow-Up Error. 








Consider a stable linear servo system denoted by the following symbols: g; (t) is the input to be reproduced, 
B o(t) the output produced, 68 (t) = By (t) — Bo(t) the reproduction error, Bn (t) the total noise, referred to the servo 
system input, having a spectral power density Ggn(w) = e? = const. For simplicity we assume that there is no 
correlation between the input to be reproduced and §n(t). Y(p) denotes the optimum transfer function for the 
open-loop condition, the closed-loop one then being 


_ _Y(p) 
K (P) = TY) 


Here p = d/dt and is an operator. The follow-up error of the servo system will be assumed to be 


8p (t) = | Boy (4) | + 28,1 q@) 
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5B is (t) is the dynamic or systematic error due to the input gj (t), and 58 1, is 4 mean-square error due to the 
noise operating at the input. 


Case 1, 8) (t) is a monotonic function of time, being zero when t < 0, which can be represented approxi- 
mately by a polynomial of degree n. Then 


Boy (t) = CoBs (t) + cfr (t) +t Bi (t) + SB (t) +... + BI” (2). (2) 
Applying the Laplace transform to both parts of (2) gives 


35, ,(P) ¢ 
Bis c c nm on 3 


whence 


85,. (P) 
, Big 
ona] 
8... (P) 
c, = lim Ee E a c| , (4) 


p—o FP 


8,,_ (p) 2 
ar Rk ee, a oe 
Cn, =n! lim | B, (P) > ki p.| 


p—-0 P k=0 


We will now look for the optimum transfer function for servo systems showing first-order astatic properties. 
Y(pP) (open loop) for such systems takes the general form 


™m 
k i (1 + Pt) 
'Q-- (5) 


n 


II (4 + pT) 


im] 


In general it is complicated to find the optimum values of ky, 7; and Tj. But the problem can be simpli- 
fied [4] if we look for a Y(p) of the form 


_ Ay 14-pt (6) 
YO = Teer : 


i.e., put m = n= 1 in (5), The optimum parameters sought then become k,, the velocity gain in the system, 
Ty, a time-constant characteristic of the ‘forcing’ properties (acceleration) of the system, and Ty, a time-constant 
specifying the integrating properties. The closed-loop K(p) will then take the form 





ant 








a YW) gs 1p +4 (7) 
KY =TEYO) "p+ 2to,p+o% ’ 


k | + » Ti 
where Wy y —- is the natural frequency of undamped oscillation in the system, and (= —~== is the 
Ty 2V kot 








relative damping coefficient. 


(3) and (7) imply that 


8,,, (P) [p + @, (20 — o,17)] 
Big cil ™ Pip n a ; (8) 
By(p) aa p? + %w,p+ oF 





The error coefficients co, Cy, Ce, Czy . « «» Cp are readily determined from the system of equations in (4) 
and (8), being 











C= 0, 
za @,71 1 
re 
o, 2A Monts — 40%) _ 2171-11) ky — 1] 
ie wo? _— ke ’ 
6 [ots (1 — 40) — 40 (1—20%)] [1 — k, (2 + kt) (T1 — TH)] 
C3 = ) = 2 etc. 
n + 


Let the averaged 8; (t) be defined by the polynomial 


B,(t) = Dy 1,¢°: (9) 


vel 


Then, having formed the derivatives By (Os BE C(t)» - « 0 “ Me) from (9) and utilized (2) we get a general 
expression for 58;, (t) (the systematic error): 


2)! 
85, 5(t) = » Te, + ¢ 3 (V+ 1) tase, + by Sheet Tale + 
v=l1 v=] 
n—3 (10) 
+ 3)! n- (n—2+)! 1 
+# 2 tee TW4s% a ‘yeaa “GaDivl Tn-apr'y + ! a a 


When y_>0fory=1,2,...,1 65gj(t) will be an increasing function of time, so if we bear in mind 
that any real Servo has an effector motor with bounded angular velocity and acceleration, and is nonlinear 
on account of saturation, we see that at some value of t the normal follow-up is disorganized and the system 
becomes in general unconwollable if the control response range is restricted, We shall in future suppose that 
the steady-state design for the system has already been drawn up and an effector motor selected such that when 
the gear reduction ratio between motor shaft and load is optimal, for a given input law gj(t) and cycle time t, 
5B is (t) does not fall outside the linear section of the control response, 
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The component 6g ,,,., due to the noise, is given by 





co 
‘4 ¢ ; 
Sa.” =| | K (jw) |? Go, (w) do. (11) 
0 
Using (7), (11) gives 
2° oe ‘ | ty/@ + 4 |? 
oms™ 2n n | wo? + ojo aa r (12) 


Supposing the servo system stable, and using the tables for Ip [5,6] we have 








_4 / oR (oR +1) 4 ay/ Bht ee as) 
"3 Ve Xo, =3Ve T, +417, 


Inserting t = t. and the expressions for cy, Cg,. . »» Cp, into (10) we get 58; (te, k,. » Tie T1)- 


Hence we may take the following expression 
as representing the practical limiting follow-up 


AY error. 








Alt) 


AMA, (0) 85 _ |S e4 (t, ko, qT, 7) | v Bp io 7';, %). (14) 


Further, we have to seek values of ky , Ty and ry for 
a given t, at which 68 will be minimal. 





Practical cases are encountered where 8;(t) 
to —- (Fig. 1) can be represented sufficiently accurately 
by a second-degree equation 











Fig. 1. Graph of the input function to be repro- 
duced g;(t) 


Bs (t) = Ya + Yt + Yal?, (15) 


where 7 o Yi» ¥2 are positive constants. (10) and the expressions for cy and cg then imply that 


(T13 —%)k,—1 


Ky 





Sais (4) = (11 + 2Y2te) Ee + 2%2 
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Remembering that Ty >>ry and (Ty— 1ry) ky » 1, in an optimal system, we can, to an adequate depree 
of accuracy, put 





¥1 + 2y2 (tg + T1) 16 
Baie (ho) = ‘ a ‘ -_ 


v 


(13) shows that. 58m . depends materially on both Ty andr,. Since, according to (16), 6 Bis (t,.) ds 


independent of ry the optimum T1 can be expiessed in terms of k., and T, using the condition that 6, ,, be 
a minimum. The optimum ry and ky -are given by 








— = (Vi+k7,—1), (17) 
8/ Tilt 23 (te + TF 
he = 4|/ ae (18) 


Further, having substituted for Ty aud ky in (17)‘we get the optimum T1- 


Study of (14) at an extremum shows that 6g is reached when T, = o and ky, = @ . According to (6) 
Y(p) is then determined for a servo with second order astatic properties. 


Case 2. 6; (t) is a harmonic function of time, 


B; (t) = Bip Sin pt. (19) 


The maximum systematic error 58 i, max is found from 





, Big @o V o2 + «? (20 —«, 7)? - 
Bi, mex = Bio | 1 cane K (J@5) | er V @ _ wy +. 7a at of = 











7 Bin &, Vi+ T2o? ; a0) 
V (ky +T, 5)? + oF (1+ k,t,) 





The following form is then given to ,: 





—_ Bio 0 V1 + Ti of ptyay/entBS 
© Vee—Toy folttkayy 2 Bat By Ea%s 





In most practicai cases wg <1 so the previous equation can to an adequate accuracy be written as 


Binoy Vit Ties Ey “aa T +12 22 


an k i+k, 7, 





(21) 


v 
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(21) shows, by analogy with the previous case, that the optimum ry is defined by (17). Then having 
substituted ry from (17) into (21) we get 














Vi4-72. + Tie 02 
3, = Pig 9! — ae o/ = 7 itm r,t. (22) 
Also snes fy T, >>1, 
B o) vs 1+ 1+ Trot 1 1 
3, = rio Me +V5- Tile Ke, (23) 


As previously we suppose T, given. Then differentiating 5g with respect to ky and equating the deriva- 
tive to zero, we have 








08, ~ Bio bead Vi+ 720? -++ % ae 4 41/5 Ti kz ot. 
0k, k2 27; 


v 


The optimum k,, is found as 





5f 
=4Y 7 Bias (1 + Trad)? (24) 


2. Relation Betweend,; and —— 





In the case of the gj (t) defined by (15), we have 


¥1 + 272 (te + 71) 
k 


v 


854, ax = 





and 


ba V i te 


Substituting the optimum of ky found from (18) into the expressions for 5gismax and 5g ms we get a 
relation between these errors in the opdmum servo which satisfies the minimum practical reproduction error: 


4 
Say, max = 7 bs (25) 
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With the gj (t) defined by (19) we have 


5q,. Max== Pio o Vi+7} 9 
Big k,, 





and 
ait wi V - T;!* ‘le, 
Substituting the optimum k, from (24) into the expressions for 5gi,max and 6, _—we get (25) after some 
simple manipulations. "= 
651m. 
x & 
oo] 
Z 
_— 
ive) 
sa 2 
ee 
mx 


a 0 20 30 WO S50 60 70 80 0 000 00 00 
nsec’ 





Fig. 2. Curves relating 58,58ms and 5gijsmax to ky when T, = 1 sec and 
25 sec, 


If the k, differs from the optimum value the relation between bis _—— and 5B , mage in this case, and is 
defined | in general by the equation 


iit Baia max _ Bio bed |} V14+ Tio _ Tio 9 ke" (25) 


Bg 1 Y e? 
T,'* fo. ae 
ms 1 aT; 


(26) shows that as ky falls, a increases, Then 5g remains approximately constant as ky variesin some 
range around the optimum, These assertions are illustrated in Fig. 2, which shows 6g, 58 mn and 6, ;.max as 
functions of ky when T, = 1 sec (dashed lines) and 25 sec (full lines, It is here assumed that e* = 0,61210™ sec, 
Wg = 0.1sec and Big=-y5. The curves in Figure 2 were computed using a ry computed from (17). A study of 
(26) leads one to conclude; a) the optimum ky, for a given é* falls with Ty; b) the optimum k becomes more 
critical the smaller T,; c) the optimum ky for a given T, is larger the smaller . 








3. Amplitude and Phase Frequency Characteristics of the Optimum Closed-Loop 
Servo. 


——— 











The optimum amplitude characteristic for the closed-loop servo, from (7), takes the form 


2 
| K (ja); = ow? at . (27) 
; = o* + 20? (20? — 1) w? + of 
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The phase characteristic with the loop closed y (w) is from (7) defined by 


9 (w) = arc tg {-— 





(lo, t, — 1) 0? + oF _ 


@ [tT @ + @, (26 — | 


A servo with transfer function Y(jw) is, according to (6), absolutely stable with an infinite modulus of 
reserve stability. The reserve stability in phase in such asystem is defined by 


Ag (a) = > + arc tg w, t, — arctga, 7, (29) 
where Wg is found from 
Y (ja,)| = 1. (30) 
Substituting (6) into (30) we get the biquadratic 
0 Ti — (ko ty — 1) 0 — ke = 0, 


whence 











Ri-! | /Ra-y & 
= - —. —. (31 
” "4 27? + | 4T# ti | ' 


1 


The allowances for the separate elements in the servo show that the reserve phase stability must not be 
less than 40°, 


4. Normal Response of the Optimum Servo to a Step Input 





Certain requirements as to transient response are imposed on the usable servos, as well as those relating 


to steady-state behavior, The servo must respond in a set fashion to an input which is either a step or its 
time-derivative. 


If a signal in the form of a unit function 6j; (p) = ms is applied to the optimum servo input,then from 
(7) the response at the output takes the form P 


7, 02 p+ oa? 
P(p? + Xo, p+o%) — 





Bor (Pp) = (32) 


Expanding the explicit form of gq (p) into components of which the originals are known we get the output 
Ba (t) as a function of time 


Pos (t) = 1 em! (608 «oy VIO — oe sino, VI— Ct). (33) 
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Then, if we need to determine the rise time t 
at the output, i.c., the time Bq (t) takes to rise from 
zero to unity Fig. 3), we can use (33), Then equating 
Bt) me, the expression in parentheses in (33) to zero we get 

/ 


Kt)}}-— — “\ fe, 











1 i—?@ , 
ty ape a (34) 
Fig. 3. Transient response rise time. Ii a set response speed, specified by t;, is required 


in addition to the minimum limiting practicai repro- 
duction error the choice of an optimum T, becomes restricted. Supposing that the condition T » ry is satisfied 
the optimum k,, is from (17) determined in the form 


——— . (35) 
Further, substituting for wp, ¢ and ky from (35) into (34) and bearing in mind that Ty» 14, we get 


t, = 0.83 t (36) 


In future we shall use the curve ry = f(T;), which defined the relation between ry and T, which satisfies 
the minimum practical limiting error criterion to determine the T, which corresponds to the rq given by (36). 
It then frequently happens that large values of T, are not compatible with (36) being satisficd or with the use 
of servos with second-order astatism for which T, = o. 


As regards a number of other dynamic indices for the system we must firstly consider the overshoot o% 
upon a step input and the first four error coefficients cy, Cg, C3 and cg. Then if the servo has a Y(p) of the form 
of (6), i.e., belongs to the class of absolutely stable systems, then when T, » ry it is easly shown from (4) and 
(8) that cy>0, cz >0, cz >0 and cg >0 at all times. Comparison of the error coefficients for various values of 
T, shows that at small values the systematic error is mainly determined by cq, while at large Ty by cg. Cc; is 
negative in both cases, so when the signs of the first and third derivatives of gj(t) are the same the error com- 
ponents due to cy and c3, may to some extent balance out, 


5. Production of the Optimum Transfer Function for the Open-Loop Servo 








Correcting links are frequently used in practice to produce servos with givenresponses; these links may 
be inserted in the circuit where the error signal is amplified directly or in the feedback circuit. The transfer 
function of power amplifier and effector motor plus object, Y9(p),is usually given. 


When the signal to noise ratio is fairly unfavorable it becomes difficult to perform corrections using passive 
four-terminal networks in the signal amplification circuit because the output from the amplification circuit is 
greatly overloaded by the high-frequency components in the noise, It is then convenient to use a.c. feedback, 
the correction then being effected on the output 8 9(t), which is less overloaded with noise than is the error signal 
63(t). The block diagram of a servo using the correction of the type which is most frequently employed in 
practice is shown in Fig. 4. 


The following symbolism is used here: Yt (p) is the transfer function of the transforming and amplifying 
unit, Y,(p) is the desired corrector unit transfer function. 
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Fig. 4. Servo design using a corrector in Fig. 5. Corrector unit satisfying (39) 


the feedback circuit. 


It follows directly from Fig. 4 that 


Y (p) -_ Yo(p) 
Yr (e) 1+Y. (p)Yo(p) ’ 





whence " 
o(v) Y, (p) — Y (p) 
Ye (Pp) = Yo 6 Y (p) (38) 





Let us consider the possible ways of producing the optimum transfer function for different given Y,(p) aud 
Yo(p). 


Case 1. 


k, 1+ pt 
Y(~) ==> THe pr,’ ">, 


ky, 
Yi (p)=ka, Yo(p)= p(i+pTm) ’ 


where T,, is the electromechanical time-constant of the electric motor— power amplifier — object assembly, 
kg the gain of the amplifying and transforming unit, ky, the velocity gain of the power amplifier plus motor. 


Using (37) simple manipulations then give 





(ky kp, k, ky : 
, Pulm at Ti-—Tp- «,)—(-% : —1) 














Y =— : 
c (P) z,, P cy (38) 
ky ky, 
Severs different ways of realizing (38) are available, cepending how we choose 
aXv, v 
a) = 1, then we have 
ky 
Tm +7—T; PT { Tm 
—— Tk, Pita (i +P Takuan): i 
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The condition for (39) to be physically possible implies that the following inequality must be fulfilled. 


Tm + us| > T;.- 
(40) 


To get sufficiently large T, values we must increase the electro-mechanica! time-c onstant of the rnotor 
by using, for instance, a power amplifier with an interna) resistance equal to or somewhat greater than the input 


resistance of the effector motor, as well as by using an increased moment of inertia in the rotor, Then we can 
thus obtain T'm = 1-2 sec. 


From (39) the transfer function for the corrector can be produced e.g., with the design of Fig. 5. This 
design is comprised of: reduction gear of ratio N, a d.c, tachometer and a phase-advance circuit. C; is intended 
to eliminate the brush noise, etc., load in the feedback circuit amplifiers. 


The transfer function for the design of Fig. 5 takes the form 


Ugur P) | S 
Vas (P) =~ go (py = — (Nhe tp pa G0) P 7 a TF pn aG, ' =) 





where kp is the tachometer constant in volts/radian/sec, kg, is the feedback coefficient; kfp<1, ky, is the 
buffer amplifier gain, 


Tm 
=F oor >! 





Rs 
“o-m+R’ ° 


A comparison of (39) and (41) shows that the following inequalities from which the corrector unit 
parameters are readily determined, must be satisfied: 


v1 ky. 


NkzkfpkpaG, = 





? 





= =R,C,, 1S=R,C, and SG, < 0,1. 


The time constant ( 74SG9) must be small enough for the agreement between Y,(p) and Y,, (p) to be 
sufficiently close, : 








kak, 


b)  - 





< 1. Here (38) implies the inequality 
Vv 


ky ky, 
Tn $s > Ti ( 42) 


(42) leads us to conclude that we can here produce larger T, values than in the previous case. We 
rewrite (38) in the form 











P kk 
Tm +%— > T, 
Y, (p)= — “? oe 
c P i tk, P 1+ pt 
. , — “ake ( 43} 
x {1+ ~— 7m \- eel 
( P* kk, / % " So Ph 
a ee 


In accordance with ( 43) the iransfer function for the corrector unit can be reaiized via the circuit shown 
in Fig. 6. Here the corrector has two branches, the first being identical wid the circuit of Fig. 5, the second 
involving positive feedback via R, and Rs. High frequeacies are shunted off by Cy. The corrector and error 
control signal U5g are combined in a mixer, a multigrid tube being used for the purpose. The transfer function 
for the circuit of Fig. 6 takes the form 





, u_. (Pp) pt 1+ pt,T 
Ya) = ah — Uf 9B 1 EE Wo 


1 
—(N kyGyk fp jem, p T+ Ph’ 


where kgp, and kfp, are feedback coefficients, and Km and Kine the amplification factors of the mixer, 


— mn Tm 
Gi = RR, ands = kz, >i. 
Tm+*, 4+4> 7, 
v 





(43) and (44) imply that the following equalities must be satisfied: 


k he ' 
T a? vy —_ _" 1 1 
Nkghyy JoaGoke, aidan t.k ’ 


1%, 





ao me E 


k, 
T% = RC, = CRG, NkG, hp km k . 


vy, 


In this case also r3SGq must be negligibiy small. 
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Kaky, 


c) 





7 >1. In accordance with (38) the condition for Y,(p) to be physically feasible is defined by ( 42). 
Vv 


Hence systems with T, values less than T,,, (the electromechanical time-constant of the motor) can be realized. 
The circuit of Fig. 6 can be usec in the corrector unit, except that the feedback in the second branch is made 
negative instead of positive. 


Case 2. 
ky 1 
Y(p) = - + pt T, >%, 


pi+pT; ' 


A k 
oe Se YS 


where T,,, is the amplifier unit time-constant. 





Fig. 6. Corrector unit satisfying (43). 


Using (37) we get the corrector unit transfer function as 


— _ 1 , aop*-+ a;p* + asp + a 45 
Yo (P)= — 5 PG py + Pa) (#6) 





where 


a =%7%g%m, @,;= Tmt +7Tm7, +117 a 





kak 
v ke 


We shall restrict our consideration to the simplest form in which (45) can be realized, i.e., where 


“ 
Kakvy = 1, Then (45) may be written as 


ky 








Tm*; 4 Tm Ts + 17, 7, p* x 
“Ky,%78 (1 + pt,) (1 + pl) 


Ye(p) = —( 






































7,74 T Tm -+ TT. +7, —T7 { 
i4atm 2 ae a 1 1 _ Pt 46 
x ( +p Tn + Tm Ta-+ 174 ( ky) 1+ pt; 1+ pT, ° _ 





2 
TT.p 
1 4 
The transfer function can be realized with an R—L — C filter, using the circuitshown 
(1 + pry) (1+ pTa) 
in Fig, 7a. In fact the transfer function of such a filter takes the form 





u out (Pp) R,C,R,C2p? 





R,Cop +1 
Ly 
R,? +1 


“in(P) RC. RyCap® + (iC + RyCs) p + 


L 
If we put RyCy = ry, ReCg = T,, ReC2 = = and R, = Rg, we get 
1 


Your (P) Ty T, p* 


> ia : (47) 
uin(p) (i+ pt) (1+ PT,) 





The link transfer function of (47) can to a first approximation be realized with a two-stage R—C filter using 
the circuit of Fig. 7b. The transfer function of such a filter takes a form which differs somewhat from that of 
(47): 


Vout (P) = R,C,R,C2p? : 
Vin (P) RyCyRyCop* + (RiC; + ReC.+ RyC2) p+ 1 





But if we put RyC; = 74, RgC2 = Ta, C2 << Cy and Ry « Ry then, in view of the smallness of RyC, as 
compared with rq and Tg, we may to a sufficient accuracy assume that in some cases the iransfer function 
of a two-stage R—C filter is described by(47). Y,(p) 
for the corrector is defined by (46), the design and 











b G 4 4 basic parameters of this unit being derived directly 
~~ > t—— 3 from this. Fig. 8 gives the corrector unit circuit. The 
| L ! i first branch contains an R-L-C filter, a d.c, amplifier 
“in ">" Al) Sut “in “f 2 “ out of gain kba,, and a phase-advance circuit. The second 
i 4 | | | branch consists of a differentiating circuit R5-Cs5, an 

ie b : amplifying stage of gain Kha? and the voltage divider 
° Rg-R;. The transfer function for the circuit of Fig. 8 
Fig. 7. R-L-C and R-C type filters in the feed- takes the form 
back circuit, 
(P) t,T,P° 1+ pr 48 
Ye (2) = Rtg = — Whekin tea Col PSE BEY TE pase — ™ 
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*Fig. 8. Corrector unit satisfying (46). 
Here 
R, _ Rs TaT m 
Go- RTR’ G:= RR,’ c= T yt, + TyT ToT. ~': 


(46) and (48) imply that the following equalities must be satisfied: 
Tn 1+ Tm, +t iT, 











Nkshtp kya Gokin,= <" a 
1 = RC, = cos = C,R,, 
ll T,+t,—T, 
N kh kya: Gikin.= “ E zt 


1 


The other corrector circuit parameters are selected as in the previous cases. 











Case 3. 
Y (p) ky 1+ pt T 
(p) = pitpt,’ 1> 1, 
. 
aie a = vy 
"(=e pte’ Y= Sap) arom 


where T), is the time constant of the power amplifier. In accordance with Equation (37) the transfer of the correc- 
tor unit has the form: 


_ __ A_ | acp* + a,p* + agp" + asp + % 
Ye (P) = — 5 Pa A Pla) 





ao => Tm7, T, ’ 
ay, cas Tint pT a aa Ip Tat %7'ml'a +t T'mJp, 
@g = ToT a + Tal pt Ta + In Tp + 7p + Tm 


k, ky 
a45=7T, +70 +%mt+u—T1 k, 





a,=i1— A=. 


ms is fairly difficult torealize ( 49)in a general form, But this equation may frequently be simplified if terms in 
p* and p*are neglected in 7 numerator, since these only influence the result at high frequencies. If er servo cutoff 
frequency is less than 10sec“ and the frequency range in which stability isinhazardis0 <w < 10sec” ’ then the 


above simplification is quite permissible. ln addition one should remember that Tp and T, are in the several hundreds 


,; , avy 
of asecond range in a servo. Assuming —" > 1, we get 
v 
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Tp Tat TaTm + 17a + Tm Tp + t,Tp +7,Tm p**,Ta 











ipsa _ (0) 
Ye (p) = k,,t,Ta P+ pr) GPT) 
Tm +Tp+Tat%4—T1 p™1 4 
- R,*, PT+pn 1+PT, 


Fig. 9 gives the corrector circuit which can be used to realize (50). Its transfer function takes the form 





Fig. 9. Corrector unit satisfying (50). 


Your (P) _ *,7,P* 
Ye, (P) = Bop = — (Niahtp, healing? pe) C4 Pl) 


pt i 
— (NhshtbsbafishinyP Tope, TH ple’ 





(51) 





where G, = 71 = RyCy and T, = RgCg, with Cy << Cy and Ry « Rg. 


—®y_ 
R, + Rg” 
(50) and (51) imply that 





T)T, + TaTm +47 at TmTp + 7p +747 m 
rm a a“ m 1° a m “p 1 1 
Niel, Pajba= Eth 


and 


Tay +Tpt+Tat%31—T 
Nishyp, fgg Giteng= —< At 





If we can assume T, = T,, + Tp + T, + Ty here, then the corrector can be simplified considerably and 
can be reduced to a single feedback tink comprised of a d.c, tachometer, a two-stage R-C filter and an amplify- 
ing state, Such circuits are frequently used in practice. It is of course inconvenient to produce complicated 
corrector units in practice in some cases because. of technical complexities, unreliability and expense. So 
approximate solutions must always be studied and deviations from the optimum transfer function caused by using 
simpler correcting units estimated. 
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6. An Example of the Use of these Results 

















Suppose we have to determine the optimum transfer function for a servo system which satisiies the criterion 
of minimum practically limiting reproduction error in two instances: a) t, (rise time) must not be more than 
0.03 sec; and b) t, is unrestricted. The input takes the form 


8: (t) = 5 sin 0.25¢, 


dp; 
1.0. Big = hal » W) = 0.258ec ~!, ( Bi, 


2 dt hae 


o d? ) af 
= 22.5°sec and(Z ) maa" .6°/aec 2 


The spectral density of noise is €? = 0.612 ¥ 10°Ssec, From (24) we construct a graph of k,, as a function 
of the same integrating time T,. Then when Ty~> @ 


_ / PioMo 7 = 2207,. 





e* 


Further, curves for r, and 6g as functions of T; are drawn from (17) and (22), Then when T, = @ we get 


1 = > =) -—— = 0,0675 sec. 


ins 10/ “4 a 
n 
2 Bins 
e* 


The minimum 6g corresponds to Ty = 00, being 2.526x 10%, The curves for ky, ry and 6g are given 
in Fig. 10. To get t = 0.03 sec we must have from (36) 


t, = 0.83 x 0.03 =6.025 sec. 








a 
Was i F) ) 
jsec 


Fig. 10. Curves relating ky, ry and 6, to Ty (integraung time- 
constant), 


The curves of Fig. 10 show rT = 0.025 sec correlated with ky = 450 sec” and Ty = 0.3 sec. Thus for case a) 
above the optimum open-loop transfer function is 








450 (0.025p +4 
Yn) =5 (iaper) 


Then the practical limiting reproduction error is 4.33 107°, i.e., 1.7 times greater than when T, = o. 


The error coefficients are cy = 0.003 sec and cg = 0.0017 sec’, Other dynamic parameters, €.g., Wp = 38.8 sec~! 
and ¢ = 0,528., may be computed. 


The cutoff frequency u,, the resonant frequency w,, and the resonant peak on the amplitude curve for the 
closed-loop system are also easily determined. By solving|K (ju,)| = 1, we get the cutoff frequency: 





®) = My V 02 +2— 40. (52) 


In the above example uw, = 52.4 sec™!, 


+ al? 
Wr is determined from the solution to alk Gal’ = 0, taking the form 





wy (53) 


So “© 32.4 sec™! and the resonance peak has | K(jw,)I = 1.38. Incase b)we take Tj = ow to minimize 
the practical limiting reproduction error. The optimum open-loop transfer function is then 


Y (p) = = 0,0675p + 1) 


The optimum servo system has second-order astatism, the acceleration gain being kq = 220 sec”*, The 
error coefiicients are cy = 0 and cg =; = 0.0091 sec’, while Wp = ko = 14,85 sec”! and ¢ = 0.5. Wy = Wy)V2 = 


= 21sec™', while the peak frequency in |K(jw)| is 


On = on V — 14+VY3=12,7 sec 


The peak height is 


— zz (54) 
Kem |=1/ reg —ym = 146. 


The rise-time t, = ry = —. = 0.08 sec, i.e., is 2.67 times greater than in the preceding case 











CONCLUSIONS 





1. The method of determining the optimum transfer function of a servo given in [4] has been extended 
for the case where the function to be reproduced is a given slowly varying one, while the noise is uniformly 
distributed over the whole working frequency range. The 2xtension involves the concept of minimum practical 
limiting reproduction error introduced in {1}. 


2. General formulae for the error coefficients and amplitude and phase responses are derived, as well as 
for the stability reserve, the normal response to a step input and for other dynamic parameters of the optimum 
servo system. 


3. Methods of realizing the optimum transfer function using corrector units operating on d.c, are presented, 
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AN OPERATIONAL AMPLIFIER WITHOUT STABILIZED POWER SUPPLIES* 


V.M. Evseev 


(Moscow ) 


A new design for an operational amplifier without stabilized power 
supplies is considered, and the results of theoretical and experimental studies 
are presented, 


INTRODUCTION 


The opetational amplifiers used in current analog equipment which are designed around electronic tubes 


are highly reliable in operaticn, The strong negative feedback allows the tube parameters to vary within wide 
limits. 


Analysis of electronic analogs shows that their sizes are not determined by those of the operational 
amplifiers but by those of the control units, of the feedback loop components and of the power supplies. The 
need to use stabilized power supplies with electronic analogs reduces the reliability considerably and presents 


a substantial obstacle to the use of operational amplifiers in automatic control systems, particularly when few 
such amplifiers are needed, 


Two ways of designing ampiifiers which do not require stabilized power supplies are available. The first 
consists in designing the amplifiers for cairier frequencies and is adopied when high-quality modulators requiring 
high carrier frequencies (10 kc or more) at very low modulation levels (from 30 pv) are not used, The second 
method is based on extending the use of parallei channels for low and high frequencies, this mainly involving 
the design of operational amplifiers with automatic zero stabilization, 


This paper deals with an operational amplifier using parallel amplifying channels. 


1. Operative Principals of an Amplifier with Parallel Amplifying Channels, Choice 
OF Time-Constants. 








Each channel in an amplifier with parallel amplifying channels (Figure 1) amplifies the input signal over 
a definite frequency range and shows no drifi or change in output voltage caused by circuit parameter or power 
supply changes [1]. 


An operational amplifier of this type contains a summing amplifier Ag and feedback elements Z, and Zg, 
as well as the two amplifying channels connected in parallel. The upper channel igure 1) contains a d.c. 
amplifier Ay, connecied to the summing point £ and to the emplifier Ag via capacitors Cy and Cs, and ampli- 
fies a.c, signals. The lower channel operates via modulation-demodulation and amplifies constant or slowly 
varying signals, 


With certain definite relations between the time-constants T, = CyR, and T,; = C3R, in the upper channel 
and the filter time-constants T, = CR, and T, = C,R, in the lower channel it can be arranged that the trough 





* Work carried out under the direction of B. Ya, Kogan. 
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in the total gain-frequency curve for the parallel channels does not exceed 30%. The circuit design is such 
that the channels have gains considerably greater than that of Ag. Hence as the negative feedback is strong 
the drift in A, can in practice be neglected. 


The paralle} channels can be considered as 
a special double T-filter made up of two isolated 
v] amplifiers Ay and A . separated from C3Rs by 
CR, and CR. If Ay and Amdm introduce no phase 
= and amplitude distortions the transfer function of 
? P such a filter will be defined as the ratio of the image 
_ voltage at the input of A, to that at the summation 


% point &:; 



























































” k,T;T sp" kmdm_ ___ = 

W (P) = TT patter) + OFT + Top) 

Fig. 1 ” 
a ky7T,TsTsp* + k,T;Tsp* + kendnd 1? + ‘mdm 
TTT sp? + (TT 3 + Ts 3 + TT) P+ (Ti+ Te + Ts) p +0 








Here k, is the gain of A,, — the gain of Amdm- 


Replacing pin (1) by W(jw) and considering the modulus of the amplitude-phase characteristic 
Ty, >» Tz, Ty > Ts, Ts >Tz, subject to the conditions w, we find that this modulus approximates to k,,g,, when 
W is small, and to ky when it is large. The modulus has a minimum value W(w») when its phase angle is zero. 


Three equations are needed to determine T,, Tg and Ts. The relation used to determine Ts isobtained 
from the condition of minimum carrier-frequency pulsatance described below. The phase-shifts in the parallel 
channels equated to zero and the permissible trough in the amplitude-phase curve at wa are used as conditions 
for defining T, and T,. The relations given by these conditions yield a system of nonlinear algebraic equations 
from which a solution cannot be obtained in an explicit form. 


When the phase shift in the differentiating circuit at the upper channel input is compensated by that in 
the integrating circuit in the lower channel input, while the phase shifts in the differentiating and integrating 
circuits at the outputs of the upper and lower channels likewise compensate, the following relation holds: 


O7ls=1, e= T=t: 


a, which satisfies a given value of wi Wo) is found from 





1+V1+4 [1 —W (o)] W (9) 
2(1 — W («,)) 





ge 


where 


VW/ W (o> : 
W (om) = 00 k= hy = ham 


For practical purposes it is more convenient to use the approximate equations 
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T; 
T,+T:+Ts 





Ww (w)) = W (00) = 


a 
T3+T; ° 


These equations apply when T, »T3, T,>> Tg, which is usually so in an amplifier, 


(ay 














a8 
Q6- 
way) 
U 
-v 
+2 a4 
1?  § OO 0 0 WM SO usec” 
“7 
“§ 
Fig. 2 


Solution of these equations gives the following inequality, usable in practice: 


a] Ww "a! / 
May STe< lt — W (oP. 





(2) 





Ts is defined by the modulation frequency, by the permissible amplitude output at this frequency and 
by the gains ky and k. (where k. is the a.c. gain of Amdm)- Ts can be determined from the approximate 
CULEX is applied to the summation point (where k, 

kmdmks- 
is the gain of Ag) and that the transfer coefficients of the coupling circuits in the upper channel at the commuta- 
tion frequency are unity: 


formula by assuming that a constant voltage eg =— 














Z. 
on 0,9 U Sue max (1 + Z; en 
sited Kndmt*s@AU out . 


Here AUpj;t is the permissible output from the amplifier at the modulation frequency of the commutator, 
w. Ts having been determined and a value assigned to W (wo), T, and T, are determined from (2). For the 
amplifier considered here the values of T; = 0.5, Tg = 0.01, Ts = 0,06, the d,c. gains being ky = King ~2500. 


Figure 2 shows the amplitude and phase responses corresponding to (1) drawn up from the above data, 
The maximum dip in the amplitude curve is not greater than 17%, while the maximum phase shift does not 
exceed 6°, When the negative feedback is coupled in,the dip in the amplitude curve practically vanishes, and 
the phase shift becomes negligible. 
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2. The Main Properties and Peculiarities of the Amplifier. 





If several amplifiers are connected to an unstabilized power supply the voltage changes at the output 
of one amplifier, caused by input voltage changes, cause voltage changes at the outputs of the other amplifiers 
although their input signals may be unchanged, The amplifiers are linked via the power supply, which has an 
output impedance much higher than that of a stabilized supply. 


Let us investigate how the voltage at the output of the first amplifier AU, 1, varies if the output from 
the second amplifier, Upyr ,. is an a.c. voltage of different frequency and amplitude, The second amplifier 
can be considered as a load which will cause changes in the power supply voltage at the frequency with which 
the load changes, Since AUout ,; « Uoyt 2 when the amplifier loads are equal we can consider the first ampli- 
fier as a constant load on the power supply, The power supply voltage changes are equivalent to injecting 
certain emfs into the grids of the second stages in the upper channel and in the summing amplifier Ag. 


The voltage at the output of the first amplifier may be determined from the parameters of the amplifier 
itself and of the power supply, using the equation 


AUoyt 1 (©) = My, (@) & (@) J, sin ot. (3) 


Here Z, (w) is the total internal impedance of the power source, defined by 





V (R, — R,CLoe?*)? + oT? 
V(t — LCa?}? + @? (2R,C — RB, LC*a??? 








Z, () == 


where Rj is the rectifier resistance, L and C the smoothing circuit parameters, Ip the change in current drawn 
from the source by the load, M,(w) a coefficient of proportionality, dependent on frequency and defined by 


Mi, (0) = 8 roa’ 


where k* = 0,5kgksT3, kg and kg being the gains in the second stages of A; and Ag, 














A=(T,+T7,)07, B=1— T,Tyw*, C= - I ai al . 
1+ | Z| 14|4 
Z; Z, 
D om kT; _ kT ,T2T3w? 
Zs | | Ze 
es te es eo 
7 | Z; | + Z; 





k in these expressions is the open-loop gain of the whole amplifier. 


(3) shows that AUpyt 1 depends on Ty, Tz, Ts, on the supply impedance Z; (w) and Ip, the load current 
change. This equation also implies that AU}, 1 can be reduced by changing T, Tz, Ts, reducing the supply 
impedance, and also reducing I. If the output stage is a cathode follower and supplied from a separate source, 
Ip will be changed by very little and AU, 1 will not depend om the load from the second amplifier. 


Figure 3 shows My(w) and Z; (w) for the amplifier parameters given above when | | =100,. The 


power supply smoothing circuit parameters were L = 10 henrics,C = 204 f,R, = 2000hms, The output from 
the second amplifier was an alternating voltage of amplitude 100 v produced across a load R, 10 = kohm 
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Fig. 3 Fig. 4 


Figure 3 shows that the resonant frequencies of My(w) and Z;(w) almost coincide, If AUpyt 4 is to be reduced 

the resonance peak in M,(w) must be displaced towards higher frequencies by reducing T3, while that in Z(w) 
must be displaced towards lower frequencies, Ts cannot be changed over a wide range since if Ty is to be 

greatly reduced the carrier frequency used in Aygrp must be raised, It is therefore practical to reduce AUp)); 1 

by increasing C and L in the power supply, this displacing the resonance to lower frequencies, and to use a 
semiconductor rectifier to reduce R;. Figure 4 shows curves; (a) — experimental; (b) — computed, for Z,/Z, = 100. 
The divergence between these at frequencies below 3 cycles/ sec is due to neglect of a component in AU outy 
dependent on changes in the supply voltage of the the cathode follower. 


The filtration requirements for rectified power supplies are defined by the permissible ‘hum' amplitude 
at the amplifier output. The amplitude of this output, AU,, may be found from 


Vip oR 


AUs = 0,5k,k37', Vey oD 


AE,, 


where AE, is the amplitude of the ‘hum} from the rectified supply voltage applied to the grid of the second 
stage in Ay. The formula can be simplified if we remember that when w = 628 sec™ (full-wave rectification) 
A? « B uf and C?« Du? . Then we get 





), 


AU = 058 (1+ | 


where k,' is the gain in the first stage of A. 


If we assume the ‘hum', due to the power supply to 





























Z, be 1 mv when | 3 | =1, then AE, = 40 mvwhenk} = 40. 
It is fairly simple to produce this degree of smoothing with 
z, 5 Rint rectified voltages from low-power sources, 
———- 
4in 4. Your The output and input impedances of an operational 
ay amplifier are important, The input resistance, defined as 


Rin = Uin/Ij,sis determined by Z,, as in all operational 


Fig. 5 amplifiers with large gains and strong negative feedback. 


From the output side an operational amplifier can be 
considered as a generator producing an amplified signal which has a certain internal resistance Rjn¢ (Figure 5). 
This internal resistance is the amplifier output impedance and depends on the output stage circuit, the open- 
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loop amplifier gain and on the type and circuit parameters of the feedback loop, The output impedance of an 
amplifier can be determined from Tevenen's formula, which gives 


Uy, 


Rint = Hour = Tks ° 


Here the voltage Ux and the current I, are defined by the equations 


kuR 2, 


= Uin Z24U in 
- [Ry + (u +1) RM (21 + 22) + Z:kuk, F 


a ACE Ae 





U 


where Rj, » Rc are the cathode follower parameters. 


Substituting for Ux, and I, in the expression for Royt we get 
Z 
rite (1 +| 77) 
Z 
(Ry + (u +1) Rel(1+|3*|) + uk 





R 


out — 
or 


Zs 
P _ +] zi) Za | sg 
where §S is the curvature of the tube output curve. 


When a 6P1P tube is used in the output stage (this having » w 8, Rj ¥ 3 kQ) and when R, = 15 kQ, 22) = 
= 100, the output impedance of the amplifier will be 0.35 kQ i.e., approximately a factor 10 less than the . 
output impedance of a plate-load output stage. 


3. Basic Amplifier Circuit 





Figure 6 shows the basic amplifier circuit. The amplifier is so designed that the open-loop gain is as 
large as possible. All stages are designed round 6N2P double triodes which have high amplification factors 
(u = 80-110). The output stage, operating as a cathode follower, uses a 6P1P tube, 













































































The parallel high-frequency amplifier channel Ay is a two-stage d.c. amplifier (tube T, plus one-half 
of T;). If the first stage in Ay has a normal plate load then when the plate and heater potentials alter, the 


operation of the second stage is disturbed, To maintain the correct operating condition in the second stage when 
the line voltabe alters, the first stage is designed as a series degenerative balance circuit. 


The working point in the second stage is set by adjusting the divider chain resistance, If the gain of the 
first stage is kj = 40, and of the second kg = 20, the overall gain in Aq, the effect of the divider being allowed 
for, will be ky S 2500. Negative feedback for slowly varying signals and a gain of ky imply that Ammdm must 
have three stages of gain (tube T, and pne-half of T,) since the input modulator reverses the sign of the signal. 


The d.c. gain, being about 2500, is fairly easily obtained 
in three stages. The Amdm chaanel uses reversed~phase com- 


&% mutation as the number of a.c, amplifying stages is odd. The 
| idealized waveforms shown in Figure 7 illustrate the operation 
a LL LTT of this channe:. A vibrator with two separate armatures must 
u, be used, since the potential applied to the demodulator armature 


is -300 v, while the modulator armature is at zero potential. 

The adding stage is a series balance circuit with a gain k, = 40. 
The gain of the cathode follower output 1s close to unity. If 

the amplifier layout, using the above circuit parameters, is such 
that there is no current leakage from the high-voltage side to the 
summation point and no intereference is present at the modulator 
input the amplifier output in the steady state is almost zero, The 
output zero is set exactly by adjusting the cathode resistance of 
T; in the summing stage. 


4 yy py“) High-frequency parasitics are suppressed by the capacitors 
4 


; C4, Cs, Cg Figure 6). Ty, Tz and Ts, and T; and Ty, are fed from 
separate heater supplies (a and b in Figure 6), 
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‘ To utilize a 64F relay completely two amplifiers are mounted 
Fig 7. ©6 is the voltage at the summa- y P y 


, ‘ on one chassis, one relay serving as modulator m and the other as 
tion point, Um the voltage ai the modu- . ; = 
demodulator dm. Figure 8 shows the duplicated operational ampli- 
lator contact, U~ the voltage 2i the am- — 
me fier. 
plifier output, Ugm the voltage at the 
demodulator contact, Umdm the voltage 4. Test Results for the Operational Amplifier 





tthe A h . 
Se Se Se eee With a 10 kQ load the linear output range is 100 v. The 
linear range is extended by cutting out the load. The pass-band, which defines the amplifier frequency response, 
is 600-700 cycles/sec at 100 v output and 7-8 kc/sec at 10 v output. 




















Fig. 8 


473 











“mv c 


Het eceminemprtnatr ti etn te 


{inf 





Fig. 9 


Use mv 











Fig. 10 


Figure 9 shows the amplifier drift curve taken when it is working as a scalar amplifier with k = 1 using 

an automatic self-balancing potentiometer recorder over a period of 50 min. This curve also shows the changes 
in output voltage when a +10% stepwise change in line voltage U, is applied. From a to b U, is below nominal 
by 10%, while from b to c it is nominal, and from c onwards 10% above nominal. The output voltage drift when 
operating as an integrator was basically determined from the inexact zero setting at the output. Figure 10 shows 
the drift curve when operating as an integrator with a transfer coefficient k = 1 (R= 1 meg, C = ivf), The effects 
of line voltage changes on the drift are clear from this curve. The line voltage was 10% below nominal from ty 
to tg, 10% above nominal from t, to t,;, and nominal from ts on. 


The output voltage changes by 16 mv in 6 min when the line voltage change is + 10%, i.e., the drift rate 
referred to the input is 45 yv per sec, 


The power drain is mostly that of the output stage since all other stages operate at low currents. The 


power crain fron the low-power supplies is i watt per amplifier, the output stage taking about 12 watts from 
its supply. 


SUMMARY 


These data cn the design of an operational amplifier which does not require stabilized power supplies 
show that the circuit satisfies the requirements applicable to eleetronic analog amplifiers. As compared with 
certain designs for operational amplifiers with automatically stabilized zeros [2], this design is much more 
reliable and economical, while providing the same technical performance because the power supply contains 
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no tubes. Hence such amplifiers may be recommended for use in electronic analogs and in complex automatic 
control systems, 
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AN ELECTRONIC ANALYZER FOR CONTACTOR CIRCUITS 


V. I. RODIN 


(Moscow) 


Means of analyzing contactor circuits and of solving some design 
problemis using a special high-speed device are dealt with. 


The electronic contactor circuit analyzer is designed to facilitate and expedite the design of relay 
contact circuits, 


The function of the device is to determine the possible combinations of states in six relays in which the 
contacts of a two-terminal network are either open or closed, In the same way the technical conditions in such 
two-terminal circuits can be established and checked on the device. 


The circuit can also solve certain design problems, in particular in simplifying circuits by short-circuiting 
or eliminating excess contacts. 


The analyzer block diagram is given in Fig. I. Let us consider its operation when analyzing a two-terminal 
contact network, 


The operation of the device is synchronized by the pulse-generator 3, which feeds combination program 
unit 4 and the pulse distributor 5. The number of different possible relay state combinations is 2° = 64, When a 
pulse passes from the pulse genezator to unit 4 a signal is passed on to the relay unit 2 and to the combination 
recording unit 6, this signal corresponding to a definite combination of relay states. When 64 signals have been 
transmitted the program unit reacts no further to generator pulses. 


When the signal is received in relay unit 2 the set combina- 
tions of relay states are produced, corresponding changes being 
produced in the contact unit 1, The circuit to be analyzed, being 
a two-terminal network, may be either open or closed in any 
combination of relay states. The pulse distributor 5 differentiates 
these two states in the two-terminal network and, depending on which 
state is present, distributes generator pulses along the two channels 
leading to the combination recordér unit 6, Depending on the 
channel by which a generator pulse arrives which coincides in 
time with the signal from the combination program unit 4, the 
open or closed-circuit state in the two-terminal network is re- 
corded, for each relay state combination, 
































If the device is to solve design problems the projected 
circuit must have its technical details set up in unit 6 before 
commencing work, The contact testing unit 7 short-circuits 
or eliminates a contact on the relay at the expense of which the circuit is being simplified. 


Fig. 1 


So when unit 1 has taken up its 64 states one contact in it will remain unchanged since it will be elimina- 
ted or short-circuited by the contact testing unit 7, On starting the device the operations of the units will remain 
the same as during the circuit analysis, but the combination recorder unit 6 will as it were compare the set 
technical parameters and those actually obtaining on removing or short-circuiting the contact. 


477 








If one such technical condition is not complied with a signal passes from the combination recorder unit 6 
to the contact recorder unit 8 which indicates that under the set ccnditions the short-circuited cr eliminated 
contact is not superfluous. 


When unit 4 has passed 64 signals to unit 2 and to unit 6 a signal is passed to the contact testing unit 7, 
which then causes a second contact of the same type (making or breaking) on the same reiay to be eliminated 
or short-circuited. Then the 64 signals are again supplied from 4. This cycle is repeated until all such contacts 
on that relay have been tested. Then unit 7 passes a signal to unit 4, this latter then responding no further to 
generator pulses and thus bringing the operation to an end. 


If there are several surplus contacts of the same type on the relay tested it may occur that on removing 
(or short-circuiting) one of them the others become necessary. Hence only one contact in the projected circuit 
is altered, and on restarting the device the need for the other contacts of this type on the relay is rechecked, 
The contacts in all relays in the circuit can be checked in this way. 


Fig. 2 show the front panel of the device. The circuit under test is connected to the commutation panel 
with flexible leads, When the circuit is under test the commutator keys are put in positions appropriate to the 
technical conditions, the central positions corresponding to conditions where the circuits can be either open or 
closed, The right-hand rotary switch cuts in the number of relays present in the circuit being tested. The 
tumbler switch and commutator key are set in their ‘technical conditions" positions, while the tumbler switch 
on the technical conditions panel is turned ‘on’, On pressing the start button operation commences. If a 
thyratron above a key lights up this indicates that the technical condition is not satisfied. If it is desired to 
determine the technical conditions in the circuit the commutator keys are turned either to the upper or lower 
positions. If a thyratron above a key strikes it indicates chat the given technical is the reverse of that shown 
by the key. When a circuit is being tested the keys are put in positions corresponding to the technical conditions 
in the circuit, The tumbler isswitchedover to ‘simplify circuit’, while the tumbler on the technical conditions 
key panel is turned to ‘off*. The center rotary switch indicates the type of circuit simplification introduced, 
and the type of contact at the expense of which it is desired to simplify the circuit is set by the left-hand 
rotary switch, After introducing an appropriate circuit change on the commutation panel further attempts at 
simplifying the circuits are made. The left-hand tumbler serves tocut out the commutation panel, which is to 
be recommended on setting up the circuit to be analyzed. . 


Let us consider the bridge circuit of Fig. 3 as an example. 


Set up the circuit on the commutation panelaid set the right-hand rotary switch to the position where four 
relays (ABCD) operate. 


The righthand tumbler and key are set at "technical conditions", while the tumbler on the key panel is 
set at ‘on’. 


In the relay states brought into action by the ‘technical conditions" keys, a nonenergized relay is indicated 
by a line over the selay symbol. All the keys in which relays E andF are indicated without a line are placed 
in the center position because no contacts on E andF appear in the circuit under analysis. 


When no technical conditons are applied the rest of the keys 
remain in the lower positions, On pressing the start button the 
device is set up in the initial condition, and when it is released 


the device begins to operate: in this case the cycle lasts 0,08 sec. 

The thyratrons above the keys relating to ABCD (EF not being 

considered) ABCD, ABCD, ABCD and ABCD strike, This means that 

<e these technical conditions (open-circuit in the system) are reversed, 


i.e., the circuit under analysis is closed when these relay states 
are combined, 





With the other combinations of relay states (ABCD, ABCD, 
ABCD, ABCD, ABCD, ABCD, ABCD, ABCD, ABCD, ABCD) the 


ig. 
Fig. 3 system presents an open circuit. 
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Let us attempt to simplify the circuit. The tumbler switch is tuned to the ‘simplify circuit’ position, 
while that on the key panei is turned to ‘off*. The keys remain in the positions corresponding to the technical 
conditions applying in the circuit. Let us attempt to simplify the circuit by removing contacts from relay A. 
The left rotary switch remains in position A, the key in position abcdef, and the next rotary switch remains at 
‘remove’, Let contacts ay and a; appear in the first column of contacts‘on the commutation panel and ag in 
the second (ay, a4 and ag are all on the samerelay). Thyratrons 1 and 2 on the commutation panel strike when 
the device operates. This implies that neither a, nor a, can be removed. Turning the key to abcdef, let us 


again operate the device.. The first thyratron does not fire, so ay can be removed from the circuit under these 
technical conditions. 


Let us verify whether it is impossible to short-circuit ay; for this purpose the center rotary switch is set at 
‘short-circuit’ and the device started. The first thyratron fires, which implies that this cannot be done. It is 
also not possible to short-circuit a, or a9. 


The need for all other contacts in the circuit can similarly be checked, all possible prior simplifications 
having been made, 


Of the equipment of this type at present in existence we must take note of Shannon and Moore's relay 
contact circuit analyzer,* ‘which was designed around electromagnetic relays and stepping switches (uniselectors), 
and which can be used to study two termina] contact networks containing at most 16 contacts and 4 relays [1]. 


Such devices can possibly be combined with other units: to this end they must operate rapidly. The neea 
for high speed is particularly evident when studying circuits with many contacts and telephone relays. 


lay F 


To diode assembly in the 











sO4 
w os 
combination secording unit o 3 E J d 
“ OfPS cg 
oe om 65.3 
rw rw 12) 8 E 3 
© +49 Ow 2 ~ 
LH Fe [te 


















































Lis it iit a 





















































TH? ef i 
- ° tJ 
; 7 
From multi- 
J ! v | vibrator 
l —f —+ - plate 
Fig. 4 


By using tube circuits in this device the time taken was about 0.3 sec (when two-terminal networks 
employing telephone relays were used). Only slight changes in the circuit are required in dealing with two- 
terminal contact networks using many telephone relays and contacts; the size can bereduced by using transitors. 


The combination programming unit consists of seven trigger circuits in series, each of which operates 
the next one Fig. 4). Each of the six relays can take up two states, so in all there can be 2° = 64 combinations 
of relay states, which are produced by applying the potentials from the plates of the first six triggers operating 
in sequence, Pulses from the multivibrator plate are passed to the cathode of T,s, which is initially cut off by 
its negative grid voltage, and cause it to conduct. The negative-going pulses from the plate of Tys are passed 
to the first trigger. Operation of the seventh trigger shuts Ty, off completely and the multivibrator pulses are 
not passed on. The combinations cannot then be repeated, i.e., the analysis is finished. When attempts are 
made to simplify the circuit the tumbler switch T is thrown over to position II, Then the seventh trigger 
operates when a pulse arrives from the contact testing unit, 





* Shannon and Moore give a brief description of their device, but omit the circuit and calculations. 
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The contact unit contains the polarized relay contacts from 
which the circuit to be analyzed is set up. 






The pulse distributor unit Fig. 6) differentiates between the 
=. two states in the two terminal network, If the contact unit circuit 
a is open T, conducts while Ty, T, and T, are cut off by~E.. Ts; 

is given a large negative grid bias, so even the largé hegative™ 
pulses at its cathode do not cause it to conduct while T, does, 

If the contact unit circuit is closed T, and T, change their 
conducting states, Ts and Tg coordinate the pulse distributor 

and combination recorder units, Thus the multivibrator pulses 

are distributed to the two channels in accordance with conditions 


From plate of trigger 
circuit in combina 
tion program unit 


9 in the contact unit, The multivibrator pulses from different plates 
pass to the combination program and distributor units, so the contact 
Fig, 5 unit can first be operated and then the pulse applied to the distri- 
: butor, 
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The combination recorder unit consists of a square diode grid [2], the 64 MTKh-90 thyratrons and the 
commutator keys (sufficient for the number of combinations), Figure 7 shows a thyratron circuit, For each 
combination of trigger plate voltages only one thyratron will have a high potential on its control electrode, 
thereby preparing it to strike. If a negative-going pulse is now applied to the cathode of this thyratron it will 
strike and burn no matter how the central electrode voltage changes. The position of key K is set from the 
technical condition in that particular combination in such a way that when the condition applied to the 
contactor circuit is fulfilled no pulse passes to the thyratron cathode, Ky is opened when circuit simplification 
is attempted, and if a thyratron fires Ry passes a pulse to the contact recorder unit. 
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Fig. 8 


The contact testing unit is used in seeking to simplify the circuit and contains a scaling circuit, two 
rotary switches and a commutator key fig. 8). The plate circuits of T4, Tg, Tg and Ty9 contain the second 
coils on the RP-7 polarized relays in series with the plate loads, Hence a polarized relay can be put in the 
operated or nonoperated state, depending on the sense of the second coil, no matter what the action of the 
first coil, which is fed from the relay unit. The rotary switch RS, selects the coils of the relay on which one 
is attempting to eliminate or short-circuit contacts (A, B, C, D, E, or F). RS» alters the coil senses to correspond 
with removing or short-circuiting a contact. The polarized relay coils (As, . . .. Fs — Ag,.+-» Fg) which give 
open-circuited contacts are cut in the reverse sense to those of the polarized relays (Ay, .... Fy — Ags «+» F 4) 
which give closed contacts. K connects the plate voltage to the polarized relay coils which give either open- 
circuit or closed contacts, This corresponds to inserting the appropriate coils in the plate circuits, The center 
position on the key corresponds to cutting out these coils, which is required when analyzing a circuit in order 
to avoid accidental operation of the contact testing unit. 


The contact recording unit fig. 9) consist of a shaper unit plus MTKh~90 thyratrons, which latter operate 
as in the combination recorder unit. 
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The problems of design and automation in relay- 
contact circuits are extremely complex and this device, 
like that of Shannon and Moore, should only be con- 
sidered a first step in this direction, 
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A STATIC TRANSMITTER UNIT FOR PULSE-FREQUENCY 
TELEMETERING SYSTEMS 


A.M. Pschenichnikov 


A static balancing transmitting unit for pulse-frequency tele- 
metering developed at TsLEM (Central Laboratory and Experimental 
Workshops) is briefly described and compared with existing devices. 


Pulse-frequency telemetering systems have been widely used in Union power systems since the late 30's 
because of their simplicity and relatively high accuracy. In future, when pulse-frequency units are replaced, 


the motorized and contactor elements typical of former designs will be replaced by contactor-free frequency 
systems. 


Even so the contactor units used in pulse-frequency systems have the advantages of simplicity and higher 
accuracy than uncompensated frequency systems. For instance the Moscow power grid, which has used the most 
telemetering equipment, has so far successfully employed contactor pulse-frequency systems, 


Much work on improving pulse-frequency telemetering systems has been done at the Central Laboratory 
and Experimental Workshops of Moscow Power (TsLEM). Thermoelectric and magnetic power transducers were 
developed in 1951-3 (see [1-2]): in 1954 a static amplifier to replace the generator-compensator in the KKS 
adding unit, andin 1955 a static transfer device for pulse-frequency telemetering systems was developed [3]. 


The development of a combined static pulse-frequence telemetering system was carried out at TsLEM in 
conjunction with the Institute of Automation and Remote Control, Academy of Sciences of the USSR, The 
transmitting and receiving units were developed at TsLEM, while the units for keying the communication channels 
were developed in No. 4 Laboratory at the Institute. 


Contactor and motorized units have now been completely eliminated from the check-points in pulse- 
frequency systems thanks to this work, The receivers are either contactor-free electronic units or else relay 
capacitor frequency meters with transformer filters, All the receivers at a sending point are normally supplied 
from an electronic voltage stabilizer. It is sometimes reasonable to use relay-capacitor frequency meters at 


sending points because they are exceptionally simple, small and cheap. Long use of these in the Moscow system 
has proved them reliable. 


The state balancing transmitter unit developed at TsLEM for pulse-frequency teiemetering is described 
briefly below, and is compared with current devices for frequency telemetering. 


Figure 1 shows the theoretical circuit of the device, A direct current I), flows from the output to the 
control coil of the magnetic null-detector [ 4]. The magnetization produces a first-harmonic voltage at the 
null-detector output, this being amplified by an electronic amplifier and fed to the grid of the phase stage. 
The phase stage amplifies and rectifies this voltage. The d.c. output voltage (across R,) from this stage is 
fed to the grid of a multivibrator. This alters the grid bias and hence the pulse frequency generated, The 
plate circuit contains the primary coils of the balanced transformer generator (coils on Ty and T,4). The 
secondaries are connected in such a way that when the current in one triode increases stepwise and decreases 
similarly in the other triode the voltages induced in the secondaries add, The total voltage is proportional 
to the pulse frequency and independent of the multivibrator supply voltages within fairly wide limits: it is 
rectified by the copper-oxide bridge rectifier B,, the rectified current Ip is passed through a balancing coil 
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on the null-detector, thereby establishing negative feedback at the output frequency. Ip is made independent 
of the multivibrator supply voltage by the cores of T, and T, being saturated by the plate current pulses. The 
stability of operation can be specified by a quantity n: 
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where k is the closed-loop gain, y the open-loop gain, Ak and Ay being changes in these gains, 6 being the 
circuit stability and g the feedback coefficient. 













































































MND 

































































Fig. 1. Theoretical circuit of the static balancing transmitter unit for pulse-frequency 
telemetering systems. 


The current flowing in the measuring coil of the null-detector, which produces a pominal frequency of 
10 cycles/sec with the loop open, is 54a, and 150 ya with the loop closed, Then 6 = — «(l.e., 3.3%, and the 
closed-loop gain is 30 times less than the open-loop one. . 


The circuit stability is increased by employing a.c. feedback via C, in addition to the d.c. feedback. The 
voltage drop across Ry, is to a first approximation proportional to the generated frequency: when this changes Cg, 


alters its state of charge. The current produced is i = C, S. it flows through the balancing coil on the null- 
detector and tends to reduce the change in voltage drop across Ry. This prevents hunting in the pulse frequency 
generated, 


There are two methods of transmitting the readings. 


1, Transmission via telephone line using pulses of alternating polarity. The lines can then be connected 
directly at the junctions between Ryg and Reg and between Ry and Rg (terminals 6 and 7 of Fig. 1). 


2. Transmission by audio-frequency pulses, Here the voltage drop in the plate resistors Ryg and Rgg is 
supplied either to a generator used for telephone line transmission (cf [6]) or to a subcarrier frequency generator 
in a high-frequency transmitter for power-cable transmission. When the distances are particularly large (thousands 
of kilometers) and important data have to be sent via overhead cables the ‘active'pause* method can be used to 
advantage, two generators of differing frequency being used which in turn receive the voltage drops across 
Rig + Rog and Ryg + Roy. 
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_ The zero of the measured quantity is assigned the frequency fy= 1 cycle/sec. The zero frequency is 
adjusted by applying a biassing d.c. voltage Up to the balancing circuit, this being performed by applying 


the half-wave rectified voltage from W7 on Tz to Ry. The nominal frequency of the unit is 10 cycles/sec, 
This choice of transmission frequency makes telemetering of small values of the input easy. The pass-band 
required to transmit the signals along telephone wires is extremely narrow, so if the appropriate filters are 
used the immunity to noise interference can be made much higher than with frequency methods, and extra 
channels can sometimes be made available, As fmax/fy is high the operational accuracy is improved. 


Changes in Up duc to line voltage changes cause additional errors sume ten times smaller than would 
be produced directly by the line voltage change. This is because the m.m.f, produced by Up is: ipWr = 
= UbW,/(Ryg + Ry7 + Re) where Wy is the number of turns on the balancing winding and Rr ensures that the m.m Jf, 
is only 10% of that produced by the measurement winding. Since the error due to the transformer generator 
current being dependent on line voltage changes has the opposite sign to the error due to changes in Up the 
two tend to balance out, When the line voltage changes by 10% the transformer generator current changes by _ 
1.9. Thus the additional error due to line voltage change 5add occasioned by elements not included in the 
negative feedback !oop is 


Saad = 0,1 22 100% — 0,15 Ti, |°4 +0,9 4 100%, 
n n ‘mn 


where AU is the line voltage deviation from nominal (in volts), Up the nominal line voltage, Cy, the measured 
current and ins " the nominai measured current. 


Figure 2 shows the calculated straight line for the additional errors on a line voltage change of 15% (solid 
line) and the experimental curve for this (dashed), The deviations are due to displacement of the null-detector 
zero by line voltage changes. 


Two d.c, sources of 200v each (Ey and Eg) are 
required to feed the plates in the transmitter unit. 
The current drawn from E, is less than 1 ma, That 
drawn from E, is not more than 20 ma. Semiconductor 
diodes are used as rectifiers, Laboratory tests of two 
transmitting units showed that the main error in the 
unit (deviation from linearity in the characteristic 

Fig. 2 passing through fg = 1 cycle/sec when the measured 
current is zero and through fp = 10 cycles/sec at 
the nominal current)wasnot greater than + 0.4. The additional errors due to line voltage changes of 415%, 
when the frequency changed from 45 to 52 cycles/sec and the temperature #15°C, did not exceed 1%, 








The table gives data for comparing the GChB-1 and GChB-2 units produced by ‘Electropult’ (7) with 
the ChIS-i-D static transmitter unit for pulse-frequency systems, 


The tabulated data clearly demonstrate the comparative simplicity and high quality of the static trans~- 
mitter unit for pulse-trequency systems. 


The use of this unit, due to the absence of contactor elements at the check-point, provides sirnpler and 
therefore more reliable and cheaper teiemetering. 


The narrow pass~band required ensures high immunity to noise interference and makes it possible to 
utilize telephone lines efficiently. As the circuit is simple and contains few tubes it is not difficult to replace 
the tubes by transistors. Taken all in all this shows that pulse-frequency telemetering is the most promising 
for industrial use in a number of ways. 
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Type of Input 








Parameters 
GChB-1 

Accuracy, % 2.5 
Type of circuit Static 
Statism coefficient, % 5 
Minimum nominal input current, ma - 
Output frequency limits, cycles/sec 27.x 44 
Number of tubes 1 
Number of magnetic amplifiers - 
Number of transformers 5 
Number of chokes 2 
Number of motors - 
Number of resistors 37 
Number of capacitors 29 
Number of semiconductor rectifiers 1 
External dimensions, mm Two units 

308 x 408 x 

x 204 

Weight, kg ~30 
Power drain, watts 120 


Cost, roubles 


* Cost quoted for one-off 

















Remarks 
GChB-2 ChIS-1-D 
— 
2.5 2.5 Together with receiver 
Astatic Static 
- 4 
1.5 0.15 
27x 44 1x 10 
6 2 Together with power supply 
1 1 
6 4 Together with power supply 
3 - Ditto 
1 o 
32 26 Ditto 
28 14 Ditto 
- 5 Ditto 
Two units | One unit Ditto 
308 x 408 x | 255 x 320 X 
x 204 x 220 
37 9 Ditto 
120 15 
5400 4100° 
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THEORY OF THE HALFWAVE MAGNETIC AMPLIFIER, II* 





R. A. Lipman and I, B. Negnevitsky 


(Moscow) 


The theory of the halfwave magnetic amplifier is considered, the finite 
dynamic permeability of the core material being allowed for when the R,,, 


rectifier is absent. The practical and theoretical amplifier parameters are 
related to one another. 


This paper extends the analysis of a lialfwave magnetic amplifier working into an active load Fig. 1,a). 
In part I [1] the circuit was analyzed with a rectifier Roop in the control circuit on the assumption that the 
hysteresis loop for the core was of ideal rectangular form ig. 2,a), with an infinitely great dynamic permea- 
bility in the vertical sections of the loop. In spite of this assumption the computed and experimental character- 








Fig. 1. a) theoretical circuit of amplifier; b) equivalent reduced circuit; c) 
equivalent amplifier circuit with an autotransformer series coil (Ro, absent).* 


istics were extremely similar, But if an initial biassing field equal to —H, is produced with the biassing winding 
W), fig. 1a) fed with 4.c. this assumption gives that the amplifier gain is infinite. This naturally cannot be so 


in practical conditions and so when bias is applied the finite dynamic permeability in the ‘vertical* loop sections 
must be allowed for. 


It is also of interest to relate the amplifier parameters-to the component dimensions (coil sizes etc.). 


The supporting voltage (e.m.f.) Eg’ fig. 1a) is in essence a bias voltage which is selected from the 
required position of the input-output characteristic relative to the control signal zerog it may be absent. 


The control e.m.f. will be considered as sinusoidal and as being of the same frequency as the amplifier 
supply and either of the same phase or of the reverse phase to the supporting e.m.f, The question of whether 
the results are correct when the control is applied via a single or full-wave rectifier or by a constant voltage 


* From a paper at the seminar on magnetic amplifiers at the Institute of Automation and Remote Control, 
Academy of Sciences of the USSR, 25 April, 1956. 
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will be dealt with separately. 


To simplify the analysis it is convenient to refer all the 
control circuit parameters to the load side and to consider the 
reduced circuit of Fig, 1b.* It is clear that under our conditions 



































4 4 E} and = may be combined to give a certain -— in the 
May J referred control circuit, this being the algebraic sum of the control 
” wi ' y and maintenance (bias) e.m.fs. 
/ The arrows denote the positive directions of currents and 
/ e.m.fs, Closing the key K corresponds to eliminating the recti~ 
fier from the control circuit, The voltage supplying the load 
. circuit is e = Ep, sin wt = E,,, sind. 
1, Operation Without a Rectifier in the Control 
Fig. 2, Idealized hysteresis loops and Sheeuste 
parts of cycles. a) when a steady bias The basic assumptions made in part I will be adopted in 
is not used; b) when H, is used. comparing the processes occurring with and without R.op.- 


Econ Will be written as Econ = Econ.m sin. 


Control half-wave ("= 9 <0): this is unaffected by Reon since the control current is unchanged in 
direction during this time. 





Figure 3 shows the supply, control, coil and rectifier voltages, the currents and the induction in the core. 


Let us assume that the core is saturated at the beginning of the half wave,(@ = 9 =~ m), and the magnetic 


state is that of a point 0 on the hysteresis loop, The coil voltage is then zero (u, = 0) and the control circuit 
current is 





. E eee 
ly = —. = = sin 6, (1) 
y y 


When @ = @,, the instantaneous value of ico, is—1,. The core begins to demagnetize but the control 
current is unchanged; 


(2) 
iy i oe 
Demagnetization is produced by the coil voltage 
U = Cy — iyry = Eymsin§ + I-ry. (3) 


When the coil voltage becomes zero at 0g demagnetization ceases (point 2 on the hysteresis curve). 


(1) - (3) imply that 


* To simplify the notation the reduced quantities are undashed while the basic ones are dashed — the reverse 
of normal notation. 


H_l 
** Remembering [1] that], = . = 
L 





[Here and elsewhere subscript ‘y' ="‘con* where ‘con‘ = ‘control’ — editor's note.] 
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6, = arcsin 


E 


lor 
c Zr. ¢, 





vm 


0, = —nr — 0,. 





(4) 


From time 9 = 63, icon tends to become less in absolute value than I, and the magnetic state of the 
core begins to change over part of the cycle. With these assumptions the changes occur at constant induction 
‘(Parts 2-3 on the hysteresis curve); so the coil voltage remains zero, and the control cirrent changes are again 


defined by (1). 
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Fig. 3. Computed curves for the supply, control coil and rectifier voltages, 
for the currents in control and load, and for the core induction when control 
is both present and absent and when the idealized hyster- 
esis loop of Fig. 2a is used. 


is by a.c., when R 


con 
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When 6, = 0,1... = 9 (point 3 on loop), The control half-wave ends at this point. 


The control half-wave will take the above course if R; is nonconducting throughout (u,y< 0, i = 0). The 
voltage on R; is 


Uy, = e—U, 
(5) 


(3) and (5) imply that uy, <0 when 
Eym< Em+ Try (6) 


Only modes in which (6) is fulfilled will be considered here. 
The induction changes during the control half-wave are defined by 


63 
ucd) = — 2Fym cos & + Tory (® — 2a), (7) 


where 


lor 
= arc sin —<~ . 


Working half-wave (0594). Figure 3 shows the voltage, current and induction curves. This half-wave 
has been considered when K,.o,, is present in [1]. Only these aspects due to Ron being absent are considered 
here, 





Along 05 - 84, U, = 0, and the load and control circuit currents when Reon is absent follow the laws 
ipn, = e = Ensin 8, iyry = ty = E,msind. (8) 
When 6 = 6,4, i, given by 
ig= i 4+ é y (9) 


becomes equal to +Ic, a positive coil voltage appears and the core begins to be magnetized. 


6, is defined by 


E E 
0, = arc sin E | fe 4 =z) | 














Along 9,4 - 9, the core is magnetized by the voltage 


. e u L e _ L 


The coil current remains unchanged: i, = 1, while the load and control circuit currents follow the laws 


-_ Se - 
i= e nas ely . Poon ey ett . (12) 
y' oL y ae 








From 0 = 6s, the core is saturated, uc = 0 and soi.,, and iy correspond to (8) —i.e., section 5-5'-6 on 
the hysteresis loop. 


8, can be found from 


0s 6, 
(a0 + \u, dd = 0. (13) 
t 0, 


The working half-wave ends when 9 = 6g. 


Comparison of the working half-waves with and without R,o, ig. 3) shows that in the latter case an 
additional current flows in the control circuit and that the ‘angle of incidence’ at 6, and the shape of the load 
current curve change somewhat, 


Input-output transfer characteristics of the amplifier. 





At all times during the working half-wave, no matter whether R,o, is present or absent, we have 


uw =e—u, (14) 


Since i, # only during the working half-wave 


2nU, ay = (upa0 = Jeas—(u, an (15) 


The second integral on the right in (15) determines the change in induction AB after the working half-wave, 
and in the steady state it must.equal the induction change after the control half-wave with the sign reversed. 


Thus, 


6s 
2nU, ay= 2Em + \ ue db. (16) 
i 


So the mean load voltage (current) is solely determined by the control circuit operation during the control 
period and is independent of what happens in the working period. 
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(7) and (16) give an expression for the static input-output transfer characteristic which is correct whether 
Reon is present or absent; 





220, y= 2m -- 20s alym + Very (x — 2a). (17) 
In relative units 
UP y= 1—M(cora—F +2), (18) 
where 
xU lor E 7° 
UP mp8 foe, OO, sina = —. (19) 
L.av hie E... _ on P. 


In relative units (6) takes the form 








E¥m <A + It. (20) 
The relative voltage gain [1] is 
dU mY" 
Km Tht cose V/ 1 Ae 21 
” OE ym Ee, (21) 


(19) - (21) are the same as the analogous expressions (55), (56) and (63) in [1] if we replace i<fecn mn by 
- _m in the latter, The curves for the transfer characteristics and voltage gain given in Figs. 6 and 8 of [1] 
are also correct if the vertical axis is displaced one unit to the right. The input-output curve as a function of 
the total control-circuit voltage is shown in Fig. 4. The choice of bias (maintenance) voltage may be made 
from the desired position of the curve relative to the zero signal position. 


So the control-circuit rectifier does not alter the basic amplifier characteristics. When small voltages 
are to be amplified it may be undesirable, however, 


Eliminating Reon 4!so has no effect on the transient response, since it does not affect the operation in 
the working half-wave. 


The rise in control-circuit current on removing R,,,, in most practical cases is unimportant, since the basic 
characteristics are unaffected. But the current rise may overload the signal source (pickup) or overheat the 
control winding. The expressions given above for the instantaneous control current enable one to compute the 
control current in any concrete case and to determine the power dissipation in the control coil. The power 
dissipation may be estimated in advance since the maximum effective control current (referred) approximately 
satisfies. 


By --K (22) 
V2 ("y+") 


ly< 

















L. av 


4 
46 
a 
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a! ia 4 









































Fig. 4. Input-output curves with ideal hysteresis loop as in Fig. 2a, 

with no biassing (maintenance) voltage present. The curves are correct 
for control by sinusoidal a.c, and by half- or full-wave rectified voltages 
whether R,,, is present or absent. The experimental points are for a.c. 


control: O) Reon present; X)R_,,, absent. 








Experimental data given in the Appendix completely confirm the theoretical deductions, 


In [1] the power gain in the circuit was defined as the ratio of the output power to the maximum power 
that the control signal source can provide (when working into a metched load): 


i tee “sw * 
D ~/ r — u r . (23) 
Alvay, L L 


When control is by a sinusoidal voltage, and as in normal conditions r, * r'oon, an expression was derived 
in [1], which is 


WL . 4r’ 4r 
— (0.5 Ww) (Ki)? Yam 0.25 (KE)? (23a) 





which, bearing in mind (19), may be put as 
Em 7° (ko)? 
kp = 0.25 Tr! © (Ko)*. (230) 
The relative power gain is defined as 
ky on AT (ku) (24) 


* (23) is quite general and convenient, It also applies to transistor amplifiers. A formula frequently used for 


normal magnetic amplifiers controlled by d.c, is Kp = ATL, which is the same as (23) when the control 


2 
ATcon'con 
winding resistance ro, is equal to the signal source resistance &. 
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Figure 5 shows how kp varies with 1% and Foon ms 
the curves being computed from (21) and (24) for the 
range in which (20) applies. We can only get If = 

under our conditions when r.op = 0, and then, of course, 


kp = 0, 


The kh curves facilitate the choice of working 
parameters to give the highest power gain in a given 
working region. 


When contrcl is by half- or full-wave rectified 
voltages the removal of Rcon does not affect the main 
input-output characteristics. 





vk & Ww BR “owe @ 
When d.c. control is used a change in bias 


(maintenance) voltage changes the transfer character- 
istic somewhat, while removal of Reon has no effect 
within certain ranges of Eon. * 


Fig. 5. Dependence of the relative power gain 
on the transfer characteristic of Fig. 4. 


2. Operation of the Biassed Amplifier, the Finite Dynamic Magnetic Permeability 
Being Taken Into Account, 








Figure 2b shows the approximate hysteresis loop and partial cycles assumed here, The induction changes 
over section 2-3 are shown qualitatively; the nature of these changes does not affect the basic characteristics. 
Section 1-2 is taken as horizontal, which substantially facilitates analysis without introducing impermissible 
quantitative or qualitative errors. 


The bias field Hp is selected to be as inFig. 2b. The bias coil W}, Fig. 1a) is fed from the current 
source I}, (the a.c. impedance of the bias being taken as infinite), The basic assumptions are as previously. 


Control half-wave (~1<s0<0). i; (load current) is assumed zero in this period, We assume that at the 
beginning ()=~— w) the coil current i, is zero Fig. 1b) 4nd that the magnetic state of the core is therefore 
set at point 0 on the hysteresis curve Fig. 6) by the bias. 





As of 09 icon = i.» and so as this control current demagnetizes the core it will follow the law 
diy 
ey= lly +I) (25) 


where X, is the dynamic inductive impedance of the coil dependent on yg, the dynamic permeability on a 
vertical side of the hysteresis loop: 


S 
rT ==W® Wi 
Cc Ly 





py d jae (26) 


Here S,, is the core cross section, Jy isthe mean length of a line of force, w = 2rf. 


When 6 = @,, the coil voltage is 


di 
Ue = % ae! = 0, (27) 





* The above equations for the input-output characteristic and the corresponding curves are correct if the load 
voltage (current)is not down tothe minimum value Icr,/E,,. But if tcon/Ty, is sufficiently large (in practice > 5) 
the minimum lies below the limit defined by (20). 











5) 





and the control current is maximal (in modulus): icon (1) = Icon. Fig. 6). The core state will then be 
determined by point 1 on the hysteresis loop. 


e Uy =A ty 





























0 
gl leeds lea! / 


























Later io, begins to drop, and the core state changes 
over part of the cycle, On the above assumption this change 
will occur at constant induction (section 1-2 on the cycle); 
so the coil voltage remains zero, and i con Varies as 


vy = % (28) 


When @ = @2 = 05 icon = 0 (point 2 on cycle) and 
the control period ends. 


The above discussion shows that the total induction 
change AB (ig. 6) is of greatest interest in the control 
half-wave. 


The induction change is proportional to 


0, 
\ u dO = 2,1 yy (29) 


(remembering that initially i.o,(99) = 9). 


Lon.M is found from (26) and (27): 


Fig. 6. Computed curves for the variables of 
Fig. 1,b, using the idealized hysteresis loop of Bn . 
lenr= — —2* bin 6, (30) 
Fig. 2bwith EO <1. ym ee 
where 
Y= 0,0) = (9), (31) 
and 
x (32) 
fy = tan . 7; ° 


The relation of ¥ to gy is given in Fig. 7. 


con 


Thus AB is proportional to 


zr ’ : 
— Eym ry sin) = — Eym tangy sin tp. 


Hence AB varies linearly with E,on m- 


(33) 
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The control half-wave takes the above course if the load current is zero. This condition is readily shown 
to be fulfilled if 


Eontiia «a Bat. (34) 


If (34) is not fulfilled Ry will conduct during part of the period and a load current will flow. Figure 8 
shows the corresponding graphs, A detailed analysis of this case is not given here. In essence, AB will then not 
vary linearly with Eon m- 


Working half-wave (0 <9 =<). The type of 
changes in the load current and other quantities here 

































































m ? depends on the shape of the part cycle 2-3 figs 2b, 6 
m and 8). But on our assumptions the basic input-output 
, characteristics do not depend on the shape of this section. 
0 
So we shall only consider the voltage, current and 
#0 7 induction curves during the working half-wave igs. 6 
= yy, and 8) qualitatively. 
wo Z él Input-output characteristic. Normally teon > fy, 
P- in an amplifier, and when Egon m > Em the load current 
120 flowing in the control half-wave can be neglected. In 
addition, as experiment has shown, the rectifier R, also 
™ remains practically cut off.for Fcon m > Em due to the 
100 nonlinearity of the rectifier characteristic at small currents, 
9 f Below we shall show that the operating sector of the 
00 DBD DBD 0 H 0 0 Hb @ 





input-output characteristic lies in the range Egon m ~ 

~ 0-2Em. Wewill thus assume, approximately, that load 
current only flows in the working half-wave, and that (33) 
is also correct when E.on m > Em-* 


Fig. 7 
No matter what the control circuit condition, throughout the working half-wave 


up =e—U, | (14) 


(15) remains true under our conditions, and since the total induction change must be zero we have 


T 0; 
( u.d) = —\ u, dd. (35) 
0 0, 
Thus 
. 0, 
2nU, 4 = 2Em+ \ u dd. (36) 


_ 


* If in some particular case _— is close to Ths then, as will be clear from what follows, there is no need to 
consider the state Econ m > Em. 
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(36), (29) and (33) taken together give the static input-output characteristic as 





2nU) ay = 2En— Eym tan?y sin 'p (37) 

‘or in relative units 
0 : 0 38 
Ut = 1—0.5tang sin PE jm. es 


The family of input-output characteristics drawn up in relative units from (38) in the parameter ¢ of 
(32) is shown in Fig. 9. These curves also relate the meanload current to the total voltage in the control 
circuit. 


The computed characteristics are linear over the whole working range if the above assumptions hold, 
unlike the nonlinear transfer characteristics obtained with zero bias (Fig. 4). 


If we take account of the load current drawn during the control half-wave when _ > Lin (34) 
then, as of Efon m= 1, the curves will be nonlinear, The dashed curves of Fig. 9 show (for three values of 
y con) computed sections of the curves when Eton m > 1, allowing for R, conducting during the control period. 
As has been stated above, and will appear from the experimental results, this more exact and complex calcu- 
lation with a m > 1 is not justified. 


Voltage and power gains. An expression for the 
relative voltage gain is derived from (38): 
























































e 
a 
apres kh = a = 0.5tangy sin}, (39) 
0 
Pr. while the voltage gain when a sinusoidal a.c. control 
2 voltage is used is [1] 
a a ad , 
/ WwW 
WALA ky = 0.5K yi (40) 
*y /, Pn \ y 
4] Py c \ 
/ Since ¥ depends only on ¢ con» k®, also depends 
q fe | 8 On con. As the ratio of x,, to r,,,,, fails the relative 
P St! Se i ¢ 3 voltage gain also falls. 
5 0 : 
\ ’ a t | 4 But, on the other hand, when the signal source 
ol _\ 2 bad internal resistance increases its maximum possible power 
+ & Lit output diminishes. Evidently only when there is some 
G~\r G70 6 id / a1 definite relation between Soon and x, will the maximum 
4r ce r =---+ ae possible power output be utilized and hence the power 
’ “ a’ gain be maximal. 
\ : ; 
\ ey Let us consider this question, which is of great 
NA practical importance, in more detail. (23a) can be 


put as 


- Fc 4(Koy2 _Y 41 
Fig. 8, As in Fig. 6, but with Efonm > 1. duties ‘eed (41) 
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Fig. 9. As inFig. 4, but with the idealized hysteresis loop of Fig. 2b and 
with a constant bias, The experimental points are: O) f = 500 cycles/sec, 
x) f = 50 cycles/sec. 


The ‘relative power gain’ is 















































10° as 
‘ r 4(ko)? * 
”) z . k‘, =—4 (ka)? : Aku)" ; (42) 
r, "- tan Py 

a6 - 

ay = - mn and it depends only on ¢c¢op- 

a FF ao Figure 11 shows the relation of kp tO Yoon» Whence 
fy it is clear that the optimum relation between reopn and 





60 D2 D0 0 D0 0 0 B wt X¢ (from the point of view of power gain) occurs when 


~ | o 
Fig. 10. Relation of the relative voltage gain ig + SE aE SE oe eR 
tO Ycon for the characteristic of Fig. 9. Experi- 
mental points: O) f = 500 cycles/sec, x) f = 50 
cycles/sec, ry = 0.62, (43) 


and then 


(k},)max= 0,63. (44) 


Correspondingly the optimum transfer characteristic (in the power gain sense) occurs when ¢gop = 60° 
fig. 9). The working range of E.,, ;, is from 0 - 1.9 E,,. 


Thus x, in (26) appears as it were an amplifier input impedance (referred), |The optimum use of the 


signal source power will only occur when the source internal impedance matches the amplifier “input” impedance. 
(43) is the matching condition. 


* It will be shown below that (42) and (24) are completely analogous under definite conditions. 
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It can be shown that the static transfer characteristic 
a? remains unchanged when bias is used, wg w and R., 
is absent, 


The experimental data, which confirm the theoreti- 
cal deductions completely, are given in the Appendix. 


3. Relation Between the Amplifier Para- 
meters, the Coil Dimensions and the Mag- 
netic Properties of the Core, 











So far when considering k,, and k, we have taken 





a ri to be the resistance of the whole load circuit. We 
f now assume that the load winding W, has a resistance 
6 # #2 D 0 D @O© HD r, while the true load has a resistance RR? 


Then the potential drop coefficient is 
Fig. 11. Relation of the relative power gain to 


Ycon for the characteristics of Fig. 9. Experi- 


mental points; O) f = 500 cycles/sec; x) f = 50 BL Ri 45 
cycles/sec, ~ FL t+ RL’ _ 


and the power gain is 
aya ity aad 
kp = 0.25 (k2)? R= 0.25 (ku)? (1 — 7). (46) 


The factor 0.25 corresponds to a half-wave output amplifier. 


We now introduce the quality factor Q of the amplifier coil, defined as 


Q=*. (47) 


x, andr are as before, When the hysteresis loop is rectangular (no bias used) x, is determined by the 
averaged permeability 


Hav= iT ’ (48) 


corresponding to the magnetization curve for the core material shown dashed in Fig. 2a. When bias is used 
ig. 2b) x, is defined by (26). 


If no constant bias is used and Ep, is made equal to the so-called saturation e.m.f. Es,, of the coil [1], 
then 


yj? — Very 
c E.., 


Fery _ My (49) 


Tam Zo 





and for kp in (24) and kp in (23b) we get, allowing for the potential drop coefficient, 


, 
ky = (ku)? , ated 
c 


«(Here and subsequently the ‘R" has a line under it to distinquish it from the ‘R" used earlier for the rectifier — 
editor's note.] 
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ky = 0.25 kp (1 —7) Q. (51) 


Thus when bias is used with the hysteresis loop of Fig. 2b (50) is the same as (42 and (51) as (46). 


In practice the winding area available for the control coil is much less than that for the load coil, Also 
when the control and load windings do not need to be separate a separate control coil can usually be omitted, 
‘the necessary voltage gain being provided by autotransformer connection of the coil Fig. 1c). So to an adequate 
accuracy we can assume that the whole winding area S,,, (copper cross section) is occupied by load winding. 
Then Q in (47) is that of the coil as a whole. On this assumption it is easy to derive an expression for Q: 


@ = apy S1%eu4o-s. (52) 
Ladue 


where S.+ and S,, are the steel and copper cross-sections in cm’, lay and 1,, being the mean lengths in cm of a 
line of force and a turn on the coil respectively, 1 being the permeability vagy or ug in gauss cm a7! y the 
specific conductivity of copper in ohm™! cm™', w the line frequency in sec", 


Substituting (52) into (51) the desired expression for the power gain in terms of the coil dimensions and 
magnetic properties of the core is obtained. 


° is defined by (24) or oy (42) and (50), depending on the hysteresis loop aqgemination used when Hj, 
is constant. In the first case kp > ~ 1-3 @ig. 5) while in the second the maximum is kp * 0.63 Fig. 11). 


n (1-1) has a maximum value of 0.25 when n = 0.5; in other words kp will be largest when the load 
winding resistance equals the load resistance, This evidently also corresponds to the maximum possible power 
output if we neglect the forward resistance of Roop and the inductive impedance of the saturated coi] which 
are present in any real case, But when germanium plate rectifiers are used and the coefficient of rectangularity 
for the hysteresis loop is 0.85 or greater these factors have little effect. The inductance of the saturated coil 
may in any case be neglected at comparatively small coil sizes and low line frequencies, the Q of the coil 
being then much less than one, 


With large coil sizes and high line frequencies, or, in other words, quite high potential power outputs 
it would seem impossible to fulfill the condition r = Ry (n = 50%) as a rule because of overheating W, and 
also for reasons of economy. The potential drop factor is then about 0,75 - 0.9 and so n (1—7)*#0.1— 0.2. 


The reason why power gain is determined by the Q of the coil from (51) can be explained as follows. 
X,_ for an unsaturated coil is defined as the referred input impedance of the amplifier. The output impedance 
is determined by the resistance of W;. So when input and output are matched ky depends solely on Q. 


The relation between the signal source internal impedance and the input impedance determines kp. The 
relation between the output and load impedances determines n (1-7) 


When bias is not used the nonlinearity of the transfer characteristic of Fig. 4 increases with the referred 
internal impedance of the signal source, more exactly with ¢ = reo/Xc . Thus it is difficult to assign a theore- 
tical optimum value to 1°, In practice we can assume 1° to be between 0.6 and 1,0. The latter value implies 
that the referred internal impedance of the source must be about equal to x, in (49). 


(43) must be fulfilled when bias is used.* 


* Tf Toon ™ ty then in power amplification we must have Foon « X,. But then ¢con ¥ 90° and the working 


section of the transfer characteristic scarcely goes beyond _ x 1. 
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(51) and (52) are the starting-points for designing an amplifier of set power gain. 


We must emphasize that k,, is propoetional to the supply frequency, core permeability and the square of 
the linear dimensions of the coil. Other things being equal, the best coil design is one in which Q,,Q.,, thy igh 
the largest (Q largest). But the shape of the core may influence its mean magnetic properties. Thus, for instance, 
if the ratio of the external to the internal diameter is increased in the toroidal core the magnetic properties may 
on the whole become poorer, 


In conclusion, in relation to [2], we consider it useful to pause briefly on a comparative evaluation of the 
proposed amplifier. 


4, Comparison of the Proposed Amplifier with a Normal Magnetic Amplifier 
Containing an Internal Feedback Loop 








One of the most important characteristics of a magnetic amplifier is its dynamic response D — the ratio 
of the power gain to some other parameter which uniquely defines the time~-lag in the amplifier. When the 
amplifier can be considered as a first-order inertial link (with normal magnetic amplifier circuits working into 
a resistive load this is quite permissible) this parameter can be the time-constant, expressed in seconds or in 
cycles of the line frequency. 





A certain expression for the dynamic response of a magnetic amplifier using internal feedback has been 
given [3], which can be put as 


Pp 


z 
a teatt ie 
D==> 2/ a” ‘ (53) 


This is true for a resistive load, an idealized hysteresis loop as in Fig. 2a,and the point on the transfer 
characteristic which is of maximum curvature if x, > Ry. 


The following expression has been given for D [4] for the case where the magnetization curve is approxi- 
mated by sections of three straight lines without allowing for hysteresis Fig. 2a, dashed), using an averaged 
transfer characteristic curvature for an amplifier with external feedback and with kfp = 1, and for an amplifier 
with internal feedback: 


D = 0,78 x 2f gor. (54) 


In both expressions for D it must be emphasized that r only means the control-circuit time~-constant, and 
the transient response in the a.c. circuit, which involves a time about equal to that of one cycle of supply® is 
completely neglected. 


In the amplifier considered here the transient duration is not greater than one half-wave when signal and 
supply voltages are in phase. In addition the transient response is quite different — the output does not rise 
exponentially (or approximately so) but merely shows a ‘pure" half-cycle delay. 


This makes it very difficult to compare the dynamic responses of this amplifier with those of normal 
ones. 


None the less they can be evaluated roughly by comparing their power gains, supposing (extremely arbi- 
trarily!) that in all cases the time-constants equal one quarter-period, 


On this condition (53) and (54) give, after simple manipulations, the following expressions, in which the 
source impedance is assumed equal to that of the amplifier input; 


pa 


* It has been shown [5] that an amplifier with internal feedback may have a much longer transient duration 
because the a.c, winding is short-circuited in relation to the control circuit during part of the cycle. 
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kp = (1 — 9) Q, (53a) 


kp» = 0,78 4 (1 —x) Q. (54a) 


_ It is noteworthy that (53a) and (54a) have exactly the same form as (51). 


(51) and (53a) were obtained, subject to condition that kp is defined by (24), using identical approxima- 
tions for the hysteresis loop and other identical assumptions, and so are quantitatively comparable. 


As above, kp is about 1-3, Taking the largest kp as in (53a) we find that Kp for the present half-wave 
amplifier and the dynamic quality of an amplifier with internal feedback in practice do not differ, 


But the complete arbitrariness of the comparison must be emphasized. 


We must emphasize that the comparatively good dynamic response of this amplifier by no means exhausts 
its prominent advantages. Some of these latter are as follows. 


1. The short rise-time is not dependent on the gain, mode of operation, etc, (in normal magnetic ampli- 
fiers inexact design and changes in the external conditions can materially alter the response time). 


2. When supply and control voltages are in phase the delay is fixed at one-half-cycle of thesupply. Thus 
this circuit can be used to produce various units for discrete counting and control [6]. 


3. The amplifier can be controlled with either d.c, or a.c. with no practical loss in gain, 


It is thus naturally possible to amplify an amplitude-modulated signal which has a frequency and phase 
unrelated to those of the supply (with the usual restrictions applying to any amplifier operating at carrier 
frequency).* 


4, The design and layout of a half-wave amplifier are considerably simpler than those of a normal one. 


A shortcoming in this design is that in some cases a half-wave rectified current passes through the load, 
But this can be obviated by combining two units as of Fig. 1 in various full-wave or two-phase circuits, This 
makes the design and layout more complex. 


5. Conclusions 





The results derived here, which are confirmed by experiment, establish practically important relations 
between signal source impedance and the inductive and resistive impedances of coil and load, These relations 
make it possible to match these quantities during design. It is shown that the coil inductance has to be de- 
termined in different ways depending on whether bias is used or not, It is also shown that the power gain in 
this amplifier can only be raised by increasing the core size and supply frequency (while maintaining the 
response time) unlike in ordinary amplifiers. 


APPENDIX 





The experimental work was performed with a number of amplifiers designed in accordance with the 
circuits of Figs. la, b and c. In all cases the amplifier coil had a toroidal core made of N65P 0.15 mm strip, 
the saturation induction being B, = 12,000 gauss (in a field of to amp cm™), the rectangularity coefficient 
being 0.85-0.9 and the coercive force (in a d.c. field) being He = 0.1 amp cm™!, DG-Ts24 germanium diodes 


were used for R.,, and Ry. The line frequencies used were 50 and 500 cycles/sec. 


Figure 4 gives the experimental points on the transfer characteristic taken with zero bias and a.c. control 
for two cases; Reon absent and present. H, was determined by experiment for one point of Fig. 4 (roughly the 
point “ = 0.4, Eoon.m = 17 the central point in the family) in order to recompute the experimental data in 
relative units; subsequently this coercive force was assumed as theoretical for all other points in the family. 
This value of H,, was close to the H, for the limiting dynamic hysteresis loop measured with an oscillograph; 





* In [2] it is erroneously asserted that this amplifier can only amplify signals of the same frequency as the 
supply. 
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e.g. , fora re of outside diameter 46 mm, inside diameter 31 - and radial width of 7 mm (I ,, = 12 cm, 
S._ = 0.5 cm*) the computed Hg at 500 cycles/sec is 0.2 amp cm™, while H, measured on a cathode-ray 
oscillograph was 0.23 amp cm 1, ee —_ei permeability value derived from (48) at B, = B, = 104 
gauss was HW, = 5 X 10" gauss amp”! 


The supply voltage was made close to Egyy. The internal impedance of the signal source was varied from 
fcon min“ X¢ t© con max ™ Xc- 


The experiments showed satisfactory agreement with theory. Removing R,o, had practically no effect on 
the transfer characteristic. 


Figure 9 gives the experimental points on the transfer characteristic when bias is used, Hj}, was chosen in 
accordance with Fig. 2, being H,, = 0.13 amp cm~! when f = 500 cycles/sec and Hy = 0.08 amp cm™ when 
f = 50 cycles/sec. The dynamic permeability was also determined at one point on the family of curves in Fig. 9 
(at Pcon = 60°, a = 1, the ‘central' point) after which that value of 1g was taken as theoretical for all the 
other points. The theoretical yd did not correspond with the slope of the ‘vertical’ sections of the limiting 
dynamic hysteresis: ‘iad observed on the oscillograph, e.g., for the core Guaties above the ‘theoretical’ uq was 
8 x 104 gauss amp‘ cm when f = 500 cycles/sec and 21 x 10 gauss amp™ 1 when f= 50cycles/sec. The Slope of the 


‘vertical’ sections gave in this case yg = 14 x 10‘ gaussamp™~ cm when f = 500 cycles/sec, and 40 x 10* gauss 
amp cm when f = 50 cycles/sec. 


The problem of the most rational method of determining y., ud, He and B, in order to approximate the 
loop in the cases dealt with here demands detailed study of the family of dynamic loops when d.c, and a.c, 
magnetization are used together, and forms the subject of a separate paper. 


The experimental points in Figs. 9,10 and 11 show quite good agreement with theory. As in the previous 
cases short-circuiting Roop left the output current (voltage) practically unchanged. 
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GRAPHICAL DETERMINATION OF THE ROTATION-INDUCED 


EMF IN SELSYN SYSTEMS 


E. M. Sadovsky 


(Moscow) 


The determination of the extra emfs induced in selsyn trans- 
former circuits when the selsyns rotate at constant speed is considered, 
A nomogram which simplifies the graphical determination of this EMF and 
of the shift it ptoduces in the zero position of selyn is presented, 


The selsyns used in automatic control systems in most cases operate in transformer circuits such as of 
Fig. 1, in which selsyn 1 is a,c. excited, while the single-phase winding of selsyn 2 receives a voltage dependent 
on the mutual orientation of the selsyn rotors. This voltage E is reduced to zero in stationary selsyns of adequate 
accuracy when the difference between the rotor angles computed form the axis of the single-phase coil to the 
axis of phase I of the three-phase winding on the corresponding selsyn, ag - a, is 90°. The position ag - a, = 90° 
is therefore taken as ‘zero' inFig. 1, and the error angle 5 = ( a, — 90°) — ay. is computed with respect to this. 









































Fig. 2 


When the selsyns rotate at the same speed a certain emf appears across the single-phase coil of selsyn 2 
even when 6 = 0. This emf causes an undesirable displacement of the point of minimum E from the zero 


found with stationary selsyns [1-3]. This paper deals with a simplified graphical determination of this rotation - 
induced emf which demands the minimum amount of prior information, 


In general, selsyns 1 and 2 of Fig. 1 are assumed nonidentical. Selsyn 1 can either have a uniform air-gap 
or a salient-pole single-phase winding, while the second can have a uniform air-gap and can frequently be of 
smaller size than the first. The single-phase coil current in selsyn 2 is taken as negligibly small, as is usually 
the case when the circuit works into the input of an electronic amplifier, etc. 


To simplify the circuit analysis when salient-pole and nonidentical selsyns are used it is convenient to 
employ transforms of the currents in the three-phase windings which are known from the theory of synchronous 
machines, e.g., transformation of these currents to the direct and quadrature axes of the single-phase winding 
on selsyn 1 (cf [4, 5] etc), which corresponds to passing from Fig. 1 to the equivalent circuit of Fig. 2. 


509 














The equations for the d and q circuits in the equivalent scheme and for the circuits of the single-phase coils 
on selsyns 1 and 2 are quite simple. For steady-state modes using a.c. of angular frequency wg the equations 
may be derived, for instance, directly from Fig. 2 by a published [6] method, in the form 


, 3 : 
U, = (R 4- jr) Io + j 5 Told 


(71 + 72) + 7 (Ta + 2e)] ta + Y(%q + Tq) ig + JXo1/y = 9, 
[(71 + 72) + 7 (%q + Le)) ig — ¥(La + Lg) ig — VXqyx Iq = O, (1) 


. so , — 
E=—j F Too [ia COS (4, — %,) —igsin (a, — «,)}, 


where j = V—I, 4, Xq, and Xq are the phase resistances and the direct and quadrature inductive impedances of 
the three-phase winding on selsyn 1 (if selsyn 1 has a uniform air-gap Xq = Xd), fg and x2 being the resistance 
and inductive impedance of the three-phase winding on selsyn 2 (allowing for mutual coupling of phases), 

Ug and Ig are the voltage and current in the single-phase winding of selsyn 1, R and x being the resistance and 
inductive impedance of this winding, v = w/w being the relative angular velocity of the selsyns as a fraction 


of the synchronous speed, wo, Xo,,and Xgg being the maximum mutual inductance impedances as between the 
single-phase and three-phase windings on selsyns 1 ani 2 respectively. 


Eliminating Ig, iq and ig from (1), remembering that ag — ay = 5 + 90°, we get the outputemf E as 


kd Loio2Uo [(a +- jbc) sin 3 4- jva cos 3] 
E 








= (2) 
calcd 3 
{a + ja (q+ q+ 2x) — be (xq + 22)| (R +2) + 5 23, (a + joe) 
where 
a=(r, +2), b= 29+ 22. c=1 — v?. 
With stationary selsyns (v = 0) and 6 = 90° this gives, in particular, the maximum emf: 
En = $ Totoro (3) 
[ 


(ra tre) +i (tq +29) (R+ je) + 228, 


E,n is most readily determined on the circuit of Fig. 1, and E in (2) is conveniently expressed in terms 
of E,,. As the selsyn speed does not usually exceed a few hundred rpm and even at 500 rpm (w = 52.5 radiangsec) 


with a line frequency of 50 cycles/sec (wy = 314 radians/sec) v? = (4) 2 is only 0.028 and is negligible 
0 


compared with unity in (2). 6 is also extremely small in a follow-up mode so to a high accuracy we may put 
sin 6* 6 and cos 6.~ 1, 


Putting 1 — y® x 1, sin 6 § 5, cos 6 1 in (2) and dividing the resultant expression by (3), elementary 
manipulations give 





7=FEmi4 vE 1 (ri + F2) 
= | 4 ) (ry -|- rg) -f i( Lo }- Zo) . (4) 
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The first term in (4) gives thenormal ‘transformer’ emf for the circuit of Fig. 1, which is proportional to 
5 when this is small, while the second gives the rotational emf which is proportional to v = w/w». At a given 


w the rotational emf decreases with ry + rz (circuit of three-place windings in Fig. 1) and decreases as the line 
frequency f = wo/2m increases. 
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Fig. 3 


By introducing the relative emf e = E/Em and denoting the phase displacement of the quadrature selsyn 
currents by #q, such that 





zx 4. Zo 
tang, = “~___ , (5) 
Fa rmtls 
we get from (4) the simple relation 
eC = a a. en 9 (6) 
tan ?q~! 


in which only one selsyn circuit parameter ¢q enters, this being given by (5). 


(6) enables us to draw up a simple nomogram for determining e, and its components e; = 6 and the rota~ 
tional emf. 


Vv 


an ?q —j- 





er = 
t 


(7) 


The theory of loci (cf. [7], etc.) shows that when ¢g = const and v_ changes, the tip of the vector (7) moves 
along a straight line in the complex plane which passes through the origin at an angle gq to the imaginary axis, 
while when tan gq changes and v = const it describes an arc of a circle of radis 1/,y with its center on the 
imaginary axix at the point Yejv . By drawing up a family of semicircles for various vy (expressed and in per cent) 
and a family of straight lines for various values of tan yg, we get the nomogram shown in Fig, 3. The vector 
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e, is then determined from the point where the circle of a given v intersects the corresponding line of given 
tan ¢q. Figure 3 shows an example wherev = 10% and tan gg = 2. Compounding vectors e, and e; = 5, given 
by the vertical scale for the angle 5°, we get the total relative emf e (in Fig. 3 this construction is shown for 
5 = 2°), The angles yy and ¢ between e, and e and the real axis are then equal to the corresponding phase 
shifts of the cmfs relative to Ej. Inordertopassfrome,ande to the actual emfs we need only multiply them 


by E,,- 


Figure 3 shows, in particular, that with rotating 
selsyns (v # 0) e is nonzero at all 5. If solely the 
tan g,-/ — - 
q component E, in phase with Em, is used for control 
+ purposes, as is frequently done, the selsyn zero corres- 
ponds to e being directed exactly along the imaginary 
axis in the complex plane. Transforming (6) to the 
form 


max 


ee |. ee 


e = 6 + jv cos pge—I%q (8) 


and equating the real part of e to zero, to obtain a 
purely imaginary e, we get 





x 
& 


j 5 + ¥ COs % sin 9, = 0. 





4 Hence since 2 sin Pq COS Pg = sin 28s we 
find that 


Fig. 4 


i= — > sin 294, (9) 





the zero of the circuit in Fig. 1 being displaced relative to that for nonrotating selsyns when the relative selsyn 
speeds arev. This velocity error is also computed from Fig. 3 — being the projection of e, on the 5° axis with 
the sign reversed, and being read directly in degrees (when v = 10% and tan gq = 2 the error is about —2,3°, 
for instance). In fact if e is to be made purely imaginary we must, as Fig. 4 shows, add to e, a component e¢ 
equal to the projection of e, on the vertical axis but with the sign reversed. The zero shift at any given v is 
greater when gq = 45°, i.e., when ry + rg = Xq + Xz Fig. 4). 


Figure 3 also enables one to determine the amplitudes and phases of the selsyn outputs at different angular 
errors and rotational speeds, Only Em and gq need be known in order to carry out calculations with Fig. 3. Em 
is measured directly and is known for normal types of selsyn, while yg can be determined in the usual way by 
current and power measurements made when two phases of the three-phase winding are fed from a known alter- 
nating voltage with both magnetic axes at 90° to the excitation axis (i.e., in the arrangement which gives the 
maximum current), Ep and gq can be determined once for each type of selsyn; the values found are suitable 
for all calculations, The resistances of the wires connecting the three-phase windings are included ry + fp. 
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THE THEORY OF DERIVATIVE CONTROL IN THIRD-ORDER 
f LINEAR SYSTEMS 


—_« 


G. A. Bendrikov and K.F. Teodorchik 


(Moscow) 


Control employing derivatives of a function of the error sometimes results in an increase in reserve stability 
and an improvement in servo properties. The mechanisms of these effects can be explained by tracing out the 
movements of the roots of the characteristic equation for the closed-loop system in the complex plane (of p) as 
the coefficient to the first power of p changes continuously. This is carried out fora linear third-order equation 
below. 





The characteristic equation for a linear third-order servo system is conveniently studied by reducing it 
to the ‘normal’ form [1, 2): 


P+ p?+op+oa,—0. (1) 


This equation relates to a stable system if 


o—a,>0 (2) 


(condition of oscillatory stability) and 
,>0 (3) 
(condition of aperiodic stability). 


When derivative control is used oy may be constant while o varies continuously, The system remains 
stable while o falls within the limits. 


3% =]6 KO. {4) 


(2) shows that the beginning of this range corresponds to a pair of purely imaginary roots leaving the 
right semiplane of p for the imaginary axis, The roots of (1) with o =o, will be 





Pp =—i1 and p= +iVo. 








Let us now determine what occurs at the ends of the range in (4). When a —® o (1) may be written as 


(r+ 3) (1-2) oe 20-2) (Bh (-4)-9 ° 


This shows that as o increases without limit the real root of (1) approaches zero ast . The other two 
roots are obtained from the quadratic derived from the expression in braces in (6). 


So when o > op theroots of (1), no matter what the value of o, tend to 


1 : 
A= 0, Po,s = — zr + 100. (7) 


Hence the upper bound to the o permitted by (4) corresponds to the system tending asymptotically to the 
boundary of aperiodic stability. 


This shows that each value of o, and o- defined by the stability boundaries of (4) corresponds to a group 
of root trajectories in the p-plane, the system passing from the boundary of oscillatory stability to that of 
aperiodic stability. 


To elucidate the possible trajectory types let us consider the case oy = : » when (1) becomes 


27 


P+p? + opt = =0 (8) 
27 
and within the stability limits o can vary over the range 


1 
7 ST<™. (9) 


When o = 7 (8) has three roots: pj 2 y2= =. Bearing in mind also the roots of (8) at the stability 


boundaries of (9) we get the foilowing table 
1 


0) = -75- 


27 
1 x 3 ST 
aia mn=-—f, n=+iV x, ee 27 


woe, mem & ——. * 
ae A= 3) R=-— 3° Pa= 3 
| ; 1 ' 
s=c0, =), P= — 7 +100, pa —-5-— ion. 


This table defines the way the roots vary in this case. 


As o increases within the limits set by (9) the reral root moves to the right of the point—1. The comples 
conjugate root pair moves away from the imaginary axis to the left, approaching the real axis, All three coalesce 
into a triple root at the point -Y,. Subsequently one root continues to move to the right towards the origin, the 
others going over to a complex conjugate pair and approaching the values P23 = — 4 4% ico asymptotically. The 
full lines in the Figure show the root trajectories for this case, It is readily seen that the trajectories of the 
complex roots of a third-order equation can only intersect with trajectories falling on the real axis. Bearing 
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this in mind we see that the trajectories for o, = ty divide the whole stable-state band [the (~1,0) band] into 


two parts. Region I (see Figure) corresponds to 0< 0, < yy, thisbeing filled with type one trajectories, As 

o increases in this region, within the limits set by (4), the complex root pair moves to the left and these two 
roots coalesce into a real double root (between 0 and— 44) on the real axis. Hence one real root moves to the 
origin while the other moves to the left, approaching the third real root which is moving to the right. These 
two roots meet at some point in the section —'s 5 —'p), coalescing into a double root and then passing outwards 


as a complex conjugate pair along trajectories which approach the line 6 = — ' asymptotically (dashed tra- 
jectories in Figure). 


Region II is filled by type two trajectories corres- 
ponding to o4 < 1/57. In this region the complex con- 
jugate roots move to the left and approach the line 

Gut 5 = —/, asymptotically without passing through the 
real axis. The real root moves continuously to the 
\ right from —1 to the origin (see Figure, dot and dash 











' 
\ + O- 0005 trai P 
i ‘ jectories), 
1} a he) 
s picture of the root motions clearly shows 
: \ Jas This pi f th ti learly sh 
tiki \ that the stabilizing action exerted by the derivatives 
Hiy\ \. in the contro] law in third-order systems exists when 
riWWy ON pe 
: \\ i. the complex-conjugate root-pair is closest to the 
ri \v \ | real axis, The reserve in S is greatest when the 
1 \ \__ a complex-conjugate root-pair coalesces into a double 
: ny sab ei oo yr root. In region I this reserve stability S < ‘4, at all 
1 = Goa times and is lower the lower o,. Inregion II the maxi- 
i T 1 /6-00Ks mum reserve, S = \, , can always be attained. 
' i / 
Baile Also the stability region is left asymptoticall 
Flat 0 y reg ymp y 





when o — o if derivative control is used. 


Comparison of our laws of root motion on o 
—iyvh varying with those derived earlier [2, 3] for oy 

. variable shows that the directions of motion of all 
roots obtained with derivative control are always 
contrary to that with error control, and that control 
via error plus derivative enables one always to ensur 
any preset root arrangement for a closed third-order 
system, 
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ON OPTIMUM TRANSIENT RESPONSE IN POWER-SATURATING SYSTEMS®* 


E. A, Rozenman 


(Moscow) 


The paper solves the problem of determining the nature 
of the shortest transient response in power-saturating (heat satu- 
rating) systems, It is demonstrated that the optimum law for 
the variation of the actuating-motor current is almost linear 
for large heating time constants, A family of isochrone regions 
is plotted, and a comparison is made between the optimum 
transient respcnse fcr power saturation and the optimum transient 
response fcr current saturation, It is demonstrated that in the 
case where the derived optimum law is utilized the transient 
response time can be substantially diminished for the same 
rated power, 


Power saturation of elements in automatic control systems is one of the basic factors (along with other 
limitations, such as limitations with respect to the coordinates of a system with respect to their derivatives and 
with respect to their linear combinations) which determine the limiting speed of response of the system, Power 
saturation should be understood first of all as the bounding of the rated power which is determined by the amount 
of energy which can be dissipated in one or another element, In an actua! automatic control system power satu- 
ration is germane to all elements of the system. However, in properly designed control systems the control ele- 
ments must not limit the degree to which the rated power of the power element in the system can be utilized, 
Therefore it is of interest to examine systems in which power saturation is primarily germane to one element 
of the system — the power element, In order to be specific we shall assume that this element is an electric 
motor, In such a case power saturation means the bounding of the nominal rated power which is determined 
by the maximum allowable temperature to which the windings of the motor can be heated, 


In this paper we shall examine the first part of the extensive problem of designing optimum (in the sense 
of their speed of response) automatic control systems with power saturation, namely: determining the shape of 
the shortest transient response, This problem is especially important with regard to systems which use drive 
machines to ahigh degree. Such systems include, for example, the main drive and auxiliary mechanisms in 
rolling mills, mine hoists, firing control systems, etc. 


The methods for determining the nature of the optimum transient response for systems which are governed 
by specified conditions and are bounded with respect to their coordinates (in particular, with respect to the 
torque and speed-of the actuating motor) were examined in a number of other papers [1-5), Taking the heating 
limitations into account requires the use of other methods for the reasons indicated below, 


The problem of determining the shape of the shortest transient response for a power saturating system 
consists of the following: for a given production operation (for example, for a given input-variation law) it 
is necessary to find a law for the time variation of the controlling quantity (for example, the current of a drive 


* Read at the All-Moscow Seminar on the Theory of Automatic Control in the Institute of Automation and Re- 
mote Contro} of the Acad, Sci, USSR on April 6, 1955, 








rotor) which is such that it matches the power saturation requirement and at the same time guarantees that 
the operation wili be completed in the mini:inum amount of time, 


If we find that the allowaiile values of the system coordinates are exceeded for an optimum response 
which is determined in the above manner (for example, the values of the maximum tcrque or maximum speed 
of the motor), then still another probiem arises in addition to the one indicated above — the problem of de- 
termining the optimum law for the variation of the controlling quantity while taking the indicated limitations 
into account. 


1, Posing and Bounding the Problem 





Let the power-saturating element be an electiic motor whose torque is proportional to the current (for 
example, a dc motor with separate excitation), When the armature circuit inductance is neglected the motion 
of the motor can be described by the system of equations: 


dw , ‘ a@ 
at = 43 (i — toad) = (1) 


where { is the armature current, lioag is the load current, w is the angular velocity, is the angular displacement, 
We should add the heating equation to System (1), this equation is of the following form if we assume that the 
motor is a homogeneous body: 


d , 
7 = a,i? — agt, (2) 


where 1/a,) = Ty is the heating time constant, and rf is the 
“4 oad overheating (the motor temperature referred to the am- 
| bient temperature), These equations describe the motion 
; @ 1 {2 p of the power saturating section of the system without con- 
sidering the inertia of the elements which belong to the 
! control system and the supply sources of the moto. Fig- 

ure 1 shows the block diagram of the indicated section of 

the system. The input coordinate is the armature current 
NC = Tye a of the motor i, and the output coordinates are the angular 
. velocity w, the angular displacement ¢ and the overheat- 
ing of the winding r. The peculiar feature of the system 
being analyzed is that the relationship between the cur- 
Fig. 1, Block diagram of the power section rent and the overheating is quadratic; this fact substantial - 
of the system: ko = ay/ a, Tp = 1/ 29; NC is ly differentiates this problem from the problems examined 
a quadrature converter, in (1-5). 
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In a control system all coordinates are bounded, In this paper we shal) examine the case where only one 
limitation is essential; r =< T,). 


The formulation of the problem being examined depends substantially upon the nature of the controller 
input variation, If the input varies cyclically, then the conditions for which the shape of the optimum transient 
response is determined are limited to the confines of one cycle. When the input varies in a random non-cyclic 
manner a probability approach to the problem is necessary in order to establish the nature of the optimum tran- 
sient response; this is true because the conditions which are used as a basis for determining the optimum res- 
ponse must include a prognosis of the possible nature of the input variation, In this paper we examine systems 
with a cyclic input-vasiation law which is characteristic for many units (mine hoists, the mechanisms used in 
rolling mills, etc.), For the indicated limitations the problem can be. mathematically formulated in the fol- 
lowing manner; It is required to find a time variation law i(t) which is such that the time t,, for the system 
to shift from its initial state y(0) = go, w(0) = wo to the specified state y(t.) = Yf, W(t, ) = We is minimum. 
Under these conditions r(0) = ro, and during the period t,, the overheating r must not exceed the quantity r_, 
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(i.e., TS Typ, for O< t< t,). It can be easily be shown that it is practical to choose rT (ty ) = Coal” but this 
does not eliminate the possibility of r = 1, fort< t,. 


Posing the problem in such a manner is tantamount to postulating a repetitive brief mode of operation 
during which the overheating that takes place during the motion of the system does not exceed the steady-state 
value (which is greater than 1, ); during the pause the overheating cannot diminish to zero but attains the value 
To. Without diminishing the generality of the results, it is possible to assume that gg = 0, W) = 0 and Tr, = 0; 
this corresponds to a parallel shift of the coordinate axes in the phase space (¢, w, rT). Initially let us assume 
that the duration of the working cycle is so small in comparison to the heating time constant that the heat 
transferred from the motor to the ambient medium can be neglected. Under these conditions aj = 0, and the 
motion of the system must be accompanied by a continuous increase in the overheating. If for t= |, we assume 
that t = T,,, then fort < t. it must be true that r< T° Thus, when the indicated assumptions are made the 
problem can be mathematically formulated as follows: It is necessary to find a function i(t) which is such that 
t,, will be a minimum under the following conditions: 


9(0)=0, w(0)=0, +(0)=0, 
? (4,) aah, o (t,) = Wf, t (t,) = Tm: (3) 


Here we should assume that ay = 0 in Equation (2), 


In [1-5] methods are given for plotting optimum transient responses for systems which can be described 
by equations of the type 


dx; 





= fj (xy, xy .. 
dt — oe 


where x; , 4 is the input coordinate of the i-th element and x; is its output coordinate, 


The functions f; must satisfy the condition which requires that the derivative 0 f; / Oxi. 4 maintain the 
same sign for any of the allowable values of the coordinates x; and x; , ,;. The optimum response in systems 
of this type consists of a definite number of intervals during which one of the bounded coordinates is main- 
tained at the limiting level. This is due to the fact that when the condition requiring that the derivative 
df; / Ox; , , maintain the same sign is fulfilled, the monotonic increase of dx; /dt is guaranteed when the 


input coordinate increases monotonically. 


In the problem under discussion this condition is not fulfilled for one member. In fact, for the heating 
equation we have 


f(i, r)= ag? —apr; xf, y= 1. 
The derivative df / Ox; , 4 = 2a,i changes sign when the coordinate i varies, 


2. The Optimum Transient Response 





For the purposes of further investigation it is more practical to convert the equations to relative coordi - 
nates, Let us select the following quantities as base quantities; 4, is the angular velocity under ideal no-load 
conditions for the nominal applied voltage, 9 = Iw, /Mg ¢, is the electromechanical time constant, Pp = Wye 
is the path which is traversed at the angular velocity w, during a time 9, i, is the short-circuit current, T,, 





* In fact, ; 
t=T%+ aye" \ i2 (t) ede 
0 


is the integral function of the current i(t), It is evident that for rt = 1, it is possible to select greater values 
of the current i(t) than for r< ws and therefore it is possible to reduce the transient response time. 
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is the limiting value of the overheating; the following definitions are used: t/ 9 = B is the relative time, 
i/ lec. = z is the relative current, load /iy cg. * Beans is the relative toad current, w/ W, = y is the relative 
angular velocity, g/ y= x is the relative displacement, r/ r,, = 9 is the relative overheating. 


Let us introduce the following additional relative parameters: y = T)/@ is the relative heating time 
constant, By, = t /o@ is a relative parameter which characterizes the specific heat of the motor (here t= 
= T/ alc. is the time required for the short-circuit currert to heat the motor up to an overheating value 
of r,,, when there is no heat exchange), 


Then the original system of equations will be written in the form 


dy dz dd i. 1 
ao aa Oe egy (4). 
where 9 =< 1, 


Let us first examine the case where Zioad = 9 The problem formulated above is an Euler variational 
problem with a conditional extremum. In order to solve this problem the Systeim (4) can be written more con- 
veniently in integral form, For the case a) = 0 (y = op) we have 


% 
y@=\20%,  2@)=(0-920K, 


8 
9 (8) = 5\2 (C) do. (5) 


Correspondingly, the bounding equations will be 


Br Ber 
(2@h=y%, \G—H2Od =a, 
: Ber ; 


The unknown function z(8 ) is found from the condition requiring that the functional 


tr 


8 
v= Bt \ Ar (B— 5) 2 (0) + raz? (C) -+ gz (6)) de, 


(6) 
0 
must be a minimum (here ); are Lagrange multipliers), 
The first variation of v is equal to 
bv = bv (A,,) + 8 (2). (7) 
The extremal is found from the condition 
dv = 0, (8) 
which subdivides into two: 
Sv (2) = Oandév (8,,) = 9. (9) 
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The first of these equations determines the equation of the extremal (i.e., it determines the unknown 
law for the current variation), The second equation yields an auxiliary condition for determining the multi- 
pliers X;. From Equation (9) we, find that 


hy (B —S) + 22.2 + hg = 0. 


Replacing the variable of integration ¢ by the variable 8, and assuming that z = zy for B = 0, we find 
2 (8) = %9(1— 4 -) 
— Bal’ (10) 


where Zp and 6, are parameters of the response and are functionally associated with the Lagrange multipliers. 
It can easily be shown that the law z(8) which we have found for the current variation corresponds precisely 

to the minimum time 6,,. By integrating Equation (10) it is easy to find the laws governing the velocity varia- 
tion, the path variation and the time variation of the overheating when the transient response is optimum: 


y=28(1—3-), z= 4-28 (1— 3), 





(11) 


A characteristic feature of the optimum response which we have determined is the fact that it is de- 


picted by smooth curves (with no angular vertices); this is in contrast to the optimum responses examined in 
{1-5}. 


The constants Z) and 6, (as well as the transient res- 








Wh ponse time 6,,) are determined from the boundary con- 
win £ ' ditions and are found by substituting 6 = B,, into the Sys- 
*f 4 tem (11): 

06+ : 

ay }- Py 5 

aa|- fi . ( — gt) = A 2 ( air) 

ead no wP\t — a5) = te me BPG! — ape) =m, 

" Gt Q2 03 OW ON Q6 07 8 29d 5 . » 2 3 
4 tr 3 20 (P..— 3. + =) = 1. (12) 
-Q4 = h a 333 
“06 For the particular case of Yy¢= 0, we find 
08 s 
-10 L 3 








3 
oak ae x 9 f2 
Ba — > By» = V2 3, ’ Zo = / > bh m (13) 
f 
Fig. 2. The optimum transient response. 
In this case the transient response is symmetrical 
with respect to the instant 6. /2 (incidentally, this is evident from the physical concepts involved; Figure 


2).* 


It is of interest to formulate and solve this problem in the phase space, Let us examine the system 


dx — dy _ dd : e 2 (14) 
Y toe te ene i. 


Let the phase trajectory of a symmetrical (for the sake of simplicity) optimum response be depicted upon 





* In issue No. 6, 1956, of the journal “Electricity” a paper by K. I. Kozhevnikov was published in which this 
particular problem was evidently solved independently of the author, 


543 











the phase plane (y, z) (Fig. 3). It is easy to show that the area Sy,z, which is bounded by this phase trajectory 
is proportional to the bounded value of the overheating, 


In fact, 


Y’max 


1 
3 2 
— \ ody = 2 elles Poh (15) 


mak om” 
10 — 


a4 


Qs 
42 











EES = ao Ve | 
Yea as wae as wk 


Fig. 4. Phase trajectories of the cptimum 
responses, 


The area S “yA which is bounded by the 
inverse curve and. the straight lines y = 0 and 
Y = Ymax #8 proportional to the transient res- 
ponse time: 





Br 
‘MAX 2 

Syiz= 2 => =e \ a =P (16) 
0 


°o 


In addition, 


Ynax 


dy = 
2 ~ dy = ay. (17) 


Now the problem of determining the optimum response can be formulated thus; it is required to find a 
function z (y) which is such that the area Syiz, is minimal under the following conditions: 


“max 
Sy, 2 =B,, 2 \ -Y. dy = x,. 
0 


The solution of this variational problem leads to the equation for the phase trajectory of the optimum 


process in the coordinates (y,z): 


4 
Ymax 





(18) 


Here Zo and yy, are functions of 6} and x¢ and are determined from the bounding equation: 


/ 3 BF . c 19) 
—— 2m Ymax ~ Vx Bm 


















On the basis of Equations (18) it is possible to find the phase trajectory in the coordinates (x,y): 


; (20) 


It is depicted by a third-order curve (Fig. 4). Actually the curve does not intersect itself at the point 








r ‘ y y 
. 4 | + Ymax Ymax 


1 
(2 Ak i, ee z=-% . This becomes evident if we ade a third coordinate $ to the examined phase plane, 
f max 


3. The Family of Isochrone Regions and its Structure 





If we eliminate z) and 6, from the System (12) and specify the values of 6), and B;,, then we obtain one 
equation which provides the relationship between the coordinates x¢ and y¢ which represents the final state of 
the system; this equation is written in canonical form: 


12x” — 128 xy + 4B’y? — B,B* = 0 (21) 


(the subscripts for xs, y- and B,, are omitted in order to simplify the notation), 
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Fig. 5, a) Family of isochrone regions for the case ap = 0, 29,4 = 9 
By, = 5; b) family of isochrone regions in the coordinates (x,y, 8). 


This equation describes a single-parameter (with respect to the parameter 8) family of boundaries for 
the isochrone regions (2, 6] with a pole at the point (x = 0, y = 0), For each value of the parameter 6 this 
equation determines the geometric locus of the points in the phase plane which are furthest from the initial 
state (pole); it takes a time equal to B for the system to arrive at these points for an optimum transient res- 
ponse which matches the limitations. A state which is described by a point which lies outside of the specified 
isochrone can be attained only during a time which is greater than the isochrone time. It can easily be seen 
that the curve defined by Equation (21) is an ellipse for a specified value of 6; the center of this ellipse is 
located at the origin, and the main axes are rotated through a certain angle with respect to the coordinate 
axes (Fig. 5, a). The sectors which are intercepted by the isochrone boundary on the coordinate axes are 
equal to 





mat 48,8" vot V 88 (22) 














When B > op, x® and y° increase monotonically. 


In order to obtain a fuller characteristic of the structure of the isochrone family let us examine this 
family at certain points, We are interested first of all in points which are furthest from the coordinate axes, 
since they characterize the dimensions of the isochrone region, At points which are furthest from the y axis 
we have 


co - mM, 


These points are disposed on the curve 


3 


9 
oo V 2B, (23) 


which is the isocline of the family for dy / 4x = a (Curve 1, Figure 5,a), The coordinates of these points are 
equal to 








-—e 5 
av) = ao +- BB? = 22°, yO = + yf = BP (24) 


Correspondingly, points which are furthest from the x axis 
are disposed on the curve 


3 


which is the isocline of the family for dy /4x = 0 (Curve 2, Fig- 
ure 5a). The coordinates of these points are equal to 


a= + VBP, yYOmtVER- OH 


It is of interest to investigate the families of boundary curves 
for isochrones with respect to the parameter 8, At points where 
dy / 368 = 0, an infinitely small time increment does not lead to an 
expansion of the isochrone region, It can easily be shown that at 
these points it is also true that x/ 08 = 0, 0’y /d8"= 0, and that 
Fig. 5 b. d°y/0B*> Ofor any value of 8. This means that any isochrones 
which are infinitely close together are tangent at these points, 


On the phase plane (x,y) the above-mentioned points are disposed on Curve 3 (Fig. 5a) which is described by 
the equation 








3 
4 (27) 
y= 9 Pie: 


The family of boundary curves shown in Fig. 5a for the Isochrone Regions (21) consists of a series of 
ellipses which fit one inside the other; each of these ellipses is turned through a certain angle with respect to 
the neighboring one, Ellipses which are infinitely close have tangent points which are located on the curve 
mentioned above, These ellipses fill the entire phase plane (x,y). 


For convenience we shall add a third coordinate B,, to the phase plane (x,y). Then the family of iso- 
chrone regions will be depicted in the form of a twisted elliptical cone (Fig. 5, b) with its vertex at the origin. 
The region which corresponds to the specified values of B,, is the cross-section of the cone which is produced 
by a plane that is a distance 6,, away from the plane (x,y). 
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4, Comparison with the Response Which Obtained for Constant Current 





In order to perform a quantitative evaluation of the increase in the speed of response when the transient 
response is optimum, it is convenient to compare the response with the response which obtains for the case of 
constant current, We shall perform the comparison by comparing the boundaries of the isochrone regions while 
assuming that in both cases the bounded value of the overheating tr, is attained at the end of the transient res- 
ponse. Let us find the isochrone equation for the constant-current case, Let us assume that the system has 
passed from the state (x = 0, y = 0) to the state (x = x¢, y = yp). In the general case such a transition can occur 
over two intervals, where z = + Z,,, = const over one interval and z = —z,,, = const over the other interval. We 


m 
shall examine the duration of the first interval as an independent variable which varies within the limits of 


from 0 to BL Then 


1 B 28 
Ye = nb, (2 + _ 1) 9 i= > mB, (4 igs Lo Sn ) , (28) 


tr 
where 0 = 8; /B,, =1. 


Expression (28) determines the equation for the boundary of the isochrone region in parametric form, 
After B;/6,, has been eliminated, we find 


vy, =inb, [1+ )/ 2 (1-7 
~~ a lmB2, , (29) 


Equation (29) describes two intersecting parabolic segments on the phase plane; these parabolas bound 
the closed space represented by the isochrone region, 








Let z,,, be selected in such a way that at the end of the transient response (when 6 = 6;,) an overheating 
which is equal to r = Ta is attained. Then 


1 
By ZB, = 1, (30) 


VER V2 ('— Tra) an 


h tr 








It is not difficult to see that the Isochrones (21) and (31) have solitary common points with the coordi- 


nates; X= | 68°. y= j | 8,8 and x = -5 | B,B*, y=- \ 6,8. 





These points correspond to the case where the transient response consists of only one interval. By substi- 
tuting the values of the coordinates for the points where Isochrones (21) and (31) meet into System (12), and by 
taking Equation (30) into account, we find the values for the parameters 6, and Zo of the transient response at 
these points: B, = 0, Z=Z_. 

This means that the straight line which determines the current-variation law at these points is parallel 
to the axis of abscissas, and thus the optimum transient response which is determined on the basis of the heating 


limitation coincides with the optimum transient response which obtains for constant current: | Zz | =Zn° 


In Fig. 5, a the isochrone for B = 5 is given for the purposes of illustration; it has been plotted on the 


basis of Equation (31), The figure shows that it meets the corresponding Isochrone (21) at the two points men- 
tioned above. 


From Figure 5,a it follows, for example, that a linear law of current variation for the case ys = 0 yields 
up to a 15% advantage in path, as compared to the transient response which obtains for | z | = const; when the 
values of the specified paths are identical, such a law makes it possible correspondingly to lower the power 
rating of the installation, Let us find the relationship between the initial value z, for an optimum transient 
response and the current z,. It is evident that when .. is identical for both cases it is always true that 
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Zo =Ze On the basis of Equations (13) and (30) we find that z» = 3Zm for the case where y = 0 at the end 
of the response, 


Thus, for an optimum transient response where yr = 0, the starting current which is required is approxi- 
mately 70% greater; however, this current decreases rapidly, The increased starting current occurs only when 
the speed of the motor is small. For a dc motor this is essential, since at small speeds the commutation con- 
ditions, as we know, are more favorable. 


5. Structure of the Family of Isochrone Regions when a Load is Present 





Let us examine the problem of the optimum transient response when the motor is loaded; we shall as- 
sume that Z) 544 = Zoaq(8) in Equation (4), Over the sector 1-2 (Fig. 1) the examined system is linear, Ap- 


plying the principle of superposition, it is possible to represent the coordinates x and y in the form of two 
components; 


X= %2* Xzioad’ Y ~ Y2z* Yajoaa’ = 


Here x, and y, are components which depend upon the optimum motor-current variation law z(B); 
*z10ad and Yz10ad are components which depend upon the law governing the load variation Zi oad (8)- Let us 


compute each of the components independently. 


It is evident that there is a relationship between the components x, and yz which is determined by Equa - 
tion (21) for the isochrone boundary in the case Z)o,q = 0. In fact, the nature of the optimum law of variation 
z(B) cannot depend upon the load because of the linearity of the sector 1-2 of the system. This can easily 
be proven by repeating the derivations of Section 2 in the case being examined here, For the assumptions whicl: 
we have made (a, = 9) the optimum current-variation law is still linear when a load is present. 


The components Xz10ad and Yz1oadq 4 be computed by integrating the System (4) independently of z 
(i.e., for z = 0): 


B 


B 
YZload j Z1oad(8) 4B. xz, 034 = f YZ1oaq 98: (33) 
‘ 0 


For the particular case Z)4,4 = const, we have 


1 2 
=— =—= 4 
Ytoad ~~ “load ®+ zy aq 2 “load? - ii 


Let us find the equation for the boundary of the isochrone region in the case Zj9,q = const, For this 
purpose we shall substitute the following quantities for the variables x and y in Equation (21): 


Rg = X— ggg O00 Yz= ¥~ Yioad* (39) 
Then the isochrone equation in canonical form is written as 
12x’ — 12Bxy + 4B*y’+ 28° zoaqy + B°(Bz) . By) = 0. (36) 
When Zioad = 9 it reduces to (21). 


For a fixed value (Z}54q = Const) Equation (26) describes a single-parameter family of ellipses just as in 
the case of Equation (21), However, in conirast to (21), the centers of the ellipses are not concentrated at the 
origin but are disposed along the curve; 


ya V 22, adic (37) 


(the " —" sign corresponds to the case z),,q > 0, and the "+ " sign corresponds to the case Zioad < %-) 
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For a specified value of B the coordinates of the center are respectively equal to 


x = 


c *Z1oad’ Yo * Yzjoad" (38) 





WitUu ws d. 





Fig. 6. 


The coordinates of the center therefore determine the point on the phase plane at which the system ar- 
rives after a time 8 due to the effect of the load alone when the rotor current is equal to zero (the load is 
assumed to be resistive). It is also evident that if the origin is placed at the center of the Ellipse (36) by a 
parallel shift of the axes, the equation for this ellipse will be identical to Equation (21). This means that for 
each value of 8 and Z)o,q = 0 the isochrone regions are constant in shape and are oriented in the same man- 
ner as the isochrone regions which obtain for zjgaq = 9. The difference consists solely in the fact that the 
center of the isochrones which obtain for Z),.4 + 0 is located at the point (x = Xz1oad’ Y = Yzload)- Figure 6 
shows the family of isochrone regions when the following parameters obtain: a = 0; Zjoaq = 9.4; By, = 5.0. 
Curve 1 is the geometric locus of their centers, 


6. The Region of Attainable States 





As we have indicated, when Z),,q = 0 the isochrones fill the entire phase plane densely, Therefore for 
a sufficiently large 8 any state can be attained by this system, When z) 4 0, the "growth" of the isochrone 
regions with an increase of 6 is accompanied by a simultaneous displacement of their centers in a corresponding 
direction; when Z)5,q > 0, the displacement is into the III quadrant of the plane (x,y), and when Zjo4 < 0, 
the displacement is into the I quandrant, 


Let us draw a beam of vectors in various directions from the origin (the initial state of the system, or the 
pole of the isochrone), When the isochrone time B increases, the moduli of the vectors which are pointed in 
the direction of the displacement ef the isochrone centers will also increase, The moduli of the vectors which 
are pointed in other directions will at first increase when B increases (due to the "growth" of the isochrone 
regions) and will then decrease (due to the displacement of the centers), For specified values of 8 the moduli 
of the corresponding vectors attain a maximum. The geometric locus of the ends of vectors with maximum 
moduli limits the region (on the phase plane) of states which are in general attainable for the system when the 
value of the load is specified and there is no heat exchange. This region is evidently open-ended, and this can 
easily be clarified by means of Fig. 6. 


On the plane (x,y) the curve which bounds the region of attainable states is the envelope of a family of 
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isochrones which can be found by eliminating the parameter B from the system 


»(z, y, B) = 0, se = 0, (39) 


where y (x, y, &) = 0 is the equation for the isochrone boundary, 


The computation of the curve is substantially simplified when the substitution x = cBy is made. Figure 
7 shows the region of attainable states for B), = 5 and Zj9,q = 9.2. The corresponding values of B are noted 
on the curve, 


7. The Method for Determining the Optimum 





Transient Response when Heat Exchange is 





Taken into Account 





When heat exchange is present we may have prolonged 
operation without the accumulation of overheating (i.e., 
with rt = Sa * const). For this to be true the current must 
not exceed the value 


ae E: (40) 


this can easily be seen from the third equation of the Sys- 
tein (4). From this it follows that the optimum transient 
response for a) # 0 may consist of two sectors; 1) the 
sector over which z = z(8) and during which the overheating 
monotonically attains the limiting value (9 = 1), and 2) a 
sector over which | z | = Z,= const, and during which the overheating no longer varies (i.e., 9 = 1= const) 
The conditions under which such a response can occur are found by means of the family of isochrone region 
boundaries, 





Fig. 7. 


Let the system be required to pass from its initial state (Xo, yo) to the specified state (x, ys) in the shortest 
time, The optimum transient response will be fully determined if we find the coordinates (X54 Ye) of the 
bounding state of the system, which separates these sectors. For this purpose the following is necessary. 


a) We must determine the shape of the optimum transient response for the first sector when ay = 0 by 
assuming that the bounded vaiue of the overheating 9 = 1 is attained at the end of this sector, The problem 
of finding the shape of the optimum transient response for this case is solved in a manner analogous to the case 
where a) = 0 (Appendix I), The optimum current variation law is described by the equation 


3 i. 
z=a(i—gre * a 
a 


and its deviation from the Rectilinear Law (10) is the greater, the smaller the heating time constant. 


b) We must determine the shape of the optimum transient response for the second sector by assuming 
that the bounded value of current is constant in absolute magnitude and equal to | z| = z.- 


c) We must plot two families of isochrone region boundaries that correspond to the two current-variation 
laws z(B) over the first and second sectors, The structure of the family of isochrone regions for the first sector 
is analogous to the families shown above (Fig. 5,a) (see Appendix I), Figure 8 shows the family of isochrone 
regions for the first sector where B. =1,y =5, a 0. 


The family of isochrone regions for the second sector is analogously described in [2] (see Appendix II). 


Let us place the pole of the isochrone family of the first sector at the point representing the initial state 
of the system; we place the pole of the isochrone family of the second sector at the point representing the final 
state, 
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Of all the possible combinations between isochrones of the first and second families, only such pairs of 
isochrones as have oie common point (sce Appendix III) can correspond to the optimum transient response, 


Practica!ly, the problem of finding the pair of tangent isochrone region boundaries with the minimum 
(or close to minimum) transient response time By,= By+ B, can be solved in the following manner, The family 
of isochrones for the second sector (for $ = 1) is copied on tracing paper. The pole of this family is superim- 
posed upon the point which depicts the specified final state of the system on the graph which depicts the family 
of isochrone regions of the first sector, When the network of isochrone regions is sufficiently dense it is no 
problem to select that pair of tangent isochrones for which the time 6. 6, + 6, is minimum, The conditions 
for the existence of an optimum transient response that consists of two sectors are given in Appendix IV in 
analytical form, By means of the method described here the author solved a large number of problems involv - 
ing the determination of the optimum transient response in the presence of heat exchange within the frame- 
work of the assumptions which have been made (when only heating saturation is taken into account), Systems 
were exainined that had various parameters which were of practical interest; the systems were subjected to 
various loads, 











Fig. 8. 


In all cases the optimum response proved to consist only of the first sector defined by Equation (41), 
The author expresses his appreciation to A. Ia, Lerner for the valuable advice which he accorded during 
the preparation of this paper. 
APPENDIX I 


Shape of the Optimum Response for the First Sector 





The problem of finding the optimum response for the first sector is analogous to the problem examined 
earlier as far as its mathematical formulation is concerned, It is necessary to find the law z(6) which guaran- 
tees a minimum time B, for the transition of a system whose motion is described by the system of Equations 
(4) from its initial state x(0) = 0, y(0) = 0, 3(0) = 0 toa specified state x(B4) = Xm, (By) = Yn» 9(B,)= 1 
when the following conditions obtain: 





8B, Bi 4 _ Br Bs & 
J (0) dO = Ym, J (Bi1—%)2(0)dt=a2,, -g-e “J 2*(ye% dt—1. (1.1) 
4 3 B. 0 


The optimum current-variation law z(B6) is found from the condition governing the minimum of a func- 
tional which is composed in a manner analogous to Equation (6): 


Bs Br as Bs B, E4 
v= Bit) (B1 — C)i Gao +d J i(C)d&4-Ase 7 J i3(C)e ¥ dt. (1.2) 


When z(0) = Zp, the optimum current-variation law is written in the form 
me 
z= 29\|1 e . 
0 ( 8. Y (1.3) 


The values of Z, 8, and the response time 6, are found from the bounding conditions (1.1). Then by 
eliminating Z) and 6, from the system of algebraic equations which is obtained as a result of integration, we 
find the equation for the family of isochrone boundaries which can be written in the form 











x? — Axy + By” “Ca @, (1.4) 
where 
32 
1—q—~t 1—g— 4 
= = 2+2 Y 
2 
(1—4)*— - q _ Bi 
C= a3 = Y). 


Structurally this equation does not differ from (21), For each value of y it describes a family of ellipses 
which fit one inside the other and whose axes are mutually rotated with respect to one another; these ellipses 
fill the entire phase plane (x, y). 


When y —* (a) — 0),Equation (1.4) reduces to (21), and the optimum current-variation law z(B) 
becomes linear, 


When a load is present (Z) aq =~ 0) the nature of the transient response does not change (this is the same 
as before), Only the parameters z, and 6, have other values, The center of the isochrone region (just as in 
the case of aq = 0) is shifted to the point (xz). 4» Yzjoaq)- 


When Zjoad = Const, the equation for the isochrone region is of the form: 


x? — Axy + By? -C+ ax+ by+ d= 0, (1.5) 
where 
1+9\ 
é= 2 oad?! (2r— ays) 


Br 
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APPENDIX II 


The Shape of the Optimum Transient Response for the Second Sector 





Over the second sector the transient response occurs for a constant current, The equation of the family 
of isochrone regions for this sector is analogous to (29), but the quantity z,,, should be replaced by z, = 
= \ B,/ , and the coordinate x should be replaced by xs ~ x. Then we obtain 


y* + 42, (=, — #)— 2s, Bay — 22 p2 = 0, (11.1) 


When a load is present the center of the region (just as in the cases examined above) is shifted to the 
point (Xz) aq» Yzload ), where for the case under investigation we have 


— A 7” 2 == § 
""oed 2 oad®®? Ys load load?* 

















z 
Fig. 9. Fig. 10. Intersection of the isochrone regions. 
When Zj oq = const, the equation for the family of isochrone regions is of the form: 
y*? + 42, (t- — z)— 22, Bey — 22 83 — 22) adhe + B§ Foad = 0. (11.2) 


The points of the Family (11.2) which are furthest from the straight line x = x¢ are disposed along the 
parobola 





y= LV 260+ 5.) % —*)> G-) 


where the "+" sign corresponds to Xx; — x > 0, and the "~" sign corresponds to x¢—x < 0, 
Figure 9 shows the family of isochrone regions for the second sector when the following parameters ob- 
tain: By = 1.0, y = 5, 2544 = 0. 
APPENDIX III 


In the general case two isochrones which belong to different families can intersect in the manner shown 
in Fig. 10, Let the process involved in the transition of the system from its initial state (0,0) to the specified 
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state (x5, y¢) consist of the above-mentioned two sectors. We shall prove the following postulates: if a pair 
of isochrone regions from Families I and Il having isochrone times of 8, and 6», respectively, have sections 
of area which belong to both isochrone regions, then the optimum transient response time is 8, .<B,+ B,. 


In fact, a transient response with the duration 6,,= 8;+ 6, can only occur in a case where the points 
A, B, C and D are chosen as boundary points (these points represent the boundary intersections of the isochrone 
regions). However, in such a case the transient response will not be optimum, since for any point which lies 
inside the region ABCD and has been chosen as a boundary point the time taken up by the first sector is By < By, 
and the time taken up by the second sector is 8}; <8,. This is true because for a specified transient response 
the time required for the system to make the transition from its initial state to the point which lies inside the 
region is always less than the time required for the system to shift to a point which lies on the boundary of the 
region, For the segments AB and DC we have: 6, = 8;, By <B,; for the sectors AD and BC we have By <By, - 
By = B>. 


Thus the postulate is proven, 


APPENDIX IV 


On the Conditions Required for the Existence of an Optimum Transient Response 





Which Consists of Two Sectors 





As we have indicated, only a pair of isochrones which have one common point can correspond to an op- 
timum transient response, 


Let us draw the tangent to the boundary of the region representing the first sector at the point M(x_,y_, 
where the isochrone regions touch (Fig. 11). Let us examine two cases of tangency between the two isochrone 
regions. 


) 























Fig. 11. 


1) If the angle a which is formed by this tangent line with the x axis is greater than 90°, then the isochrone 
of the first sector is tangent to the lower branch of the isochrone of the second sector (this is shown in Fig. 11, 
a). Here the tangent which is drawn to the point M will be simultaneously tangent to the isochrone of the 
second sector, Let ¥(x, y, By) = 0 and ¢(x, y, B,) = 0 be the equations for the boundaries of the isochrone 
regions of the first and second sectors respectively, Therefore at the point M with the coordinates (x_, y,,) 
we have 


§ (2m Ys B=, O(a nr Ba =O, (32 = (GENE <0. 


(IV.1) 
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If we do not impose any additional conditions, then the System (IV.1) determines the entire ensemble 
of points M (X,,,, Yp)) at which corresponding isochrones are tangent, From among all of these points it is 
necessary to select a point which is such that the response time B,,= By + B, is minimum. 


After we have eliminated x, and y,,, from the System (IV.1), let us assume that we obtain one equation 
which has been solved with respect to By: By= (B,). This equation can be rewritten in the form B,.= By + 
+ B,= B,+ £(B,). 


The condition for the minimum By will be 


Bre a or O1(Bs) _ _ 4, (IV.2) 
OBe OBs 


The resulting condition can be used together with (IV.1) to determine the coordinates of the point M 
and the values of B, and 6, for which B,, will be a minimum. 


2) If the angle a< 90°, then the isochrone of the II family can be tangent to the isochrone of the I family 
only at the vertices of family II; this is true since these points are furthest from the vertical straight line 
X = X- (Fig. 11,b). In that case all of the points M(x,,, ym) at which the isochrones are tangent are disposed 
on a second-order parabola U(Xx,,,, Ym) = 0, which is the geometric locus of the points which are furthest 
from the straight line x = x. The coordinates of the points of tangency for pairs of isochrones are determined 
by the system of equations 


y (Zin) Ym Bi) — 0, U (Zs Ym) _ 0. (IV.3) 


Augmenting (IV.3) by the equation for the isochrone of the second sector 9 (Xm, Y 
find 6, = f(68,) and then determine the condition for the minimum B,, (IV.2). 


- B,) = 0, we again 
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DETERMINING THE COEFFICIENTS OF TRANSFER FUNCTIONS FOR 
LINEARIZED AUTOMATIC CONTROL ELEMENTS AND SYSTEMS 


M. P. Simoiu 


(Moscow) 


A method is given for determining the coefficients 
of transfer functions from experimental curves which are 
plotted for the transient responses of linearized automat- 
ic control elements and systems. A method for applying 
this procedure to the problem of approximating of com- 
plex transfer functions by means of simpler ones is given, 
The theory is clarified by means of an example. 


In performing an analytical investigation of an automatic control system the derivation of the differen- 
tial equation for the controlled object is often associated with appreciable difficulties. In a number of cases 
the complexity of the resulting equations makes its practical utilization inconvenient. At the same time it 
is usually possible to make an experimental determination of the response of the system to a specified pertur- 
bation; thus we are confronted with the problem of determining the transfer function of the system according 
to these experimental curves. A number of papers [1-4] have been devoted to the methods of determining the 
coefficients of the differential equations and of the transfer functions from experimental dynamic character- 
istics, These methods either have a limited applicability or suffer from organic shortcomings. 


In this paper we develop a method for using the experimental curve of the transient response to deter- 
mine the coefficients of a transfer function which approximates the actual transfer function of the system to 
the desired degree of accuracy. In addition, we provide a method for utilizing this procedure in order to 
approximate complex transfer functions by means of simpler ones, 


1. Approximation of the Transient Function 





Let us prove that any transient function can be approximated to the desired degree of accuracy by the 
transient function of a system whose transfer function is fractionally rational (this is the same as solving a 
differential equation with constant coefficients), Let us assume that 


—. k 4 
®O= Woy Pp’ 





(1) 
@ 


where ¢ (t)= J g (t) e~ P¥ at is the Laplace transform of the transient function ¢ (t), k is the gain coefficient, 
and k/W(p) is the transfer function, 


In the case of a system with lumped constants* 


ny p® + an, PY +s +apt+i 


(2) 
b, pe? +6, , Pp” ++: +h pti 


W (p) = 








* Certain of tiie higher-order coefficients b -» b_ may be equal to zero, 


nme: 
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Without violating the generality of our analysis, we shall henceforth assume that W (p) has no singularities 
at the point p= 0®, Keeping this in mind, we expand W(p) into a power series with respect to p: 











oo 
W(p)=14+ Dap. " 
t=1 
Limiting ourselves to the first n terms in the Expansion (3), we obtain an approximating function g, for 
which 
- = k S 
on Wa) P’ (4) 
n 
where W., (p) = 1+ py a;p'. 
Subtracting (1) from (4), we obtain 
~ _ Wip)—W,lP) k _ R,(P) ik (5) 
PnP WP) pW PW) oP’ 


where R, (p) is the remainder term of the expansion of W(p). 


But R, (p)-—* 0 forn——> ©, and therefore y, —*> gy forn—~> om, 


Thus, the transient function g(t)can be approximated to a definite degree of accuracy by the function 
#,(t). The corresponding approximate transient function is of the form (4) under these conditions, 


When the original function ¢ (t) or its first derivatives have values at the point t = O* which are not equal 
to zero, an expansion of W (p) of the form (3) can diverge for certain p= 0, This means that in such cases 
the response which is defined by the function gp will be unstable (for example, if certain of the expansion co- 


efficients are negative), In addition, for values of t which are close to zero the approximating function may 
coincide poorly with the original one. 


In that case we should not use an approximating function of the type (4). We can obtain good results 
for this case as well if we define the approximating function as one which satisfies the operator equation 





—re k i 
mMO=TH >? (8) 
where V (p) is a fractionally rational function: 

n 

1+ > GP 

‘ Cosi 
V (p) —_ =  * 

i+ Za c,pt (7) 

im 


which is selected in such 2 way that the first 2n — 1 terms of its expansion into a power series with respect to 
p coincide with the first 2n — 1 terms of the expansion of W(p), and, in addition, the values of the approximating 





*If there are such singularities, then W(p) can be represented in the form W(p) = Wqp)/p™ or W(p) = p™ w,(p), 


where m is a multiple of the singularities and W;(p) and W,(p) no longer have any singularities at the point 
p= 0. 
Therefore the results given below all refer to g(t)/ p™ or p™ 9(F). 
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and original functions at the point t = 0 are equal:* 














bn (0*) = 9 (0°). (8) 
If we now subtract! (1) from (6), we obtain 
en Ww (p) —V (p) ke i Won (Pp) + Ren (Pp) aiid Ven—1 (p) — Fon-1 (Pp) A _— 
Ym— P= —VinWe) p= Vip)Wip) p 
9 
Ryn--1 (Pp) cae Pon—1 (P) Ls ( , 
V (p) W (Pp) Pp 


Here Vyn—4(p) and W,, — ;(p) are the first 21-1 terms of the expansions of V(p) and W(p) respectively 
into series with respect to powers of p, and ryn—y = V(P) — Von —1 (Pp) and Ren_y = W(P) — Won —y (P) are the 
remainder terms of these expansions; here Von —1 (P) = Wa, —4(p), according to the conditions which we have 
assumed, 


Keeping in mind that according to (5) Rey —;(p) and r,,-4(p) go to zero whenn — op, we find that 
yn—~ g whenn— o, 


Therefore any transient function g(t) can be approximated with a definite degree of accuracy by the 
function #, (t).©* Under these conditions the corresponding transfer function will be a fractionally rational 
function, 


2. Determining the Expansion Coefficients from the Experimental Transient 





Functions 





Let g(t) correspond to(1) and (3), Then 


1 k  W(p)—1 k 


a 
<a 2 mes gee soe OE oe ‘ 10 
iad p W(p) Pp Wp) p — 
Substituting the value of W(p) from Equation (3) into Equation (10), we obtain 
bes] 
Yap 
bane en heh. (11) 
= Wi 
We find the area under the curve k — ¢;: 
co oo 
S, =| (k —9) dt = lim | e-P! (k — 9) dt = lim (k—¢). (12) 
g P-08 p+ 0 
Substituting k-¢ from Equation (11) into Equation (12) and making p go to zero, we obtain 
S3= ka;, (13) 


since the terms of Equation (11) which contain p go to zero together with p, and W(p)—* 1forp—* 0 according 
to Equation (3), 


Therefore the area S; (we shall call it the first-order area) is equal to a first expansion coefficient of 


* This condition improves the convergence for small t . 
** Here the necessary condition is merely the stability of the response defined by the resulting function, 
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ling 





W(p) with respect to powers of p, multiplied by a factor of k [5], 
Let us call the first approximating function a function yg, which has the same values for its first-order 
area S, and its gain coefficient k as does the original function gy; here the transfer function which corresponds 


to ¢, will be 
ke k’ 
(14) 


WP) ap+4 





By definition and in accordance with Equation (13), a'; = a, and k'= k, Then 
{ k (15) 


"= ptt 


We find the Laplace transform of the difference between the first approximating function and the original 





function: 
= 
Sio,p'-1 
._—ee "(P)—ap—tk img 
, (ap+i)W(p) p (a;p + 1) W (p) 


Then 
Le +] 


dav 


9:1 —® a & i=? 
P (a,;p + 1) W (p) 











and therefore 





(9, — 9) dtdt = lim = kas, (16) 


oe” 


@o 

S = \ 

0 

i.e., S, (we shall call this quantity the second-order area) is equal to the second expansion coefficient of W(p) 


multiplied by k, 
Let us call the second approximating function a function ¢ which has the same values of first-order 


(Sy) and second-order (S,) areas (for the same gain k) as does the original function g® ; here the transfer func - 


tion which corresponds to ¢, will be 


k k” (17) 


Wp) a,p*+ap-+1 ¥ 





By definition, a3' = a), aj’ = ay, k” = k; therefore 
- i k 
=> ——” oe 18 
Pa agp*-+-a,p+i1 p 7 





Let us find the difference: 
be +] 


Sap" 


> k 2 ‘<2 ion ° 
(ap* -+ a;p + 1) W (p) 











Let us first examine the functions g(t) for which the response determined by the resulting function ¢,,(t) will 


be stable when the higher-order terms in W(p) are discarded, 
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Then 


» Sar! 3 
Ps ---? ae k ; ix ; 
p (ap? -|- ap -|- 1) W (p) 





Therefore the third-order area is (in a manner analogous to the procedure used above); 


ott 7 
= \ \ (‘p. -— ») dt? = lim n 2? = = ka, (19) 
000 
and in general, 
ao ft 
Sy =({. mae (2; Pas 17?) dt* == kay. (20) 
0 0 0 


Thus the geometric interpretation of the expansion coefficients consists of considering them as integral 
deviations (areas of a definite order) from the corresponding approximating functions (divided by the factor k), 


A determination of the expansion coefficients from the experimental transient functions by means of com- 
puting the areas of corresponding order from Formulas (20) requires cumbersome computation, since multiple 
integration is necessary here. In addition, as we have already indicated, certain approximating functions of the 


type (15), (18) may correspond to an unstable response, and therefore in such a case we cannot perform the 
computation according to Formula (20), 


It is possible to reduce all computations to a single integration, Here we must define a more general 
concept of the areas which is also valid for the case when the approximating functions of the type (15), (18) 
correspond to an unstable response. 


Substituting the values of M, from (1.4) into (I.7)(see Appendix I), we obtain 





Si= | k- 0 (ar >i Pat. (21) 
0 


t 
Let us pass over to the relative times rt = 3 * then 
1 








at << (— )'? —  San_y (— 2) 22 
5. = 51) (k— ”( i a + arty wat TT ] a. (22) 
0 


Thus we obtain the following recursion formulas for determining the areas: 


“ (ik -- p) dt, | (22a) 
‘, = si ( —)(1—*)dt, (22b) 
5, = 53( (k—9)[3-—1+ 3 S]a= sil nell + -)de, a 
' © F , (22d) 
$= St) ke) (Set by) ee 
0 
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etc., in accordance with Equation (22), 


Table 1 (Appendix III) provides values of the corresponding integrands. Therefore the expansion coef - 
ficients of the transfer functions-can be determined according to Formulas (22) by numerical integration with 
an accuracy which is determined by the accuracy of this integration and by the accuracy to which the function 
k — g can be detected. 


The areas which are determined according to Formulas (22) exist for all functions k — yg for which 
Laplace transforms are possible, * 


3, Determining the Coefficients of Transfer Functions According to the Known 





Areas and the Value of the Function at the Point 0* 





The formula (for the derivation see Appendix II) 


2. +0; + Bo, See (23) 


i= 


establishes the relationship between the coefficients of the differential equations and the areas of corresponding 
orders, In addition, we make use of the known formula (from the theory of operational calculus); 


b + 

ee (24) 
In accordance with the general theory developed in Section 1, we shall approximate the original transient 

function g(t) by the function Y,(t) in which the first 2n — 1 terms of the expansion of W(p) coincide with the 

first 2n — 1 terms of the expansion of V(p) (II.1); the values of the approximating and original functions coincide 

at the point ¥,, (0* )= g(0*), Then in order to determine the 2n unknown coefficients aj, by of the approximating 

function we have 2n — 1 Equations (23) and one Equation (24), 


In the case where 9(0* ) = 0, but g'(0* ) + 0, we assume (in accordance with the theory) that b, = 0, 
and by —; + 0; then the 2n — 1 unknown coefficients are determined from Equation (23). 


When (0+ ) = g"(0* ) = 0, and y"(0* ) $ 0, then b, = b= 0, and b,_, = © thus the 2n—2 unknowns 
are determined from Ma — 2 Equations (23). 


In practice it is very difficult to use the experimental transient functions to determine whether or not 
y"(0* )and the other higher-order derivatives are equal to zero, In such a case it is convenient (as a tule it 
pe possible) to approximate the experimental curve by a curve having the values ¥,( Ot) = w'n(0" )= 

= y" 1+ ) = 0, then b; = 0, and the coefficients of the differential equation are determined from 
anatton (20) (i.e, they are simply equal to the areas of corresponding orders, diminished by a factor of k). 


An example of such a computation is given in Appendix IV. 


4. Certain Other Cases of Applying the Method Which has Been Developed Here, 





For high-order experimentals curves a successive determination of all the coefficients is extremely cum- 
bersome, Often it is possible to diminish the amount of computation by introducing lag. By shifting the origin 
to the point @ we determine the coefficients of the transfer function for the displaced curve, 


Then the Laplace transform of the transient function will be 


_"F3 


D (p) p’ 


= 





“6 | 


(25) 





* We have in mind the fact that the transfer functions which correspond to the functions g(t) do not have 
singularities at point p = 0, 









foe] 
po — Sr 4 
where the coefficients D(p) are determined for the displaced curves. Expanding sits Par into a 
0 


series and multiplying the result by D(p), we obtain the coefficients for the original curve. 


In the case where the perturbation is not a step function but is an aperiodic function or a decaying 
periodic function, it is necessary to determine the coefficients of the transfer functions separately for the output 
and input functions; the ratio of these coefficients determines the transfer function of the investigated object. 


It is also evident that (in accordance with what has been said above) systems in which 


oe bp” + --- +5,,p™ a 


? 








= , (26) 
ap’ +. +ap+i- 
and systems in which 
- ph 4... bp4t — 
_ m Hy (27) 


ap" + --- +4,,p 


can be reduced [by integration in Equation (26) and by differentiation in Equation (27) ] to the system examined 
previously. 
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1,0;-— 4--- - = 
— | 


ag + 171 
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Fig. 1. 


The methed which is developed here can also be utilized in order to simplify complex equations. Figure 
1 shows the solution of a complex system of differential equations (the equation for a section of a steam super- 
heater when the temperature at the input varies step-wise) which has the form: 


a d9 
on the = he,, T= +9,=9 (28) 
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for the initial conditions t= 0, gy = y, = 0 and the boundary conditions x = 0, g = 1. Figure 1 also shows the 
approximation of this solution by an integral of the third-order differential equation; 


(a,p* 4- agp? + a,p + 1) Ps = 1. (29) 
This example is given in Appendix V. 


5. The Method of Moments 





In this paper we have proposed that the coefficients of the approximating differential equation be de- 
termined from the expansion coefficients of W(p) into: powers of p (i.e., according to areas), 


The Burmese scientist Ba-Hli [4] has proposed that the coefficients of the approximating differential 
equation be determined from the Expansion (1.5) of the transfer function 1/ W(p) with respect to p (1.e., accord- 
ing to moments). Here Ba-Hli took the presence of a step variation in the function or in any of its derivatives 
at the point t = 0+ into account in addition to the moments; however, he did not take the magnitude of the 
variation into account. In our opinion, such a method (the method of moments) is considerably inferior in 
accuracy and convenience to the method of areas, 


In fact, the expansion coefficients of (1.5) 


- _,\ 
My = ((k — 9) Gat 


0 


(see Appendix I) can be determined from the experimental transient function ¢. 


The decrease in the reliability of determining the coefficients of the experimental curve can be ex- 
plained by the fact that the moments have a "weight" t in the integrand, Because of this "weight" the mag- 
nitudes of the values of the original function increase artificially at large t (incidentally, these values of t 
are determined much less accurately), and therefore the corresponding coefficient is determined not as an 
average over the entire curve but only as an average over the final values of that curve, It is evident that the 
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Fig. 2, 


higher the order of the coefficient being determined, the less the accuracy with which it is found, since in such 
a case the points which are furthest from the origin have the greatest effect, Because of this shortcoming the 








process of determining approximating functions for experimental curves may diverge. In contrast to this the 
method of areas determines the average coefficient for all the points on the curve. The process of approxima- 
tion always converges. 


Figures 2 and 3 show the results of computing third-order approximating functions by the method of areas 
and by the method of moments (¢ is the accurate function, ¢, is the approximating function), In Figure 3 the 
solid curve corresponds to the method of areas, and the broken-line curve corresponds to the method of mom- 
ents determines the coefficient a, with an accuracy of 1% and the coefficient a, with an accuracy of 60%, Here 
the actual points (beginning with ¢ = 0,193) were used to determine the second moment, and the points be-~ 
ginning with gy = 0.538 were used to determine the third moment, In addition, the equality between the ap- 
proximating and original functions at the point t= 0* is of essential importance for the convergence of the 
approximating and original functions at small values of t. As we have already noted, Ba-Hli did not take the’ 
value of the function at the point t = 0* into account in his paper (he only took into account the fact that it 
was not equal to zero), 


Figure 4 shows an approximation of the function 





0, t<0, 
FP 0< t<0,5, 
T7146 ascr<s, 
| 0, t>4. 


When the magnitude of the step variation in the function at the initial point was not taken into account 
(the Ba-Hli method) an error which amounted to a factor of 2,7 at that point resulted, in addition to large over- 
shoots in the initial section of the curve (solid curve), The dashed line in Fig. 4 represents the curve computed 
according to the method of areas. 





Fig. 3. 


APPENDIX I 


The Relationship Between Areas and Moments 





By definition the operator 
@o 
k—9= \e- —Ptat, 
? Jt pe (1.1) 


where ¢ is the transient function which is defined by Equations (1) and (3). 
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We shall determine the area of i-th order in accordance with (21), Then 


= £ 
W (p) = 1+ s =" pt, (1.2) 
i=] 
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Fig. 4. 


— pt 
We shall expand e Prin Equation (I.1) into a series with respect to pt. Then 











8 


— 2i 


(k — @) dt + p ( (k — 9) Coat p ((k&—9) ct eee 
0 0 


—_ 








C i = (1.3) 
i (— t) _° i * 
+ | (ke) att. = >, Mu. 
0 i=Q 
where the expression 
C (—t)' 
M, =| (k— 9) at (1.4) 
0 
shall be called the i-th-order moment, Comparing Equations (10) and (1,3), we obtain 
@ 
M ; 
1 i 
Wont as) 
W (Pp) oad 
Let us substitute the value W(p) from Equation (1,2) into Equation (1,5): 
bss] 
4 — y Mi tas 1.6 
nave S; | _ » k , ' ; ' 
14+ > - 
im] 


Equation (1.6) is fulfilled for any p if 
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5S; = M,, 
Si = S,M,+ M,, 
Ss = SM, + 5:M, + Mz, 








(1.7) 
i—2 " 
Sy=My_y+ © S_,_(M;. 
j-0 
APPENDIX II 
The Relationship Between the Coefficients of the Transfer Functions and the 
Areas S; 
Let 
4 k 
t)=— ao 
‘gn (4) P) P ’ 
where 
a,p"+a,_p™3+...4+ap+4 
V (p=) = (11.1) 
, bP +6, +...+5p+1 


Expanding V(p) into a series with respect to p, we obtain (in accordance with the preceding analysis) the 
equation cy 


S; 
EP 


ne 


V(py=t 4 py. a ~=1+4 (11.2) 


-. 
1 
- 


Setting (II.1) equal to (II.2) and keeping in mind the fact that this equation must be fulfilled for any P» 
we obtain 


a= hth, gab pd, Sty S2, ay = by dy St 4 b, 52 4 “8 


and in general 


S — - 
j “i-i 
aj by + Di 
i=] 





or 





j-1 
Ss, 
=a;—b;— do 


i=] 
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APPENDIX III 


TABLE 1 
Table of Integrands 








7 7 Te ct 
ee Eee ey 2 ry 24 
0 1 1 0 0 0 
0.4 0.9 0,805 0.005 | 0.001667) — 0.00000417 
0.2 0.8 0.620 0.020 | 0.00133 0.000667 
0.3 0.7 0.445 0.045 | 0.00450 0.00034 
0.4 0.6 0.280 0.080 | 0.0107 0.00107 
0.5 0.5 0.125 0.125 | 0.0208 0.0026 
0.6 0.4 | —0.020 0.180 | 0.0360 0.0054 
0.7 0.3 | —0.455 0.245 | 0.0572 0.0100 
0.8 0.2 | —0.280 0.320 | 0.0854 0.0170 
0.9 0.4 | —0.395 0.405 | 0.422 0.0273 
1.0 0 —0.500 0.500 | 0.167 0.0417 
14 | 0.4 | —0.595 0.605 | 0.222 0.061 
1.2 | —0.2 | —0.680 0.720 | 0.288 0.086 
1.3 | —0.3 | —0.755 0.845 | 0.366 0.149 
1.4 | —0.4 | —0.820 0.980 | 0.457 0.160 
15 | —0.5 | —0.875 1.125 | 0.563 0.244 
1.6 | —0.6 | —0.920 1.280 | 0.683 0.273 
1.7 | —0.7 | —0.955 1.445 | 0.819 0.348 
1.8 | —0.8 | —0.980 1.620 | 0.972 0.438 
1.9 | —0.9 | —0.995 1.805 | 1.143 0.543 
2.0 | —1.0 | —1.000 2.000 | 1.334 0.667 
2.4 | —4.4 | —0.995 2.205 | 1.544 0.810 
2.2 | —4.2 | 0.980 2.420 | 1.775 0.976 
2.3 | —1.3 | —0.955 2.645 | 2.028 1.166 
2.4 | —1.4 | —0.920 2.880 | 2.304 1.383 
2.5 | —1.5 | —0.875 3.125 | 2.605 1.628 
2.6 | —1.6 | —0.820 3.380 | 2.930 1.904 
2.7 | —4.7 | —0.755 3.645 | 3.284 2.244 
2.8 | —1.8 | —0.680 3.920 | 3.659 2.564 
2.9 | —41.9 | —0.595 4.205 | 4.066 2.947 
3.0 | —2.0 | —0.500 4.500 | 4.504 3.375 
4.0 | —3.0 1.00 8 10.67 10.67 
5.0 | —4.0 3.50 12.5 20.84 26 .U4 
6.0 | --5.0 7.00 18.0 36.04 54.00 
7.0 | —6.0 14.5 24.5 57.18 100.4 
8.0 | —7.0 17.0 32.0 85.35 170.7 
9.0 | —8.0 23.5 40.5 | 424.5 273.4 
10.0 | —9.0 31.0 50.0 | 166.7 416.7 
14.0 | —10.0| 39.5 60.5 | 224.9 610.1 
12.0 | —11.0 | 49.0 72.0 | 288.4 864.4 
13.0 | —12.0 | 59.5 84.5 |366.2 1190 
14.0 | —13.0| 74.0 98.0 | 457.4 1601 
15.0 | —14.0 | 83.5 112.5 | 562.6 2110 

















APPENDIX IV 


Recommended Method of Computing the Transfer Function Coefficients From the 





Experimental Transient Function 





1) We determine the first-order ares (Sy) in accordance with Equation (22a) by numerical integration 
according to the*trapezoid formula: 


ry n 
4 1 
0 


t=] 
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For Equation (22a), y = k~y, y;= k—(0* ) and y, = 0. Then 


S;=At (> (k — 9) —9,5k 4+ 0,59 0") | . (IV.2) 
=i 


Let us make up a computing Table A. 


2) We determine the second-order area (S,). We change the time scale of the function ¢ by a factor of 
S;, thus converting to the relative coordinates r = t/S;. 


We perform the numerical integration of S, in accordance with Equation (22b) and (IV.1), keeping in 
mind that y = (k-¢)(1—r), yr = k-g(0t ) and y, = 0. Then 


n 
S:= At (> (kel) 0.5 k +059 0+) | 3 (IV.3) 
t=] 


Let us make up the Table B. 


3) In an analogous manner we determine the areas S,, S, etc., for which it is evident that 


.=42[Sye— 29 ( = 2, + F)—05% +0500] st (Iv.4) 


t=1 


and in general 











n l-3 
_ is (— ryt | (—!- Sp; (— +) a as — ; 
$= O21 > ko [Ft ~+ 3 Se = J 051kK—e ON —=t\s!. ays) 


f=] 1 


In order to carry out the computation according to Formulas (IV.4) and(VI.5) we continue Table B by 
writing out the values of the corresponding integrands obtained from Table 1. 

















TABLE A 4) We now determine the coefficients of the transfer function 
according to the known values of S; . 
: 3 . a) If g(0* ) $ 0, then all 2n coefficients of the transfer function 
t 9 k—o Ww) bp" +..-+bip+i 
0+ — + = 
z e(0*) | & —@(0*) at ap" +...+ap+4 
ale a are determined from the system comprising Equation (24) and 2n—-1 
» (k- 1) Equations (23), 
: b) If g(0* )= 0, and gy’ (0* ) # 0, then b, = 9; thus the coef- 


ficients are determined from the 2n—1 Equations (23). 
c) If g(0* )= 9 "(07 ) = 0, then we recommend the procedure of assuming that b; = 0; thus a; = Sj /k. 


If.under these conditions certain of the coefficients a; prove to be negative or determine a transfer func- 
tion which corresponds to an unstable response (this occurs very rarely), we should assume that b, = b,—,= 0 
and then obtain the remaining 2n-2 coefficients from the 2n—2 Equations (23), 


According to this method we determine the coefficients of the transfer function for the experimental 


curve shown in Fig. 2 by the solid line; the computation is given in Table 2 (which corresponds to Table A) and 
in Table 3 (which corresponds to Table B), 
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TABLE B 








t t=St @ | ke [1+] (ka) 1—aft—aeg 5] OM 
























































By 0 |e(0t)| k—e(0t) 4 k — 9 (0*) 4 k— 9 (0*) 
t 2 ee Pee ee Pee ee ae Peer meee eee ee 
3 I ee eee eee ere 
nAt es Laie” +e eee: 
" n 
>) (ke) x yD (k—%) x 
i={ i={ 
TABLE 2 
Determining the Coefficient a, 
t 9 i—® t C) i-—® t @ i-®@ 
! 
0 0 4 330 0.772 0.228 660 0.991 0.009 
30 0 4 360 0.815 0.185 690 0.992 0.008 
60 0.040 0.960 390 0.853 0.147 720 0.994 0.006 
90 0.143 0.887 420 0.887 0.113 750 0.995 0.005 
4120 0.198 0.802 450 0.915 0.085 780 0.997 0.003 
150 0.282 0.718 480 0.938 0.062 810 0.998 0.002 
180 0.375 0.625 510 0.956 0.044 840 1 0 
210 0.475 0.525 540 0.969 0.034 870 4 0 
240 0.575 0.425 570 0.979 0.021 n 
270 0.657 0.343 600 0.985 | 0:015 p (4 — @,) = 8.54 
300 0.720 0.280 630 0.989 0.014 Gus 


n 
= af Y(t —9)—0.5 | = 30 (8.54 — 0.5) = 30 x 8.04 = 241 sec. 
i= 


In accordance with Table 3, the coefficients a, and a, are equal to 


ro 


n 
At] SU —e)d—y)— 0.5 | = 0.4 (3.939 — 0.5) = 0.3439, 
i=i 


, a 72 
At] > (—a)(1 teat 3)- 05] = 0.1 (0.882 — 0.5) = 0.0382. 
i={ 





= 


ag = 0.3439 x 2442 = 19974 sec?, as = 0.0382 x 2418 = 534 705 sec?. 


Remarks on Points 1, 2 and 3, It is not necessary to use a constant interval in the formula, It is possible 
to subdivide the curve into sections in such a manner that the interval within any one section is identical but 
the interval in different sections is different. This is especially advantageous for extended curves where inte- 
gration with a small interval leads to excessively cumbersome computations, 





The integration interval should be selected in such a way that the integrand y (IV.1) remains as linear 
as possible within each interval. 


It is also possible to use comparatively large integration intervals, but then it is necessary to use more 
accurate numerical integration formulas than that given by (IV.1). 
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In determining the coefficients from the experimental curves, the latter must first be manipulated in 
order to eliminate the point spread which is usually present. 


TABLE 3 


Determining the Coefficients a, and a, 














8 4. 
t 2 i—® i_ft (i —@) (i —*) 1 — 2+ 5- (1—@) (1 — 24-5) 

0 0 1 | 1 1 4 
0.4 0 1 0.9 0.90 0.805 0.805 
0.2 0.015 0.985 0.8 0.788 0.620 0.611 
0.3 0.065 0.935 0.7 0.655 0.445 0.416 
0.4 0.130 0.870 0.6 0.522 0.280 0.244 
0.5 0.195 0,805 0.5 0.403 0 125 0,101 
0.6 0.265 0.735 0.4 0.294 —0.02 —0.015 
0.7 0.335 0.665 0.3 0.200 —0.155 —0.103 
0.8 0.415 0,585 0.2 0.117 —0.280 —0.164 
0.9 0.500 0.500 0.1 0.050 —0.395 —0.198 
1.0 0.576 0.424 0 0 —0.500 —0.212 
4.4 0.644 0.356 —0.4 —0.036 —0.595 —0.212 
1.2 0.700 0.300 —0.2 —0.060 —0.680 —0.204 
1.3 0.745 0.255 —0.3 —0.077 —0.755 —0.193 
1.4 0.784 0.216 —0.4 —0.086 —0.820 —0.177 
1.5 0.817 0.183 —0.5 —0.092 —0.875 —0.160 
1.6 0.847 0.153 —0.6 —0.082 —q.920 —0.141 
1.7 0.875 0.125 —0.7 —0.088 —0.955 —0.119 
1.8 0.900 0.100 —0.8 —0.080 —0.980 —0.098 
1.9 0.922 0.078 —0.9 —0.070 —0,995 —0.078 
2.0 0.940 0.060 —1 —0.060 —1.000 —0.060 
2.4 0.955 0.045 —1i.1 —0.050 —0.995 —0.045 
2.2 0.965 0.035 —1.2 —0.042 —0.980 —0.034 
2.3 0.975 0.025 —1.3 —0.033 —0.995 —0.024 
2.4 0.980 0.020 —1.4 —0.028 —0.920 —0.018 
2.5 0.985 0.015 —1.5 —0.023 —0.875 —0.013 
2.6 0.990 0.010 —1.6 —0,.016 —0.820 —0.008 
2.7 0.992 0.008 —1.7 —0.014 —0.755 —0.006 
2.8 0.994 0.006 —1.8 —0.011 —0.680 —0.004 
2.9 0.995 0.005 —1.9 —0.010 —0.595 —0.003 
3.0 0.996 0.004 —2.0 —0.008 —0.500 —0.002 
3.4 0.997 0.003 —2.1 —0.006 —0.395 —0.001 
3.2 0.998 0.002 —2.2 —0.004 —0.280 —0.001 
3.3 .999 0.001 —2.3 —0.002 —0.155 0 
3.4 8’ 999 0.001 —2.4 —0.002 —0.02 0 
3.5 4 0.000 —2.5 0 0 
3.6 | 0.000 —2.6 | 

0.882 | 3.939 




















APPENDIX V 


An Example of Approximating the Transfer Function 





Figure 1 shows the solution of Equation (18) and the approximation of that solution, 


In fact, if we convert to relative coordinates r = t/T and y = kx, in the System (28), then its solution 


will be 


ecyneeltt 


0 


o 
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z 
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where I, is a Bessel function of the first kind; in operator form we have 
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p(t) =e 
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Pp’ 


(V.1) 


(V.2) 





2) 





From Equation (V.1) it follows that the gain in this case is equal to unity, and g(0* ze /y. 


For our case let us substitute y = 10; then we obtain a value of g(0* ) which is so small that it can be 
neglected, 


P 
YeeT 
Let us expand W(p)=e?*#* into a series with respect to p; then we obtain 





me Ww” (0) 1 w” (0) - 
m=W'(O)—y, @=— > u(-- y—1), =  =9l Gey 41). (V.3) 


Keeping in mind the fact that in our case y = 10, we obtain ay = 10, a, = 40 and a, = 76,7. 
The results of the computation are shown in Fig. 1, where Curve 1 is the accurate value of the function 
y(t ) which was computed according to Equation (V.1), and Curve 2 is the approximating function ¢,, 
SUMMARY 


1) A method is proposed for determining the coefficients of transfer functions for linearized automatic 
control elements or systems from the experimental transient response curve. 


2) The indicated method also makes it possible to simplify Equations of complex elements. Elements 
with distributed parameters, which are described by partial differential equations, can be approximated by 
means of elements with lumped parameters. 


In conclusion the author expresses his deep appreciation to Prof, Ila. Z. Tsypkin and Professor M, I. 
Vishik for their valuable advice. 
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NOISE STABILITY OF FREQUENCY MODULATED SYSTEMS 


V.A. Kashirin 


(Moscow) 


The paper examines the ideal noise stability of multi-channel 
frequency modulated telemetering systems when weak fluctuating 
noise is present. The noise stability which obtains for frequency and 
time division of the channels is compared. 


The noise stability of any system which transmits information depends both upon the method of trans- 
mission and upon the perfection of the equipment which is utilized. In investigating noise stability it is con- 
venient to make a separate evaluation of the possibilities of increasing it by the selection of a rational method 
for transmitting signals, and by perfecting the equipment. In the case of fluctuating noise such a separation 
makes it possible to make use of the theory of ideal noise stability developed by V. A. Kotel'nikov [1], This 
theory makes it possible to determine the potential (i.e., the ideal possible) noise stability of any transmission 
method, By comparing the ideal noise stability of a specified method of transmission with the actual noise 
stability of the specific system, it is possible to make a quantitative evaluation of the possibility of increasing 
the noise stability by way of perfecting the receiver. By determining the ideal noise stability of various trans- 
mission methods it is possible to select the one which offers the highest noise stability, As a criterion for eval- 
uating noise stability we use the magnitude of the mean-square error at the output of the receiver 


at 
s = , (1) 
min, m. S$. 27 A;*(a, t) 


where o is the specific noise voltage (in cps “Vey X is the transmitted parameter, T is the time during which 
the transmitted parameter cannot be metered, A(X, t) is the signal which is a function of time and of the 
transmitted parameter, 


In Formula (1), 


A (h, t)= [Px] ana 743 0, thee (AQ, t)de. (2) 


9 | en [9 


For an idea] receiver this error is the minimum possible one and will characterize the ideal noise stabili- 
ty for a signal A (A. t) and a fluctuating noise of low intensity. The ideal noise stability is determined by the 
specific energy TA,’ (A, t) of the wave Aj (A, 0). 


1, Frequency Division of the Channels 





Frequency division of the channels is widely utilized in power systems when telemetering signals are 
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transmitted over the high frequency channel of power lines and over telephone lines, Let us note the charac- 
teristic features of frequency division, 


a) The time required for multi-channel transmission is equal to the time required for transmission over 
one channel, since all the channels in the system operate simultancously. 


b) The frequency band occupied by a N-channel system is equal to the sum of the individual channel 
bands and the guard bands between them. 


For identical channels this can be expressed by the formula® 


N 

“ 
Aw = > AW. % = 2w Na, (3) 
ke} 


Here Or is a dimensionless coefficient: 


Ae yt A int 


S 2 ees (4) 
f Ao, 


Awe-p is the frequency band of one channel, wg,, is the frequency deviation of the transmitter, Aw,,, 
is the guard band between adjacent channels. 


c) The maximum signal voltage is equal to the sum of the individual channel signal voltages. 


If all channels in the system are identical, then for a maximum voltage U,, and a resultant band width 
Aw the signal from each of the channels can be represented in the following form when transmission without 
secondary modulation obtains: 


AQh _ Un, ‘ia ea 1 
( ct) = Ww 5s 0 2Na, fo |- (5) 


/ 


As was shown in [1], it can be assumed that the wave a does not contain the frequency 2[ ( W»+ 
AW oh / 2Na,-)t}. Taking into account the fact that the average value of the product of two functions which 
do not have identical frequencies is equal to the product of the average values of the two factors, and that 
when T >> 2m /Wp, 





Aw) 4 
+2 ch ms 2 
sin [(@o + Nas t+ %| = > 





we obtain 
2 U? Aw*T? 
TA, (rat) — ~96a2Ne (6) 
Substituting Equation (6) into Equation (1), we find 
48o2N4 «2 
min, m.s. U? T?Aw* 


It is evident from (7) that for constant T and Aw the error increases in proportion to the square of the 
number of channels, 


Let us determine the ideal noise stability of a multi-channel system which is frequency and amplitude 
modulated (FM-AM). In such a system a high carrier frequency Ww) is amplitude modulated by a sum of tonal 
(subcarrier ) frequencies 


* [In the display equations w,., =W,~— Editor's note.] 
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N 
’ 
2 U4,c08 (4; dehr> ch)! ‘Pol. (8) 


each of which ts independently controlled by the signal \ 4, of the primary transmitter. When the carrier and 
two side-band frequencies are transmitted, we shall have 


Aw = 44, Nar. (9) 


Assuming that all N channels of the system are identical, we determine the ideal noise stability of one 
channel while the other channels of the system are operated simultaneously. 


In order to eliminate interaction between the channels it is necessary that the resultant voltage from 
all the channels at the output of the modulator be limited to the linear sector of the transmitter modulating 
characteristic, Then if the power is uniformly distributed over all N channels the modulation depth in one 
channel will comprise My = M,,,/N. The signal in one of the channels can be written in the form 


max 
Aw 
A (ray!) =- ! + “inax_ [cos (oy, + 7a") t+ go] }u,, £08 (Wot + 9), (10) 


where U.,, is the amplitude of the carrier-frequency voltage, Mmax is the maximum resultant linear modu- 
lation coefficient. 


The derivative with respect to d 4, of (10) will be 


' wl : Aw) 
Ayo!) =— “eta COS (Wot + 9) sin| (ot TN)t + | ° (11) 


By determining the specific energy of the wave A} cp (A> 0, we obtain the minimum mean-square error 
in one of the channels of a multi-channel FM-AM system: 


2 384af N4a2 


min. m.s. 72 273Aa2 ° (12) 
Mnaxiat Aw? 


) 





If the maximum amplitude of the resulting signal in the channel is specified as Upax, then 


153602402 
a* = Face. ‘tell _ ( 13) 
min.m.s, U2 Aw?T3 
max 


The latter expression characterizes the ideal noise stability of the specified method of transmission, 


Let us determine the ideal noise stability for FM-AM transmission when frequency division of the channels 
obtains; we shall consider the case where transmission is performed by means of a single-side-band system 
(SSB). The expression for the signal is of the form: 


AQayt) = i 005[(a + eat Seed) t+ 9]. as 


As a result of analogous transformations we obtain 


segues U? Aw*T® 48a2N‘o? 
TA, Ocht) = ———.— 8? =-—t_., (15) 
ch 96Ntae min. m.s. U2 Aw*T? 


From (15) it follows that a system with SSB transmission has the same noise stability as a system with 
frequency division and no secondary modulation. 


574 








The notse stability of a FM-AM system which transmits the carrier and two side-bands is several times 
as low as the nolse stability of a SSB system, For identical values of U,, and Aw we have 


5 min.m.s. FM-AM 
w5 





6 min.m.s. SSB 


As an example, let us determine the ideal noise stability of a frequency modulated multi-channel tele- 
metering system which has the following specification; N= 6, Af yy = 120 cps, U_, = 0.1 v, a = 1.4, T = 1/20 


max 
= 0.6 sec, where Qmnax is the highest modulating frequency. 


Let this system operate over the high-frequency channels of a 220 kv power line, In such lines the nolse 
level in the 5 kc band comprises approximately 2.0-2.5 nepers under normal conditions; here the noise is pre-" 
dominantly of a fluctuating nature [3] in the frequency band which is of interest to us, Let us determine the 
specific noise voltage (in cps “ip ), 


U. A 
ae ee ee 1073, 


VAs (16) 


From (15) we find 


, _  VBaN VIB x 14 x 36 x 1.5 x 10-9 
§ min. m.s.— U,T V They ae 0.1 x 0.5 x 2m x 1200 








2. Time Division of the Channels 





Let us note the characteristic features which obtain when time division of the channels is realized. 


a) The resultant time required to transmit a cycle of measurements over N channels depends upon the 
number of channels, since the transmission is performed in time sequence, This time can be determined from 
the formula 


r= 2 bite (18) 


where Tp is the time required for transmission over one channel, o, is a coefficient which characterizes the 
utilization of the time T.p, (= Ty},/T)- 


b) The frequency band occupied by a time division system is 
2 
Aw = 2Wgey + - (19) 


where r is the duration of a pulse, wy, is the frequency deviation of the transmitter. 
c) The maximum voltage is equal to the maximum voltage in a channel, 


For a frequency modulated system with time division of the channels the signal can be represented in 
the form 


q 
A(t, t) = Dy fU(t—t yd, (20) 
k=0 
where 
t 
Uy 008 [(m +0) t+ 90] for —Z<t<z, 
f(t) = : F 
0 for > < t < —_— zz ’ 
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toh = KT rep (kK {is a whole number, Trep is the repetition of the pulses in one channel, q = T/Trep)- 


In order to determine the minimum mean-square error we find the expression for TAY (A, t). 


We have 
qa 
2 2 
AS 0.1) = [3 le — any. (21) 
The pulses do not overlap, and therefore it is possible to write 


q 
A(t) = J fAl(t—t,)N, (22) 
k=0 


where 


[Uceaie? sin® [(62 + A) + Gol for — F<t<z 
tha (A, t)}* -= | 


0 for _ <t<— 3 ° 
The average value of AY (A, t) over the time T will be 
pd t 
_ 2 ¢@ q 32 
TA? (i, t) = ( DiHe — ty dA}2dt = >} ( {fx ((t — ty ddI}? dt. (23) 
= 0 t 
got - a 


Expression (23) represents a sum (from 0 to q) of identical integrals, since during the time T the magni- 
tude of the measured parameter is considered constant. Using the method developed above, we find 


or 4 
TA? (A, t) = 4 quays. 


(24) 
Expressing r in terms of T, the number of channels N and the coefficient of division q, we obtain 
12¢q2N38a 362 
judi oe (25) 
Nqa, min.m.s. Ujwgr® 


As we can see from the resulting formula, the maximum noise stability will correspond to a value q =1 
(i.e., Tren * 1) and will diminish with an increase in q. A decrease in the duration r of the pulses is associa - 
ted with a decrease in Trep and an increase in q (for a constant value of T), Asa result, the error is propor- 
tional to the */2's powerof thenumber of channels for constant Uy and wgey. 


3. A Comparison Between Frequency Division and Time Division of the Channels 





A comparison between the noise stabilities of multi-channel systems with frequency division and time 
division of the channels must be performed when identical frequency bands are occupied by the systems in the 
communications channels, and when the number of channels and the speed of response are identical. In the 
case of an identfoal transmission-frequency band the frequency deviation per one channel will be different for 
frequency division and time division. In telemetering systems which operate with large modulation indices 


the frequency band for N channels will be Aw = 2wy.,No¢ for frequency division of the channels, and will 
be Aw = 2wygey+ 2/1. for time division. 


The mean-square error for a multi-channel system with frequency division of the channels [see (7) ] can 
be found from the expression 
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1202 N4a2 
8? —t_., (26) 


min. m.s.f u2rs (Sy 


For time division of the channels the mean-square error will be [taking Equation (25) into account}; 





12a%q2N3o2 
Pe = : , (27) 
min. m.s.t uers (> Nq \? 
2 — Fr) 


Let us denote the ratio of the errors which obtain for frequency division and time division of the channels 
by 5 (for identical T, U, Aw and N): 





2 
apn (Se —%) 
— Snin.m.s.f ee. . 2 
0 32 os 3 Aw \2 : (28) 
min.m.,s.¢ att (<>) 
If q= 1 and N/T << Aw/2, then 
bo = fa all ; 
a, Va. (29) 


From this formula it is evident that for a, = a, q= 1 and N/T << Aw/2 the ideal noise stability for 
time division of the channels is (N/ a; V2 times as great as the noise stability which obtains for frequency 
division. Figure 1 shows the function 59 = f(N) for a = a, 4= 1 and various values of AFT and AFT/N com- 
puted according to Formula (28), 


From Fig. 1 it follows that for a = o& , q= 1 and a number of channels which are equal to 2-4 and greater, 
time division can guarantee a greater noise stability than that which obtains for frequency division. However, 
for AFT = const, (beginning at a definite value of N) the noise stability which obtains for time division again 
becomes less than it is for frequency division. The boundary representing equal noise stabilities depends upon 
the magnitude of AFT. 


dy 
000 
ool = up ou =f 





Afl=0 








The sectors of the curves which coincide correspond to an abnormal mode of operation (the system be- 
comes a narrow-band one). Usually, in systerns where the number of channels ts increased the magnitude of 
AFT also increases, and AFT/N remains constant. For such a condition 659 depends linearly upon N, Time 
division guarantees better noise stability for large N. 

Figure 2 shows the function 5)  {(N) for af oO, 

6, 2, AFT/N ~ 100 and different values of q. From Fig- 
4o-—- i. ~ | Gat i ure 2. it is evident that an increase in the pulse-division 
coefficlent q lowers the advantages obtained by utiliz- 
ing time division of the channels, Thus, for example, 
for q- 4 time division yields a better noise stability 
than frequency division only for a number of channels 
N> 30 to 35, 





"0\-- 


The advantage of time division of the channels 
is due to the fact that in time division the time assigned 
to one channel decreases with an increase in the number 
of channels, whereas in frequency division both the 
amplitude and the frequency deviation decrease with an 
Fig. 2. increase in the number of channels, 























If the amplitude of the signal in one channel is equal to the resultant signal divided by the number of 
channels, then the dependence of the mean-square error upon the number of channels N will be more abrupt 


for frequency division (the error is proportional to N‘*) than for time division of the channels (the error is pro- 
portional to nN" ). 


When the number of channels is large the probability that all of the signals will simultaneously attain 
a maximum amplitude is small. Therefore in frequency division it is possible in a number of cases to select 
the signal amplitude in each channel so that it ts somewhat greater than Uo¢/N (see [4]). In that case the 
advantages of time division may diminish considerably. 


SUMMARY 


A comparison of time division and frequency division of the channels shows that for a small number of 
channels a better noise stability can be obtained when frequency division of the channels is utilized; for a large 
number of channels, time division is superior. The limiting number of channels Nj;,,, depends upon q and 
upon the relatiunship between the coefficients O, and Oy. When q = 1, Nyy, = 2 to 3; when q Increases, Num 
increases. 
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ELECTRICAL ANGULAR ERRORS AND RESIDUAL VOLTAGES IN 


INDUCTIVE COMPUTER ELEMENTS 


Iu. M. Pul'er 


( Moscow) 


The paper examines the basic errors which arise in the meter- 
ing (detecting) systems of inductive computer units while taking into 
account the manner in which these units are manufactured. Relation- 
ships are obtained for determining the angular and amplitude -phase 
errors (as well as the residual voltages) of sine-cosine transformers as 
a function of the nonuniformity of the air gap while taking the losses 
in the steel into account, The residual voltages which are caused in 
inductive tachometer-generators by the variable wall thickness of the 
rotor are evaluated, The mathematical method analyzed here makes 
it possible to provide a more general analysis of the effect which struc - 
tural and technological errors in the mechanical section, as well as the 
characteristics of the magnetic materials, have upon the electrical 
errors of inductive computer elements. 


Modern automatic equipment makes broad use of inductive computer elements; heading the list of such 
elements are; a) sine-cosine rotary transformers which are widely used (with various coil arrangements) as 
vector function generators in automatic units and as selsyn-transformers in automatic tracking systems; b) in- 
ductive tachometer-generators with thin-walled rotors, which have found wide application in the capacity of 
ac electromechanical differentiating elements. 


Due to the high accuracy requirements which are imposed upon inductive computer elements and due 
to the fact that in many fields of modern automation it is necessary to use small elements, the investigation 
of errors which are caused by technological factors are of especial importance. As practice has demonstrated, 
technological factors (especially in small units) cause the largest error components since to a considerable 
degree they determine the deviation (from the design law) of the actual law which governs the variation of 
thé flux linkage between the windings of the system. The basic technological factors which cause errors in 
induction computer elements include the inaccuracy of the shape and dimensions of system parts (within the 
limits of the engineering tolerances), the magnetic nonuniformity and the nonlinearity of the various types of 
steel which are used, the presence of parasitic inductive and capacitive couplings between sections of the 
windings, shielding layers which appear on the surfaces of the lamination packets when they are ground and 
assembled, etc. 


A special part is played by the phenomenon of dissymmetry in the indicated engineering errors; this 
phenomenon reflects the most probable state in manufactured inductive systems, A consequence of the struc - 
tural dissymetry (which leads to electromagnetic dissymmetry as well) is the appearance of residual voltages 
(or an intrinsic "noise" ) in the inductive system; this is a specific feature of all inductive computer elements 
and induction-type transmitters. In sine-cosine transformers the residual voltages (as we know from practical 
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experience) are evidenced in terms of the fact that their output voltage almost never becomes zero (with the 
accompanying sharp phase reversal) when the rotor passes through the zero angular position; the output voltage 
merely acquires a certain minimum or residual value, 


It is also well known from practical experience that in inductive tachometer-generators residual voltages 
appear which are evidenced in the form of a certain output voltage that appears when the rotor is stationary., 
In the latter case this residual voltage usually depends upon the position of the rotor shell. In modern inductive 
elements the phenomena of residual voltages can be ascribed to one of the basic shortcomings of such elements; 
these shortcomings are due first of all to; a) the harmful heating of the booster (and sometimes the saturation 
of the booster) at large values of gain, and the harmful heating of the control windings of the adjusting motor 
in systems with automatic adjustment; b) the restriction of the static accuracy when several signals are summed, 
and also the restriction of the drive-mechanism sensitivity in automatic tracking systems of the transformer _ 
type due to the restrictions which must be imposed upon the booster gain on the basis of what was said in "a", 


The problem of analyzing the electrical and angular errors and the residual voltages reduces to the neces- 
sity of obtaining an analytical expression for the output voltage (and, in particular, the expression for this 
voltage in the zero zone) as a function of those structural factors which are essential and can be mathematically 
expressed. Below we provide the solution of two problems which are important in practice. 


1)-Finding the electrical errors, the angular errors and the residual voltages in sine -cosine transformers as 
functions of the air-gap nonuniformity caused by the eccentricity and beats of the rotor magnetic circuit with 
respect to the stator and rotor blocks in the case where the steel has hysteresis losses (Fig. 1.). 


2) Finding the residual voltage in inductive tachometer-generators with thin-walled rotors as a function 
of the nonuniform thickness of the latter (Fig. 2). 


First it should be said that the known mathematical methods for investigating such dynamoelectric sys- 
tems — the longitudinal and transverse field method and the method of symmetrical components [1, 2, 3] — can- 
not be used to solve the indicated problem, since these methods are based upon representing the actual systems 
(which are basically distributed electromagnetic systems) by certain simplified transformer circuits with lumped 
constants. In problems which involve the accuracy of a dynamoelectric system these circuits are valid only 
when they are highly idealized. When a dynamoelectric system is idealized in such a way that it is represented 
by known simplified transformer circuits, the above-indicated important practical spatial technological factors 
(which cause the electromagnetic dissymmetry and therefore the errors in the system) are eliminated from con- 
sideration. 


A rigorous solution of the problems which have been posed must be accomplished by the methods of field 
theory. The latter, however, are associated with mathematical difficulties and lead to final functions which 
are difficult to use in a practical sense. We can expect especially great difficulties in solving the problems we 
have posed by the method of field theory when a complex inductive system with a thin-walled rotor is involved; 
for such a system this method leads to relatively complex relationships even in the case of a rotor which is com- 
pletely uniform, 


An approximate and at the same time sufficiently accurate and convenient practical solution of the prob- 
lems which we have posed can be attained by the methods of magnetic and electric circuit theory [5], using an 
iterative spatial distributed equivalent circuit which has been proposed by the author and used for practical 
computations [6]. In this method a dynamoelectric system with a thin-walled rotor (Fig. 3) is represented as 
a spatial system made up of the distributed magnetic network of the outer and inner magnetic circuits and the 
distributed electrical network of the thin-walled rotor which is flux-linked with it (Figs. 4 and 5), Thus this 
equivalent circuit represents a closed magnetic transmission line with sinusoidally distributed resistive and re- 
active coil mmf's and a resistive electrical transmission line which is linked with it and simulates the reaction 
of the thin-walled rotor, The indicated equivalent circuit is based upon rational assumptions concerning the 
configuration of the reactive current circuits of the rotor (Fig. 6) and upon a linear approximation of the cur- 
rent density distribution in the rotor and the air-gap induction in the axial direction (this is shown in Fig. 7). 


Here it is true that for the case of an ideally constructed system which has rigorous magnetic symmetry 
the indicated equivalent circuit produces a uniform magnetic transmission line (when » = const) that has top 
and bottom rungs consisting of the per-unit longitudinal reluctance Z yo and has side rungs which consist of the 
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Fig. 1. Nonuniformity of the air gap in a Fig. 2, Variation in rotor wall thickness in 


sine -cosine transformer; this nonunformity an inductive tachometer-generator; this 

is caused by the eccentricity and the beats variation is caused by the eccentricity of 
of the inner magnetic circuit with respect the inside and outside circumferences of 
to the outer ones: 1) center of the stator the rotor shell. 


circle and center of rotation of the rotor, 
2) center of the rotor circle. 


per-unit air-gap permeance Go, and a uniform electrical transmission line which is linked with the magnetic 

line and represents a rotor with a longitudinal per-unit impedance Z,,.. and a transverse per-unit conductance 
P pe or P 

(along the generant of the rotor) go, (6). 


The parameters of the magnetic and electric transmission lines will in this case have the following values 
(on the basis of Figs. 4, 5 and 6) for a steady-state mode of operation; 


For the magnetic line, 


4 4 4 _ Hol , 
Zu0= eat (Gr te) SOF 


for the electrical line, 





_ 20 - in a) 
or a8, , or p! ’ 


where y is the relative magnetic permeability of the steel in the magnetic circuits, yo is the magnetic permea- 
bility of the air, 6 is the air gap, 6, is the thickness of the rotor, p_ is the resistivity of the rotor material; the 
dimensions J , by, b,, a, are indicated in Fig, 3. 


Here Z,, is due to the parts which project beyond the limits of the block (basically, all of the paths for 


the rotor currents close through these parts), go, is caused by the galvanic conductivity of the rotor along its 
gcnerant, 


We must keep in mind the fact that each elementary path of the magnetic circuit includes elementary 
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Fig. 3. Inductive dynamoelectric system with a thin-walled rotor 
and windings wound upon the outer and inner cores. 


mmf's of the primary winding dM, and the sum of the elementary reactive mmf's from the secondary winding 
d=M,k, as well as the mmf’s from the rotor dM, = i, (x) Fig. 4). 
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Fig. 4. Development of the spatial distributed circuit. a: 1) magnetic circuit of the 
outer stator, 2) magnetic circuit of the inner core, 3) thin-walled rotor shell; b) an 
element of the equivalent circuit. 


A solution of the problem for the case of uniform lines (Z 9 = Const, Go = const, Zo, = const, g., = const; 
these assumptions are valid for ideally accurate systems) leads very rapidly to functions which are analogous to 
those which can be obtained by the above-mentioned known methods; this was shown in [6]. 


In examining actual systems, wiiere we must take into account the technological errors involved in man- 
ufacture and the characteristics of the steel, the magnetic and electric lines will be nonuniform, 














1. The Joint Effect of Eccentricity, Beats and Hysteresis Losses in the Steel of the 








Magnetic Circuit Upon the Electrical Errors, the Angular Errors and the Residual 











Voltages in Sine-Cosine Rotary Transformers (the Case of “No-Load” Operation) 








On the basis of the assumed equivalent network for the magnetic circuit (Fig. 4), we obtain the following 
steady-state equations for the magnetic circuit when there is no thin-walled rotor (go; = 0, Zo, = oo and My, 
= 0) and where the stator has only one excitation winding W, and one secondary winding W, which is wound 
upon an inner repeating core (Fig. 1); here we assume that y = const (complex jy) and take into account the 
sinusoidal distribution law My, = 1,W, sin(r /r) x of the primary-winding mmf: 


U, Goxdx = —d®, 


— dU, = OZ, dx— IW, = cos = xdz . (2) 


Here U, is the magnetic potential drop, Go, is the current value of the per-unit magnetic permeance of 
the air gap, ® is the magnetic flux in the rung of the magnetic conductor that has the current coordinate x, 
I, is the exciter winding current, 7 is the length of a pole division. 


The magnetic line of the examined system is 
nonuniform with respect to the quantity Gy, which 











ad az depends upen the coordinate x [x is measured along 
re iM -_ the circumference of the stator boring from an ori- 
@ gin which is located at the zero-density point of 
sosne —— the stator-winding mmf (Fig. 1) }. 




















It can easily be seen from Fig. 1 that the air 
gap 6 can be represented in the following form when 
eccentricity and beats are present; 





= 8(z) = 8, — Ahcos(0—= r), (3) 


Fig. 5, Plane view of the elements of the com- where 6, is the average air gap in an accurate sys- 
plete equivalent circuit. tem, Ahis the displacement of the center of the rotor 
along the axis of symmetry (or the eccentricity or 
beat tolerance), @ is the displacement between the axis of the primary winding (the origin) and the axis of 
geometric symmetry, t/7,x is the current angular coordinate along the gap. 


If the nonuniformity of the gap is caused solely by the eccentricity of the rotor axis (Point 2 in Fig. 1) 
when the rotor is accurately centered with respect to this axis, then the field pattern will not vary as a function 
of the rotor rotation and 9 = const, Here the axis of rotation of the rotor will be located at point 2, If beats 
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Fig. 6, The assumed pattern of current distribution in the conducting 
layer of arotor which is located in the magnetic field of a two-pole 
electromagnetic system: 1, is the length of the steel block, 2, is the 
length of the rotor shell, a, and a, are the sections of the shell which are 
outside of the zone of the magnetic circuits, 
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are present (for which the axis of rotation of the rotor does not coincide with its geometric axis; in particular, 
when the axis of rotation passes through Point 1 (Fig. 1) ], then it should be assumed that @ = 9)+9, where 
Oo is the angular displacement between the axis of the secondary winding and the axis of geometric symmetry, 
o is the angle of rotation of the rotor (the angle between the axes of the windings), 


When the gap fs nonuniform, Z 5 will also be determined in accordance with (1), and the permeance 
Gox will be determined on the basis of the gencral Expression (3) into which the specified law governing the 
air gap variation is substituted. In that case, 


Gn on Bol 
7" 3, — Ah cos (@— = 2) 








(4) 
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Fig. 7. Approximate pattern for the fields in an actual and idealized system, plotted 
in accordance with the assumed equivalent circuit: a) development along the axis: 
1) outer stator, 2) conducting layer of the rotor, 3) inner core, o. ) rotor flux which 
corresponds to “slot” leakage; b) current density distribution in the rotor, and the in- 
duction in the gap along the generant: 1, 2) actual and approximated (by means of 
the equivalent circuit) current density distribution in the rotor, 3, 4) the actual and 
approximated distribution of the induction, as) the rotor flux which corresponds to 
“head-on” leakage. 


Substituting Equation (4) into Equation (2), we obtain the following differential equation for the mag- 
netic network as a function of the resultant flux (after elementary transformations); 


[1 - qcos(0—- 2)] 2% — = qsin (6 —+ 2) — Zy Gd = 


’ 5 
= 1,W,— G, cos = z, 0) 


where 


Lol Ah 

GQ= 5) at iy 
The differential equation which we have obtained is a linear differential equation of the second order 

with variable coefficients in the right-hand side, and its rigorous solution is associated with mathematical dif- 
ficulties, The solution of Equation (5) is substantially simplified if we make use of the specific conditions 
governing the particular problem under examination, Due to the small value of the ratio Ah/5, = q (this is 
always the case because of the relatively small tolerances) we should expect little difference between the un- 
known flux distribution function and the distribution function which obtains for an accurate idealized system. 
This makes it possible to write the solution of Equation (5) in the form 


& = by+ AS, (6) 




























Here %, is the flux distribution function for an ideal system [6]: 






UZ, cos x. F 
© = IW jal0 (a) + Z,,), ) 


® 





where 


Zy= 2j010-*W2G,r 





ox 2jol0*WiGot = jXo 


t 3 


h(E) 


is the magnetization input impedance, Z,, is the leakage impedance of the primary winding; A® is an un- 
known function which is small in comparison to , and is caused by the deformation of the magnetic field 
which is a consequence of the indicated deformation of the air gap. Substituting Equation (6) into Equation 
(5), neglecting relatively small quantities and transposing the known functions into the right-hand side, we 
obtain 


(1 —q cos (0 = z)] AM’ — q-— sin (0 _ = z) AD’ — ZG, AD = 
= 1,W,G, = cos — x — E —qcos (8 _— =. z)| o, + q+ " sin (0 — +. x) b, + ZyoGoDo. (8) 


On the basis of a known relationship [6], we have the following expression for the primary no-load cur- 
rent in the specified ideal accurate system: 


u 
RTE, ° (9) 





Iho = 

A variation AZ in the input impedance will cause the primary currents to become equal to 
] U 10 
1 = 20 aE on 


where AZ is the unknown variation in the magnetization impedance which is caused by the nonuniformity of 
the air gap. 

Here I, 7 Tes + Al,, where Al, is the variation caused in the primary current by AZ. 

Comparing Equations (9) and (10), we obtain 


AZ _ iy AZ 
(Zo +Z,,N2 +2, +42) ~~ WorZ,,)° 





Aj, =U (11) 


From (8) (taking Equations (7) and (9)-(11) into account) we finally obtain a differential equation of the 
following form after elementary transformations: 


1 — qcos (0 — ae z)| Ab’ —q =. sin (0 — z) Ad’ —ZyGoAd = 
= — 78Z, cos =. r— 19 [sin 0 sin se — cos 0 cos = z| ; (12) 


where we have introduced the notation 


x UGW, _ 
T 5 Hth, “Osh, 


for the sake of brevity. 








It is important to underscore the fact that the equation we have obtained is an equation which is not 
written in terms of the unknown function ® itself but in terms of its variation (error) Ae. in view of this, the 
solution of this equation is governed by considerably lower accuracy requirements than that of the original 
Equation (5). This substantially simplifies the solution, since it can be performed approximately by the method 
of indeterminate coefficients [7, 8]. 


We shall seek a solution in the form 


Ad =A®, + 2 (Abu sin k =. r+A®,, cos k =. r). (13) 


Here the expression for the error in the secondary voltage (which determines the flux linkage between the 
secondary sine winding and the flux A® in accordance with Figure 1) will be 


a+t 
AE, = jwi0W, = \ cos = (z—a) [Ad 


x+t 
x 





Jaz. (14) 


‘ 
Substituting the function A® into the integrand in accordance with the indicated limits, we then per- 
form the integration and obtain 


AE, = — 2jwi0-*W,n (Ad, sin = a +A®,, cos = a) , (15) 


, Expression (15) shows that only the amplitudes of the fundamental flux harmonics affect the magnitude 


Since the supply voltage U is constant, the variation in the primary flux linkage is equal to zero, Here 
we do not take into account the effect of primary-winding leakage upon the variation in its flux linkages (this 
is done because AZ is small), i.e., 


AU, = jot0"W, = \ cos -= x [A® [3+] dz = 0. 


0 


(16) 


Substituting the value of A® into Equation (16) and performing the integration, we obtain jw10-*wyn AS, = 
= 0 for A®,,= 0, Therefore the equation for AE, will be 


AE, = —2jui0"°W,rA®,, sin =a. (17) 


On the basis of Equation (17) we conclude that in order to segregate the error in the secondary voltage 
from the entire spatial spectrum of flux harmonics only AG i must be taken into account, Setting the terms 
of equal periodicity in the right- and left-hand sides of Equation (12) equal to one another and limiting our- 
selves solely to the second harmonic in the left-hand side, we obtain a system of four algebraic equations 
whose solution yields the following result for the second harmonics: 











) * in 6 
Ad,, = st = ’ A®,, = =< a (18) 
(=) + ZyoGo (=) + Z,9Go 
and for the first harmonic 
4 x\3 UGW sin 20 
A®,, =797 (=) - ° 
3 2 =) (26+ 2Z,){/"\2 2n\2 (19) 
Fw TE) + 20%] [(F) + Zuo | 
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Keeping in mind the fact that 6 Z) = AZ/Z)+ Z,, we obtain the following expression for the increment 
of input impedance; 


5 Zo + Zu) - (20) 


AZ= — 
4+ Z,.Go (=) 





It is essential to underscore the fact that in the examined case of a nonuniform air gap the variation in 
the flux distribution arises chiefly because of the appearance of second-harmonic flux components (A®,, and 
A®,,), which contain q to a power which is one greater than the power of q in the first-harmonic increment 
AP 14. 


From Equations (19) and (7) we obtain the final expression for AE, when eccentricity and beats are taken 
into account for @ = @9+ GO: 


(21) 





 _ 4 (dh \® ujX sin 2 (89 — o) sin 
AE, 2 ( ) iXo+ Zi, [1 + zat) 4 + 202) 


8o 
Now the resultant magnitude of the secondary no-load voltage is found as the sum of two terms — the 
no-load voltage for the ideal accurate system [6] and the increment AE, which we have found; 


‘. UiXo Ww 4 (dhy? sin? (0) + ¢) sine 
brant Mme EC) Thier nal TT | . 


In order to take the steel losses into account in a first approximation we shall examine Z 
quantity; 





po 25 4 complex 


Zuo = Rugt iXpo (23) 


where Xu = Ry tS Ploss = | Zyo| SIN Pj oss» ANd Y) og, is the loss angle which is experimentally determined 
for the particular magnetic material, 


Keeping Equation (23) in mind, we obtain the following final expression for E, after a series of simplifi- 
cations: 


Gy ujX, wy 


1 (Ah\2 
Ey _ 1Xo+2%,, WwW, ( 


: :  (t\% . 
o+ 35 =) sin2(8+¢)sine x [4+/)9 (=) Go| Zyo| sin Hl}, (24) 
We should turn our attention to a number of consequences which are of practical importance and which 


flow from the relationships which we have found for the secondary voltage E,, We shall give the most basic 
of these consequences below: 


1) From Equation (24) we conclude that E, does not become zero for any values of the rotor angle of ro- 
tation 6, The same expression shows that in the case under examination the system has an elliptic field with 
semi-axes that are respectively proportional to the maximum and minimum (residual ) secondary voltages 
| —_ | and [= |From this latter fact it follows, in particular, that when such elements are utilized in 
compensating networks which contain an automatic phase-detecting drive the adjustment must be performed 
solely according to the real portion of the output voltages E, (i.e., according to Re [E,]). Here it is useful tointro- 
duce the concept ‘of an error voltage in the zero zones for two rotor positions of a sine-cosine transformer. 


a) For the position o = 90°, when there is a “zero” voltage: 


AE x = E, lo-90 = - (> y v 2 sin 2 (0, + 90°). (25) 
+ 8 


1Xo 



































Here AE op is called “zero” voltage because at the position o = 90° 
E, must be equal to zero (when the errors are zero), 


b) At the position o = 90° + Ao, where Ao corresponds to the rotor 
position for which 





Re [E,] = 0. (26) 





Here the secondary winding will contain a residual voltage (or the 
intrinsic “noise” of an inductive system operating on the fundamental time 





harmonic): 
Fig. 8. 
ps 
" . Ah \2 . 2 Ww ‘ 
Ab sres = Im [Ealle-wo+a0 = 5 (5) 5 | Zyolsin @,(=) Go—F— X (sin By + 2Ascost,). “27 
jXo 


The angle Ao is determined on the basis of Equation (26), and this angle in turn determines the shift of 
the magnetic axis of the excitation flux (or, more precisely, the shift of the major axis of the magnetic -fleld 
ellipse). Substituting the value of E, from (24) into (26), we obtain the equation for determining the angular 
displacement 


cos (90 + Ac) + +(e) sin 2(8,+90+ Ac) x  sin(90+ Ac) =0. 


Taking the smallness of Ao into account, we finally obtain 


Ae~ —— (5) sin 205. 


2) It is evident from Equation (27) that the residual voltages are phase-shifted by 90° with respect to 
the phase of the nominal secondary voltage Exmax which phases the actuating motor so that the torque at its 
shaft is produced by a control voltage whose phase coincides with the phase of the reference voltage E24. 
Thus when the indicated phasing is applied to a servo-drive with automatic adjustment and when there is no 
nonlinear distortion or phase distortion in the booster, the residual signal AE,,, does not produce any torque 
in the adjusting motor, Here, however, the above-indicated harmful effect of the residual voltages is not 
diminished. 


3) The second term in the outer parentheses of Equation (24) determines the amplitude and phase errors 
for all rotor positions o and also makes it possible to determine easily the angular errors, Let us examine the ex- 
ample of a plane sine-cosine transformer-selsyn (Fig. 8) which has the following parameters: 
by = 2, = 4.5 mm, b, = 2, = 5 mm, D, = 44.5 mm, D, = 24 mm, 6 = 0.5 mm, Gp = 12 h/cm, Zuo* 
& 1,38 X 10-, sin g4., ¥ 0.3 for B,, % 3000 gauss, W, = 1920, Wy = 500, Xp = 1020 ohm, Z4s = (1180 + 
+ J1950) ohms, U = 36 v, f = 400 cps, 


For an eccentricity and beat tolerance of Ah = 0.05 mm and for a nominal gap 5) = 0.5 mm we deter- 
mine the maximum possible displacement of the magnetic axis: 


1 /0.05\2 _ 
Ac. .ax = (ts) = 4.3 ang. min. 


. 
Further, on the basis of Equation (27) we determine that (AE>r¢s )..,,, © 5 mv; this comprises approximately 


0,005% of the maximum secondary no-load voltage | Uamax | = | ‘= ms 100 v. When Ah=0.1imm 
. 1 


1+ 41s 


jXo 
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and 69= 0.5 mm we have 4a_,,, 817"; (AEzres max ¥ 20 mv, which comprises ~0,02% of the maximum, 


2. The Effect of the Structural Variation of the Rotor Wall Thickness of an In- 





ductive Tachometer-Generator Upon Its Residual Voltages 





In manufacturing the units of the mechanical section of an inductive tachometer-generator appreciable. 
difficulties are associated with the accurate manufacture of thin-walled rotors with a uniform wall thickness, 
The difficulties arise at small diamcters (10-15 mm) and wall thicknesses (0,15-0,12 mm) which are charac- 
teristic in fast-response small units, In this regard the problem of an approximate computation of the effect 
produced by the nonuniformity in the rotor wall thickness (this nonuniformity is caused by the tolerances in the 
eccentricity of the inner and outer circumferences of the shell boring) upon the residual voltages of the tach- 
ometer-generator are not only of theoretical but also of practical interest, The solution of this problem lays 
the basis for a rational choice of the tolerance for the wall-thickness variation; this tolerance plays an apprecia- 
ble part in determining the requirements which govern the engineering fittings of the unit and affects the pro- 
ductivity as far as mass production is concerned, In addition, a solution of the indicated problem makes it 
possible approximately to evaluate the limiting possibilities of decreasing the rotor wall thickness and of low- 
ering the over-all dimensions of the tachometer-generator's inductive system. 


On the basis of the general equivalent circuit which was described above for a dynamoelectric system 
with a thin-walled rotor (Figs. 4 and 5), we have the following system of differential equations for the distribu - 
ted electrical network of the rotor and the distributed magnetic network of the stator® when the secondary 


stator winding is open-circuited and the rotor is stationary (U, = 0; see Fig. 2), provided the rotor leakage fluxes 
®.,, and ®,,, are neglected: 


U, Box = — I, 
—U. =] Z 


r “orx —e, (28) 
O° = O26, —/, Gp = — 1,W, — G, cos ~ z, 


where, in addition to the functions which we have indicated previously, U, is the voltage along the rotor gen- 
erant which has the coordinate x, I; is the rotor current in the part of the rotor which projects beyond the limits 
of the blocks in the cross-section that has the coordinate x, de is the elementary transformer emf in the ele- 
mentary path that has the coordinate x. 


Due to the variation in wall thickness the electrical line of the rotor in the system under examination 
is nonuniform with respect to the magnitude of the current per-unit conductance go, and impedance Z,,, which 
are functions of the coordinate x. Under these conditions the variation in Z,., can be neglected because it is 
so small; thus it can be assumed that Z,,, * Zo, for which we obtained a solution above according to (1). 


From Fig, 2 we find the dependence of the wall thickness of the shell upon the coordinate x: 


or (Z) = 34, — Ah cos (0 — = =x), (29) 


where 6, = ty~r, is the difference between the inner and outer radii of the rotor, Ah fs the eccentricity of the 
inner and outer circumferences of the rotor, 9 is the position of the axis of symmetry of the rotor, Then 


Box = & [1 — gcos (0 —= z)| (30) 
where 
Ah 
a= 5: 


* In System (28) the primes denote derivatives with respect to the coordinate x. 
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Based on the fact that the system is not being examined while it is rotating but only at different rotor 
positions (9 = var), the expression for the elementary emf de in the elementary rotor-circuit path (Figs. 4 and 
5) [6] will be 


de = — jol0*O'dx or & = — jol0*d’. (31) 


Taking Equations (30) and (31) into account, we obtain the equation for the distributed rotor circuit with 
respect to the current I; together with the equation for the magnetic network, this equation provides a system 
of differential equations: 


7” or 8. 7 i 
Ip + J, = q-— sin (0 — = ee a [1 — qcos (0 — — z)| 2 
~~ jot [t —geos(0— 5 2), 


o — DZ .0Go—I G— iW; : Go cos = 2s. (32) 


Thus the problem we have posed reduces to solving a linear differential equation with respect to the un- 
knowns I. and $; here the first equation contains variable coefficients. As in the preceding case, the solution 
of the resulting equations can be realized in a simplified manner if we take into account the smallness of the 
quantity q which in such systems is always small because of the high accuracy with which the parts are manu- 
factured, 


This leads to a situation where the unknown functions I and differ little from the analogous functions 
for an ideal accurate system (q= 0), Therefore the unknown functions can be represented in the form 


i=1,,4+ Ai, 6=6,+4A0, (33) 
where I, and 9 are the known functions for the ideal tachometer-generator system (for q= 0), These func- 


tions are of the following form for a tachometer-generator with an open-circuited secondary winding [6] when 
the leakage in the secondary winding is neglected: 


, i = ae Tt 
UZ» sin ae UZ, cos > x 


tro 7 (Zo + 2,,)2WiZ, ’ ®, = ] Fxewt0 *Wi(Zo+ Z,,) ’ 





(34) 





where Z, is determined in [6] and is of the following form for a two-pole system: 


Making, use of Equations (33) and (34), we obtain the following system of equations with respect to the 
increments Al. and A®, (which are the unknown functions) on the basis of the System (32) after transposing 
the known functions into the right-hand sides: 


fw md vi “ T . bi 
Al, + Al q=sin (o— = z) — Al, 25.8, [1 —q cos (6 — = z)| — 
UZ, 
2WZ , (Zo + Zi) 





-- jotO*AG'g [1 — g cos (0 _ = z)| = x 
x (=) [cos 6 sin oF 9 — sin 4cos = z| . 
UAZ (35) 


AD" — ADZ 6G) — ATG, = = GW, Tet ZF 


Tw 
cos — 7, 
Tv 


where AZ is the increment of the input magnetization impedance and is also an unknown function, 
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As in the preceding case, it is most convenient to seek 
solutions for the functions A® and Al, in the form of trigo- 
nometric series, This is one method ‘of obtaining an approxi- 
mate solution of the resulting System (35), Representing the 
solutions in the form of a trigonometric series is also useful 
because a flux linkage with the secondary winding that ts 
different from zero yields only the fundamental harmonic of 
the unknown function A® {this follows from Equation (15) }. 
Thus if we have the approximate solution in the form of a 
trigonometric series, it is sufficient to know the value of the 
fundamental space harmonic of Ad, 15) in order to obtain the 


4 ° 
residual voltage. 
~t tn Limiting ourselves to the second harmonic in the series 
for the unknown functions, we obtain 
21s 


Al, =Al,— Aj,, sin a+ 






be 


‘4 


Ws 
2 : 
Z + A/,,; cos —~a2+Al,, sin a n+ Al ,,cos = x 
L, : . 
: A@d = AQ, + AQ,, sin 2 +0+ 
Fig. 9. + A®,, sin = t + ADg. cos = z. (36) 


Let us note that on the basis of the preceding discussion, A ®,,= 0. After substituting Equation (36) into 
Equation (35) and setting terms in the left- and right-hand sides which are of identical periodicity equal to one 
another, we obtain a system of algebraic equations from which we determine the spatial harmonic components 
of the unknown rotor-current and flux increments. Here we obtain the following expression for the first flux 
harmonic when the magnetic reluctance of the steel is neglected (Z,,, = 0): 


~ UZ Co 
u = —U3WZ, (he FZ,,) 


sin 20 {5 [2(Z)’ + 2.60, | + 2/1045 Go } | 
(=) + 26, + (@10- *... Go | (=) + 28a + joi0-*g.,, Ge | 


Ad, 





x 





x 


(37) 


Making use of Equations (37) and (17), we obtain an expressicn for the residual voltage AE,,.. across the 
secondary quadrature winding W, in the following form (for 0 = 90° = const); 


X 1 /X 
=f sin 20 ( +27 + ) 











a Uj Xo RE “a Loe 
ates ~~ 76 Zz, (jXo 4. Lis W, (27)? a "Ko — + ae 7 
whe + Zort 2 w? & r 2 m) (38) 


Equation (38) can be simplified in order to obtain a first approximation which is sufficient for practical 
use. In simplified form the maximum value of AE,res will be 


q' UIXo W,. x? 


A (39) 
8 Zr ((Xo+ Zi) WwW, Tear 


AB seas — 


From Formula (38) it follows that the residual voltage which is caused by the examined variation in the 
wall-thickness of the rotor changes according to the sine of twice the angle 9 while retaining an approximately 
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identical phase Po = arg (AE p05) which is different from the phase of the useful signal = The quanti- 
tative result of the relationship which we obtained for AE»,¢, can be illustrated by using the example of a 
small two-pole tachometer-generator with an aluminum rotor whose design parameters (these are shown in 
Fig. 9) have the following values: W,= 240, W, = 825, Xp = 540 ohm, Z, # 11.4 x 107° ohm; go, * 7.37 X 
x 10? (1/ohmem), Zor © 24 X 10-4 (ohm/cm), Zys = (135 + j78)ohm, U=- 36 v, f = 400 cps, U, = 1.4 v, for 
n= 1000 rpm. 


When 6 = 0,15 mm, Ah = 0,02 mm and Ah = 0,05 mm we have q*= 3x 1074 and q‘ = 12 x 1074 respec - 
tively. Substituting the values of q into Equation (39), we obtain AE op max * Se) mv, AE 59 max * 200e/4 mv 
respectively, 


SUMMARY 

1) The analysis of the effects which technological errors have upon the amplitude and phase errors (and, 
in particular, upon the zero and residual voltages) of sine-cosine transformers shows that the probability of re- 
alizing such dynamoelectric systems with a pure pulsating field is practically zero when such units are con- 
structed from magnetic materials which have hysteresis losses, In actual units of the indicated type the ex- 
amined technological factors will (when only one exciting winding is energized) give rise to magnetic fields 
(which are elliptical) that have a ratio between semi-axes that is approximately proportional to the ratio be- 
tween the residual voltage across the secondary winding and the maximum secondary voltage. From what we 
have said above, it also follows that the residual voltages in sine-cosine transformers can be reduced to a min- 
imum by utilizing magnetic materials with small hysteresis losses (in addition to increasing the accuracy with 
which the mechanical parts are manufactured), 


2) The practical importance of the results we have obtained is based on the fact that they make it pos- 
sible to segregate the accuracy of manufacturing the mechanical section of the system from the entire aggre- 
gate of technological factors, The formulas which have been derived here make it possible analytically to 
determine the effect of these factors upon the amplitude-phase errors and, in particular, upon the magnitude 
of the zero and residual voltages and angular errors of sine-cosine transformers and selsyns, as well as upon the 
magnitudes of the residual voltages of inductive tachometer-generators with thin-walled rotors. 


3) The indicated method of analyzing inductive computer elements is based upon representing them by 
distributed iterative circuits and makes it possible to introduce many other technological and design factors 
into the analysis after determining their effect upon the functions Zy0 (X)» GolX), Zor (*) and Z,,(x). 
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THE PROBLEM OF MATCHING MAGNETIC AMPLIFIERS OF THE 
"SECOND HARMONIC" TYPE TO A LOAD 


V. N. Mikhatlovsky and Iu.I, Spektor 


(Lvov) 


The paper examines the operation of a second-harmonic magnetic 
amplifier when it is loaded. The effect of the nature of the load upon 
the stability of the magnetic amplifier is clarified, and the region of un- 
stable operation is delineated. Relationships are obtained which make it 
possible to match the magnetic amplifier to a resistive load on the basis 
of the conditions governing the achievement of maximum power sensi - 
tivity for specified excitation conditions, The paper clarifies the de- 
pendence of the power sensitivity of a resistance-loaded magnetic ampli- 
fier upon the amplitude of the exciting field when optimum matching 
obtains, 


Recently magnetic amplifiers and pick-up elements (magnetic probes) which operate on the principle 
of frequency doubling have become widely utilized. The indicated type of unit has a number of advantages, 
the foremost of which are a low sensitivity threshold and high stability. 


Extensive literature [1-7] et al, has been devoted to analyzing the operation of magnetic amplifiers and 
pick-up elements, 


However, the overwhelming majority of the authors limit their analysis to the no-load operation of mag- 
netic amplifiers [1-7]. 


In fact, magnetic amplifiers operate into some load (in the general case this load is complex), Because 
of this it is of interest to match the amplifier to the load. It can be asserted that in practically all cases (even 
when the operating conditions of the amplifier are close to no-load conditions) it is useful to match the load 
with respect to power output. In the latter case the utilization of a matching step-up transformer provides a con- 
siderable reserve as far as increasing the sensitivity is concerned, 


The problem of matching a "second harmonic” amplifier to a resistive load for a particular case of ex- 
citation was first solved by M. A. Rozenblat, This paper represents an attempt at a further investigation of the 
problem ot matching an amplifier to a load; the analysis is based upon the condition which requires a maximum 
power sensitivity. 


We shall examine the power sensitivity of the amplifier for small input signals when the amplifier can be 
assumed linear, Such an operating mode fs characteristic of the operation of an amplifier in a circuit which pro- 
vides automatic compensation of the measured signal, 


1. The Effect of the Nature of the Load Upon the Stability. 





Let us examine a widely used magnetic amplifier circuit which has series-connected excitation windings 
(Fig. 1). 


Let us make the following assumptions; 
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a) The excitation of the amplifier ts achieved by means of a pure sinusoidal current, 1, = [pp CO Wt; 
b) the magnetic state of the cores {s determined by the exciting field (1.e., Hy + Hymn << Hym: 


c) we neglect the hysteresis loss in the cores, the leakage fluxes, the eddy currents and the effects of 
current harmonics (higher than the second harmonic) in the load; 


d) the cores and excitation windings of the amplifier are completely symmetrical (i.e., when there {s no 
control signal the emf of the detector winding of the amplifier is equal to zero)), 


The magnetic field intensity in each of the cores (Fig. 1) consists of the sum of three components; 
Hy = Hy+ Hy + Ho, Hy = Hy ~ Hz — Ho 


where Hy = HyCos wt is the instantaneous value of the magnetic field intensity produced by the excitation 
windings, H, = Hy, Cos (2 wt + ¢) ts the instantaneous value of the magnetic field intensity created by the load 
current, Hp is the magnetic field intensity created by the control current, 


Correspondingly, the magnetic induction {n each of the cores will be equal to 
B; = B(H,+ 4H, + Ho), Brn _ B(H, — H,— H,). Q) 


The resultant magnetic flux which links the detec- 
tion winding W, (Fig. 1) will be proportional to the dif- 
——— v o———__ ference between the values of magnetic induction in the 
cores, Limiting ourselves to the linear term of the ex- 





























$a" mY pansion of Function (1) into a Taylor series based upon 
NY M powers of (Hy + H,) we obtain 
wy, /; AB = B; o— Br = 
/ q 
My Wy dB 
A, Xt = 2(Hy+ Ho) (Sp) = 2 (Hat Hodtigs (2) 
¥ where 4 is the differential magnetic permeability which 
é — be 4. characterizes the magnetic state of the cores. 
L Neglecting the initial rising sector of the curve 


tg = £(H), we approximate it by means of the compara- 
tively simple function 


Lo 


by = 
d 1+ BH? ' (3) 


where po is the value of the maximum magnetic permeability which will correspond to the zero value of 
field intensity in the approximating function, 


The values of 6* and uo are determined from the experimentally determined curve y , = f(H) according 
to the formulas 


p? = a t Po = Unax’ (4) 


The values of y4 and H should be selected in the region of the maximum curvature of the falling sector 
of the experimental curve yy = f (H). 


As an example, Fig. 2 shows the function yy = f(H) as computed according to Formula (3) for the values 
fio = 160 X 10° gauss/oerst, and 8” = 1180 1/oerst. [obtained from the experimental curve for Mo-permalloy; 
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see (Fig. 2)] by means of a broken line, It is evident from Fig, 2 that the computed curve agrees sufficiently 
closely with the experimentally -obtained curve, 


In accordance with what has been said above, 


Ho + Hyp, 008 (Zt + 9) 
1 + 62H? cos* wt ; (5) 





AB = 2t0 


We determine the second harmonic of the difference between the magnetic inductions in the cores (1.e., 
the second term of the expansion of Expression (5) into a Fourier series), 


The expansion term which is of interest to us can be written in the form 
B, = Boa cos 2wt + By sin 2wt, (8) 


where 











Ts 
Hy + H,,,, ©08 (2wt 
Bya= He \ Bi ; esse Ma cos 2wt det, 
_Th 1 + 62H), cos* wt 
2 7s Hy + H,,,,, cos (2at + 9) ™ 
By= 2 \ = sin 2wt dwt. 
T 2, 1+ 8H jp cos* wt 
—s 13 
Bg 
gs/oerst, 48 [ 
o’ } _8-f(M)_ 
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Fig. 2 
The solution of these integrals can be represented in the following form: 


Bog = — Apollo + BuoHamcose, Bay = — ol am sin 9, (8) 
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where 


2(4—V4-+ p42,» 











pa? VY 1+ pee, (9a) 
in 
~#eie= V1+872,,) (2+ 8°77,,) | 
pet V1 + p42, (9b) 
eieeubeauia eadiiane 
j= OLVERDIES! O 2V ES 40) 
Bet, Vi1+ Bul, - 


Substituting (7) into (6), we obtain an expression for the second harmonic of the difference between the 
magnetic inductions in the cores; 


By = — Apo, cos 2wt + Byoll om cos ? cos 2wt — [oH om sin © sin 2wt. (10) 


Let the load Z which is connected to the output of the amplifier consist of a resistance R, a capacitance 
C and an inductance L connected in series. The Kirchoff equation for the load circuit is 


2SW10°* 3? — i,Z = 0, (11) 


or, substituting the expressions for B, and Z, we obtain 
E — 2wLol om(B cos ¢ — 7 J] sin 9) + [(R +r)j—20l + 2c | X Iam (cos o + j sing) = 0, 


where 


E = 4aW,Sp,AH,10°, 


25W20,4r910-* 
ed l ’ ( 12b) 


(12a) 





r is the resistance of the detection coil W,. 


In Expressions (12a) and (12b) S is the cross-section of the amplifier cores, 2 is the mean length of the 
magnetic circuit. 


Setting the real and imaginary portions of (11) equal to zero and solving the resulting equations with res- 
pect to the unknowns which are of interest to us, we obtain 


o=arctg bs sh ‘a (13) 
2oL + 20/[Lo— Foo 
E 


(R +r) sin 9 + (202 + 20LeB— 





i 








a (14) 
Tots )°°3 


Solving Equations (13) and (14) simultaneously and introducing the quantities 





1 
_ Fam (Bh +1) _— eb trol 76 , _ wle(B—A) 
— Ry? i" 
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a) 
D) 





we obtain 


ei em 
ee om 


Analyzing Expression (15), we find that the quantity € which represents the ratio between the voltage drop 
across the resultant resistive load of the amplifier and the no-load emf can go to infinity at definite values of 
€ and n (i.e., the operation of the amplifier becomes unstable), The possibility of such an operating mode 
(€ —> «) is governed by the criterion that n must fall in a region where n —> -—€44/ ¢ —1;.this follows 
froin Equation (15), Heren will always have a negative value, The condition ¢ = 1 andy = —1 corresponds 
to resonance, For €> 1,n corresponds to the presence of two negative roots which characterize the operating 
mode €--~ a for which it is possible to have a step-wise phase reversal of the output voltage. 


Figure 3, which shows the dependence of the quantity € upon n for various values of & , very clearly shows 
the special operating features of the magnetic amplifier when it works into various types of loads. 


In the region of values n = 0 to+ ow and € = 0 to+ o (i.e., for resistive and resistive-inductive loads) 
e varies from 1 to 0, Here the (relatively) greatest voltage across a resistive load and the small dependence 
of this voltage upon the ‘variation of the circuit parameters is realized for the case ¢ —> Oandn — 0,kL.e., 
for a relatively large circuit (load) resistance, In the region of values n = 0 too and ¢ = 0 to 1 (L.e., for 
a capacitive load) € can acquire values from 0 to+ o according to the assumptions that we have made, 


liere it ts true that the greater the values ofe€ and ¢, the more heavily € depends upon the variation of the 
circuit parameters (i.e., the less stable the operation of the magnetic amplifier when other conditions remain 


the samc), However, even when a capacitance C is present in the load, the stability of the amplifier remains 
relatively high when € = 0 to 0,1, 


For a capacitive load (n< 0 and€ > 1) phase reversal is possible. Thus, increasing the voltage across 
the load resistance by introducing a capacitance into the circuit is inescapably associated with a lowering of 
the stability, Since the stability usually plays an essential part, we should choose € <= 0,1 and|n|<«< 1(i.e., 
we should strive to achieve a relative increase of the resistance in the load circuit), 


_2. The Conditions Which Govern the Achievement of Maximum Power Sensitivity 





for a Resistive Load, 


In the majority of cases which are of practical importance magnetic amplifiers work into a load which 
is almost resistive, Let us establish the output conditions of the amplifier when it is supplying such a load with 
the maximum useful power (i.e., the conditions which govern the matching of the amplifier to a resistive load 
when maximum power sensitivity is desired. In order to obtain these conditions we shall express the power de- 
livered to the load in terms of the magnitude of the load and the parameters of the amplifter. 


Assuming thatL —> 0,C—> qo andr << R in Expressions (13) and (14), we obtain 








] = 40W 2S Atoll ,10-* V R + (2 LAY (16) 
wae R? + (2oL, 1) BA ' 


The resistive second-harmonic power in the load acquires the following form according to Equations 
(16) and (12b): 


4 : 1+ my? 
Py == Fim Rt = SAV AY oll ene ae (17) 


The power sensitivity (with respect to the second harmonic) of the amplifier ts 


, OP, __ ey ag mit + m*JI*) (18) 
~ a(t?) OV M0 TEBE 
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where V = 2S! is the volume of the cores, and m = 2uL9/R is the tangent of the impedance angle of the load, 


On the basis of our assumptions it follows from Equation (17) that the second-harmonic power which fs 
supplied to the load by the amplifier is proportional to the frequency of the excitation current, the volume of 
the core, and the permeability of the core material (for m> const); it also depends in a more complex manner 
upon the power factor of the load and the magnitude of the exciting field. 


In order to generalize our reasoning we shall introduce the concept of the normalized (specific) sensitivity 
S' »* Sp, /fV in determining the effect of the latter two factors (i.e., the sensitivity per unit volume of the 
core and per unit frequency of the excitation field): 


go A + me’ mii + m* *JI?| 


Sp, = Sptoé C+ n2ypy’ 


(19) 


Let us determine the conditions governing the maximum normalized power sensitivity for specified 
excitation conditions, 


Differentiating Expression (19) with respect to m, setting the result equal to zero and solving the resulting 
biquadratic equation with respect to m, we find 








1 —3(B—A)+V9(b —AyP+ 4b 
~~ 2B . (20) 





After substituting Equation (20) into Equation (19), we obtain the expression for the maximum power 
sensitivity when the excitation conditions are specified: 











r, —3(8—A)+V9(B—AP + 4BF y 
(SB) max 5,4 V Vt ae 
—3(B—J)+V9(B—J) + 4B7 

















alle 2B (21) 
—3(B—J) + V9(B—J) +482? 
1+ af bad 


It follows from Equation (21) that when the amplifier is matched to the load the power sensitivity of the 
amplifier is a complex function of the quantity A, B , and J{, which are in turn complex functions of the 
excitation-field amplitude BHyp [Equations (9a), (9b) and(9c) J. 


Taking this into account, it is advantageous to omit an analytical simultaneous investigation of Equations 
(9a), (9b), (9c) and (21) and to analyze the effect of the excitation-field amplitude upon the power sensitivity 
of the amplifier by means of graphical-analytical methods. 


For this purpose we computed and plotted the dependence of the quantitiesA,b, [, mo, and 
(s' Ps max (Which are determined by the equations indicated above) upon the amplitude of the exciting field 
(Figs, 4 and 5). Let us note that Equation (9a) and the curve in Fig. 4 which corresponds to it represent the de- 
pendence of the power sensitivity of the amplifier upon the amplitude of the excitation field at no load. 


Thus the curves A = f (BH,) and (S'p, )max/5po = f(BH) provide a convenient description of the voltage 
sensitivity at no load and the power sensitivity for a matched load as functions of the excitation-field amplitude; 
thus they may serve as a basis for selecting the optimum operating mode of the magnetic amplifier. 


3. Experimental Investigation 





Figure 6 shows the circuit of the experimental unit, A. O, is an audio-oscillator of the type ZG-2A*, Ry 
is a control rheostat of 1700 ohms, R, is a current-limiting resistor of 1000 ohms, Rs is a complex of control 


* [Specifications for ZG-2A audio-oscillator: frequency range 20 to 20,000 cps, Beat-frequency oscillator 
‘with maximum output voltage of 150 v, maximum output power of 2 w.] 


598 








theostats, R, is a resistance bov, V, is a VTVM, V, is a VTVM, S. A. is a selective amplifier with an attenua- 
tion of the order of 60 db with respect to adjacent harmonics and a calibrated gain. MA is the investigated 
magnetic amplifier with Wy= 2 X 160 turns of 0,23 mm-diameter PEL wire, W,= 1500 turns of 0,15 mm- 


diameter PEL wirc, W, = 125 turns of 0,23 mm-diameter PEL Wire (PEL wire is enameled lacquer-proof copper 
wire), 








L4t L-44 C46 Cas 

















“7 — 
2 f Ss o=2 
i L Co + + 
- a / 29 
£32 
4 
C2 
ll. 
Fig. 3. 


The core material of the magnetic amplifier consists of 79 HM4*, the thickness of the core material 
is 0.1 mm, the cross-section of the core is S$ = 2 x 256 x 1074 cm’, the mean diameter of the toroids is 
27.5 mm, The measurements were performed for an excitation-current frequency of f = 500 cps and a value 
of Hg = 0.01 oerst. for the constant magnetic field intensity created by the winding Ws. 


First we obtained the basic magnetization curve for the investigated cores, plotted the function yg = 
= f{(H) and determined the coefficients yo = 160 x 10° gauss/oerst, and B* = 1180 oersted=* of the ap- 
proximating function, The experimental results are denoted by the open circles on the corresponding curves 
(Figs. 4 and 5), 


The function A ~ f (BH,){or the function E = f{(BH,) which is identical] was obtained for various 
excitation-field amplitudes according to the readings of the vacuum-tube voltmeter which was connected to 
the output of the unloaded amplifier. 





* (Characteristics of 79HM4: Based upon Mo-permalloy and has a high value of saturation induction,] 
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Fig. 6. 
The function mo, = f (BHy) was determined from the value of the load impedance which corresponded 
to maximum power output to the load under fixed excitation conditions (BH, = 2, 3, 4 etc,), 
The scaled value of the sensitivity which corresponds to the optimum load for fixed excitation is then 
plotted on the curve (S'p,) max >! (BH,). | 
APPENDIX 


Determining the Coefficients of the Second Harmonic Term in the Expansion 





of AB into a Fourier Series 





- Ou [Ho 4- Mam 08 (2@t + 9)] 
atieions 1 + a? cos? wt ; (1) 





The term of interest to us in the expansion of the Function (1) can be written in the form 


B, = B,, cos 2ut + By, sin at, (2) 
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4 C2 [To + H gm, €08 (2ut +- 9)] ” 
Baa = 3 1 + a? cos? wt cos 2etdest, (3) 
0 
4 F 2 [Ho + Hoy, €08 (2e0t + 9)) 
By = on \ 1 + a* cos* wt sin 2wtdwt. (4) 
0 


Let us compute Integrals (3) and (4) by means of the theory of residues, For this purpose we replace the 
real variable wt by the complex variable X = ej, 


When ut varies over the interval (0 to 2%) the complex variable X varies over a circle with a unit 
radius, After the new variables have been substituted and obvious transformations have been made, we obtain 
integrals of a rational fraction over the unit circle C; 


i DSi 
Ho +5 Ham (X%" + yee iw) 








1\ dX 
B,, = ; 7 Y+—)s>, (5) 
m4) 1+ 7a? (X*424-95) ( Xf 2X 
i _ 
‘ M Hy + Hom (Xe? + e ) ; { \g (6) 
Ss -— az ee A we . 
sR 1+ a*(x24+2+ 75) —_ 


Cc 


Multiplying Equation (6) by j and adding it to Equation (5), we obtain 


1 ; | 
He+= a (xi + sy ei ) 
oe = xdX. (7) 





By, + iB ne 1+ a(x42455) 


The poles of the integrand of (7) will coincide with the roots of the biquadratic equation 


xe42(1 4-35) X41 =0. (8) 


Solving Equation (8), we find 








n=iV (14+ 5)-AviFa, n=—%, 4-1 V (14-3)+ Fyre, X=—%y (9) 


By investigating the roots of Equation (8) we find that of the four roots only two (X, and X;) lie within 
the unit circle for all values of a, The two other roots X, and X, lie outside the unit circle for all values of 
a, Thus 


(Hon X8e*? 4+- 2HoX® + Hype 1%) X 
(X — X1) (4X — Xs) (X — Xs) (X — Xe) Ix=x, 
(HomX*e!? 4+- 2H X* + Home 2%) X 

X — Xj) (X — Xq)(X — Xs) (AX — X4) Ix-x, 








B,, + iBy= 8rjp {res| 


jra* 





+ res F 


Bef Ham Kt + 2HXE + Hat 2) Es 5 Hay XGe? + 2HOXG + Hat 9) Xs) (10) 





a? (Xi, — Xq) (Xa — Xs) (Xi — Xa) (X3 — Xa) (Xs — Xi) (Xs — Xa) 








After the values of X, and X; have been substituted into Equation (10) and obvious transformations have 
been made, we obtain 











(1—V1+ ai 2+ a9 ei? 4 ei? 
Pra = — Wo VT + al (4. — Bay, FZ), 

(41 —V1 +a?) 3a24 2Vi+a84+6 ei? _. oie 
Bap = UH am V4 +a? a? 2j ' 


by setting the real and imaginary portions of Equation (10) equal to each other, 
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BLOCK DIAGRAMS FOR MAGNETIC AMPLIFIERS WITH "HARD" AND "SOFT" 
FEEDBACK LOOPS 


L. A. Grigorian 


(Erevan) 


A method is proposed for composing and evaluating the 
parameters cf block diagrams for magnetic amplifiers with 
“hard” and “soft” feedback loops, The paper examines ampli- 
fiers which work into a RL load that is connected after a rec- 
tifier; the fluctuations of the perturbation factor are considered 
small, 


It is demonstrated that, depending upon the parameters 
of the amplifier and the load, the system can be replaced by 
seven different block diagrams, Expressions are derived which 
define the parameters of the block diagram for the general 
case, as well as for the case of an ideal magnetic circuit, 


In investigating transient response in automatic control systems which contain magnetic amplifiers we 
often encounter the probiem of determining what block diagrams can be used to replace the magnetic amplifiers, 


In this paper we propose a method for composing and evaluating the parameters of block diagrams for 
magnetic amplifiers with “hard” and “soft” feedback loops which work into a RL load which is connected to the 
output of a rectifier (Fig. 1). 


The basis of the method is an investigation of the transient response of magnetic amplifiers when the 
fluctuations of the perturbation factor are small; this makes it possible to linearize all the nonlinear equations 
of the system. 


The following basic assumptions and postulates have been made. 


1) Taking into account the fact that the transient response of magnetic amplifiers usually lasts over a 
period of several ac cycles, we use average values for the current values of currents, voltages and other quantities, 
For example, for the current we have 


4 
1 


a \ lilde. 


T 


I= 


Here the mode of operation of the amplifier during each cycle can be assumed close to steady -state 
operation, 


2) During the transient response the rectification coefficients of the rectifier with respect to current and 
voltage are assured constant, 


















































Fig. 1, Block diagram of the magnetic amplifier. 


3) The reverse current of the rectifier is assumed equal to zero, and the forward voltage drop is added 
to the voltage across the resistive load, Thus an “ideal” rectifier is analyzed, 


4) The effect of the current in a "soft" feedback loop upon the magnitude of the load current is neglected. 
5) The emf induced in a “hard” feedback coil is not taken into account, since it is insignificant in com- 


parison to the other voltages which affect the working circuit (see Appendix), 


1, The General Differential Equation for the Magnetic Amplifier 





For the assumptions we have made, the state of dynamic equilibrium is described by the following 
equations when we are analyzing the specified magnetic amplifier circult: 


dl, 
dt 
Yi =f; (U2, AW .), 
U,=f2(£x, U, ~): 


d¥ 
RJ, +L, +> =A, 


(1) 


(2) 
(3) 


I L a 
U, = = Ril, + Liq (4) 
I,~ = fy(U2, AW .), (5) 
4 ad¥ 
AW... = 1,W, + 1,W,— Wa, U = = Rg Cc Via - a , (6) 
Ww i UL. a I, 1 
h= Vie set iy 7 "7 


where ¥, and ¥, are the average values of the resultant flux linkages between the control winding and the "soft" 
feedback coil of the magnetic amplifier. 


The remaining notation fs evident from Fig. 1. 


Linearizing Equations (2), (3) and (5) and making use of the expressions 





1,_Ws AW _ 
MNeo=- i ’ H.=——,. (8) 
U T 
Ritmemele, B mere. 
a 8{W2S 2W8 (9) 
we obtain key 
He =k, By + ky Me —k,A,, (10) 


604 














(11) 
where 
OH | OH 
k = canine! ’ k, =. anaieiaies 9 A = Bo ai e 
1 F) walling — cd OB H=-0B~e 1 a la 0H. % (13) 
k oB_ ; oB_ Ay = Be| 
a , ew aa 9 4g = Da - 
OH Bug, Hag OBA oe \H=0, Bee, (14) 
dU; OU, 
. -- “- ’ = ’ A = ‘ * 
ks OL, eo. Ens 6 OU ae U ~o 3 U, iE3=0, Uy 8. (15) 


The subscript zero denotes the initial value of the quantity; small fluctuations occur in the vicinity of 
this value, 


Solving Equations (1), (4)-(7), (10)-(12) simultaneously, we obtain the general differential equation for 
the magnetic amplifier; 






































oy a3] A ee 
N.——- sa ? Na ~ dis + Ns ~ dea slo = 
, » as d°F aE 
= E, + Nee + NoEa + Nee + Me + Mo + Nu, (16) 
where 
, E ’ E, 
I,= 1,.W;, 1=W? E.= Wr,’ 
N. x ta lhate + he) BC, Ly 
= fa, , (17) 
— ree AkakeBFC, L, kaketaL, Ly trie? 
Ny = Steet Bo 1B) (Ri Ly + Rly) + Lae | + egg + pt FPL (18) 
QkokyF 
Ny = Aalto tH) BRL REC, + <uRy + La-) + EE x 
x (B? RC, +%) + ar Hi i. Ly~ + L, Ry) + LyLy-] + 
k 19 
+ BC (Ri La + LPs = (ft ot a1) j “7 
2h ksF 
N,= fh (RiLi. + Ri, Ra +) += + 
wit — ee + (Li +R) ~ — : + BCRP, (20) 
kokgR, Re R, fs 
kok, R ks (kaks +k. 
Ny = pet Ny = A (Ri +L) + Oe (22) 
kokgtgL, 
New eC t k4) (B22; ‘va +,)+ aa F (23) 
kes (Kaka + ky) B2C, 1’ om ( A, 
Nu= 3 (ke, amet ko Ni, =k R ( oF + A!) ; (24) 
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where J is the mean length of a magnetic line of force, f is the frequency of the supply line, 














’ A , R ’ R , 
ia 2. 2 _ sR 
3 W, oes w? ’ R= Ww?’ R= we’ 
4 L , i ’ 
t.. = a a 2 - Ws; ) 
w? 1 w? 4 CW, 7 W, 
— Ws = , Ss 
8 re W, ’ v%, = CR, I == 7 9 


where § is the cross-section of the core, 


The terms of the coefficients of the differential equation which contain 8” are produced as a result of 
considering flux linkage with the “soft” feedback coil. . 


In the case where hard feedback is connected through a separate rectifier the coefficient a, in front of 
y must be assumed equal to unity. 


Passing from the resultant values of the currents and voltages to their increments, we obtain 

















d*Al’ d®Al._ d*Al, 
N, a +s a +s ae wl 
ddl, _ ' dAE’ 
+N, rh —+ N,Al,. = AE, + N, = +t 
dAE, @AF AF (16') 
2 2 2 
+ N,AE, + Hog +- No—aa— + Nu a 
where 
Al; “ai i — I-09; AE, =E,— Ey, AE, = E,— | am 
I Let us determine the power-increment gain: 
c |4 b a 
—— 3 = AP, / AP, (25) 
f where 
AE? 
— Ay? Pp’ atl 1 
AP, = Al, Rf; , ye wa (26) 
1 
In a steady-state mode of operation when AE; = 0, 
Equation (16") acquires the form: 
N,AI",- = AE e (27) 
7 L Solving Equations (25)-(27) simultaneously, we 
7) obtain 
E> = hee = ae (28) 
PONE [take Ths 7 
Fig. 2. Operating .characteristics . 8{Fa, 2 + “Gg \hk, axy)| 1 


of the magnetic amplifier. 


2. Block Diagrams of Magnetic Amplifiers 





The coefficient N; depends upon the coefficient of “hard” feedback and can acquire the following values. 


1) When the feedback is under compensated (and also when there is no hard feedback; see Fig. 2, Curve a) 
we have N,> 0. 


2) For compensated feedback (Fig. 2, Curve b) we have N; = 0. 
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3) For overcompensated feedback (Fig. 2, Curve c) we have Ns< 0, 


Table 1 shows the block diagrams of the magnetic amplifier and their parameters for various values of 
the coefficients N, and Ns (and for the expression 4N,Ns/N*, which determines the nature of transient response, 
i.e., whether the response is oscillatory of aperiodic), In order to simplify the investigation of the effect pro- 
duced by individual factors, the case for which there is no soft feedback (B = 0, r4= 0) is analyzed, Here the 
coefficients Ny, Ng, Ng, Ng and Ny of the differential equation are equal to zero, 


It can be seen from the table that, depending upon the values of the coefficients of the differential equa- 
tion, the block diagram of the examined magnetic amplifier can acquire seven different forms. 


When a RL load with cos¢g> 0,16 is present in the ac circuit, itis possible to assume that the load is resistive 
(to a certain approximation), since the time constant of such a load is less than the duration of one ac cycle and 
the transient response in the amplifier lasts for several cycles, 


3. Determining the Coefficients of the Linearized Equations of the Magnetic 


Amplifier 


The coefficients of the linearized equations of the magnetic amplifier can be determined in two different 
ways: 





1) analytically, by means of approximating the magnetization curve of the magnetic material; 


2) experimentally, by plotting a family of characteristics which correspond to Expressions (2), (3) and 
(9). 


Below these coefficients are determined analytically when the magnetic circuit is ideal (Fig. 3); this 
analysis is made for the case of forced magnetization when the impedance of the control circuit to even har - 
monics is sufficiently great, and for the case of natural magnetization when the impedance of the control circuit 
is sufficiently small. 


In the first case there are no even harmonics in the ampere-turns of the amplifier; in the second case there 
are no even harmonics in the flux, 
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Fig. 3. Magnetization curves of an ideal magnetic 6, \/ 
circuit, P _—— | t 
fa r 
Z 
A, Forced Magnetization. As we know [3], in 
such an operating mode the curve representing current . 
is rectangular (Fig. 4) and after rectification there "| 
will be no current pulsation, and therefore the induct- 4 
ance beyond the rectifier will nct affect the operating 
regime of the amplifier; thus the load can be as- Fig. 4, Curves showing variation of basic quantities of 
sumed to be a resistive load within the limits of one amplifier for forced magnetization: e, is emf applied 
period, to ac circuit, U, is resultant voltage across ac windings 


of amplifier, i,R, is voltage drop across load, By and 


I de at the 
ne eee ne wee Byy are values of induction in first and second cores, 


beginning of the article into account, the coefficients of 
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current and voltage rectification will prove to be equal to unity when the amplifier operates in a regime of 
forced magnetization: a, = 1, a, = 1. 


It is known [1], [ 2], [3] that for an ideal magnetic circuit we have 


OH... 
H = He and BL” 0. (29) 


on the working sector of the magnetic amplifier characteristic. 


Taking (29) into account and making use of Expressions(10) and (13), it can be shown that k, = k, = 0. 
Here A, can vary within the limits 0 < A; < Bg (Bg is the saturation induction), 


Let us pass over to determining the expression for the dc component of the magnetic induction B. . 


In accordance with [3] the instantaneous values of the alternating component of the induction will be 


Enq ( 2et 
Ba, = ows i—~ x /cose—cos ,wt + | : 
E 2 
2 at 
Bur = apes [(“—1) cos 9 — cos wt +4). om 


Figure 4 shows the curve for the variation of the inductions By and By, in the first and second cores. 


The dc component of the induction can be written as 


p =«=R, 


outs | 


over one half -cycle. 


Substituting the value of B_, from (30) into (31), we obtain 


FE, sin 9 
B= BS — Wes * (32) 


Making use of the expression for the instantaneous value of the voltage across the ac windings, we obtain 
the average value of this voltage: 


U2 = Ea ’ (33) 


where 


2cos 9 2° 


—[1 oa. F Jcose. 





. 2cos@ 
1 = Cos arc sin —— 


Figure 5 shows the curves for n = f (¢) and sing plotted as functions of yg. It is evident from the curve 
shown in the figure that the maximum deviation of n from sing in the working zone of variation of yg (from 
90° to 32° 36 min) [3] does not exceed 13%. Thus we can assume to a certain approximation that n = sing. 
Then 


U, = E, sin Y. (34) 


Solving Equations (9), (32) and (34) simultaneously, we obtain 














Substituting Equation (35) into Equat on (14), we obtain k,= 0, kg=— and A, = Bs. In accordance with 
; T 
[3] the average value of the load voltage is : 


U, = E,cosg. (36) 


Solving Equations (34) and (36) simultaneously, we obtain 


= y US + ur (37) 


Figure 6 shows the experimental curve U, = f (U,) for a magnetic amplifier which operates in a regime 
of forced magnetization when E, = const (Curve a), The indicated curve verifies the correctness of Expression 
(37). 





Making use of (37), we obtain the following results in 
accordance with Equation (15): 


4 { ' im 
=o, iy ——_—____] Ag = 0 
Ln *2 ° , 

fol 2-19), Vi-—1;? Vi-7; 














sad | | fp * I, E. 

26+ 7, ~snY = _ eters » Iaay = -: (38) 
a A / | nm 32°96" , -— 

. n analogous fashion, we shall show that ky ~k, = 0. 
V/ B. Natural Magnetization, Figure 7 shows the curves 
a a 7 WO Y, deg. for the variation of the basic quantities of the amplifier for a 


regime of natural magnetization when the load is resistive. 
Figure 8 shows the same curves for an inductive load, The 

Fig. 5. shape of the curves which represent the variation of the induc- 
tion is identical for both cases, 


As can be seen from the curves in Fig. 7, we have; 


2B_=2B,—2B_, or B_=B,—B_,. (39) 


Substituting Equations (39) into (14), we obtain k, = 0, k,= 1 and A,= Bo. 
Since the line voltage appears across the amplifier during one portion of the cycle and across the load during 
the other portion of the cycle, it is not difficult to show that the average values of these voltages are related by 


the following equation; 
E, = U,+ UL (40) 


Figure 6 shows the experimental curve U, = f(U,) for natural magnetization and E, = const (Curve b), 
The working portion of the characteristic verifies the correctness of Expression (40), The deviation from this 
law in the initial sector of the characteristic can be explained by the divergence between the actual magnetiza- 
tion curve and the ideal magnetization curve. 


Substituting (40) into (15), we find that ks = 1, kg = 1 and A; = 0, 


The rectification coefficients a, and a, for a resistive load are equal to unity, Let us determine these 
coefficients for the case of an inductive load. In the interval from t = 0 to t = ty (Fig. 8) the instantaneous 
value of the rectified current will be 





t, T 
. t 
E ino —si pms L L oe 41 
-_ vs sin @ — sin (wt, oe “in 7, (41) 
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a a -_ 3 me t 
_o . 9 = arc tg _* T = 7° - 
46.4 ° 
The instantaneous value of the alternating and 4 
rectified current in the interval from t = t, to t= 
= T/2 will be 
P E Fig. 7. 
=~ = 7 ie cos 9| sin(@t—@) +- . 
t 
. in"( a t 
sin @ — sin(wt; — 9) e “—) 
+ 1 ; } e Li. 
- 
ime L (42) 


Making use of Expressions (41) and (42), we determine the relative magnitude of the average vaiue of the 


ac current and the rectified current: , 





ty T 
In~ 4 j — aj — a — _-— 
Iya Fz = [e088 + £08 ¢ c08 (ots — 9) + sing ¢ SPs (e ~~< "L ) ; 
max -3- 
i—e tb 
e I, 3. 2 — s t | 
1,7 = TT = 7 [eos @ + cos pcos (wt; — —) + sin*o— sin ¢ sin (wt; —9)]. (43) 
*max 


When the inductance beyond the rectifier is sufficiently great (i.e., when it is possible to assume that 


T, —> o and gy —> 1 /2) Expressions (43) acquire the form: 


L 


° i 2t . 4 
I, = ~7 (1 + cos wt) (1 - 3) , I, = ~7 (1 + cos wt). (43a) 
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Fig. 8. Curves for the variation of the amplifier Fig. 9, a) 7 = 0, by he = 5, 
currents and voltages for natural magietization WL» ' Re 
and a RL load connected through a rectifier % “Ry _ 
according to Fig. 1. 
In such a case the current-rectification coefficient will be 
é3= fon = : 44 
allie . (44) 


1 . 
a~ 1 —Fgpr are cos (2/,_.— 1) 


Figure 9 shows the curves for the dependence of Ij= and a, upon Ij _, for the cases wL,- /R, = 0.5 and w 
(the dash-dot, dashed and solid lines respectively). It is evident from Fig. 9 that the curves a, = f(1, ,) for the 
cases WL». /R, = 5 and wL,-/R, = ow almost coincide; therefore in the majority of cases it is possible to make 
use of Expression (44), 


It is not difficult to show that the voltage-rectification coefficient is a, = 1. Substituting the values which 
we have determined for the coefficients into Equations (17)-(24), we obtain the coefficients of the differential 
equation for an ideal magnetic conductor in the cases of forced and natural magnetization, 


Thus for an ideal magnetic circuit the free term Ny, of the differential equation is equal to zero; the re- 
maining coefficients are constant and do not depend upon the magnitude of the current when the magnetization 
is natural and the load is resistive (a, = 1). Therefore in the indicated case the differential equation for the 
magnetic amplifier is also linear for the full values of the currents and voltages (within the limits of the working 
portion of the characteristic, Column 8 of Table 1 shows the values for the constants of the block diagram in 
the case of an ideal magnetic circuit and natural magnetization, 


4. Analysis of the Results and Conclusions 





On the basis of our results we plotted curves for the dependence of the constants which characterized the 
block diagram of the amplifier upon the time constant of the load and the feedback coefficient for an ideal 
magnetic circuit, natural magnetization, the absence of "soft" feedback, and L, = 0; these curves are shown in 
Figs. 10 and 11, 


In order to facilitate an investigation of the effect of individual parameters upon the nature of the transient 
e . 
response, the coefficient of rectification a, is assumed equal to unity, The quantities 4 ° T, ° ws and yf are 
the relative values of the time constants. 


The base quantity is assumed to be the time constant of the amplifier when the load fs resistive and there 
is no feedback; 
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1b. . 
The instantaneous value of the alternating and 4 
rectified current in the interval from t = t, to t = 
= T/2 will be 
“ E Fig. 7. 
t 
i s “( t . » 7 —_ 7] 
sin @ — sin"(wt; — 9) e T 
+ ? 1 ; ) + ah 
~ aT 
i—e L (42) 


Making use of Expressions (41) and (42), we determine the relative magnitude of the average vaiue of the 


ac current and the rectified current: . 
1 





t; T 
I ~ 4 ; — a} a . —_— ——— == a= 
= oe J [c0s* @ +008 @c08 (ots — 9) + sing x —2 es me (« = "L ) , 
max -z- 
L 
i—e 
e Ty. 4 +s : s 
1, = ———— = >> _ [cos* @ + cos p cos (wt; — —) + sin*o— Sing sin (wt; —9)]. (43) 
ai Lomax 2 


When the inductance beyond the rectifier is sufficiently great (i.e., when it is possible to assume that 
= o and y—~> ff /2) Expressions (43) acquire the form: 


e 2t o 4 
= + ( + cos wt) (1 _ +) ’ 1, = > (1 + cos wt;). (48a) 
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Fig. 8. Curves for the variation of the amplifier Fig. 9, a) _ = 0, b) hs = 5, 
currents and voltages for natural magietization WL» . 2 
and a RL load connected through a rectifier “ “Ry a" 
according to Fig. 1. 
In such a case the current-rectification coefficient will be 
— [2 L 
ao == = = ° (44) 


i ; 
Ie~ = 1 —Fgpr are cos (2/5_ — 1) 


Figure 9 shows the curves for the dependence of Ij- and a, upon I} ,, for the cases wL,- /R, = 0.5 and @ 
(the dash-dot, dashed and solid lines respectively). It is evidert from Fig. 9 that the curves a, = f(1, _) for the 
cases WL,_ /R, = 5 and WL,-/R, = o almost coincide; therefore in the majority of cases it is possible to make 
use of Expression (44), 


It is not difficult to show that the voltage-rectification coefficient is a,= 1. Substituting the values which 
we have determined for the coefficients into Equations (17)-(24), we obtain the coefficients of the differential 
equation for an ideal magnetic conductor in the cases of forced and natural magnetization, 


Thus for an ideal magnetic circuit the free term Ny, of the differential equation is equal to zero; the re- 
maining coefficients are constant and do not depend upon the magnitude of the current when the magnetization 
is natural and the load is resistive (a, = 1). Therefore in the indicated case the differential equation for the 
magnetic amplifier is also linear for the full values of the currents and voltages (within the limits of the working 
portion of the characteristic:, Column 8 of Table 1 shows the values for the constants of the block diagram in 
the case of an ideal magnetic circuit and natural magnetization, 


4. Analysis of the Results and Conclusions 





On the basis of our results we plotted curves for the dependence of the constants which characterized the 
block diagram of the amplifier upon the time constant of the load and the feedback coefficient for an ideal 
magnetic circuit, natural magnetization, the absence of “soft” feedback, and L, = 0; these curves are shown in 
Figs. 10 and 11, 


In order to facilitate an investigation of the effect of individual parameters upon the nature of the transient 
. 
response, the coefficient of rectification a, is assumed equal to unity, The quantities Ty ° M4 , T, and v. are 
the relative values of the time constants. 


The base quantity is assumed to be the time constant of the amplifier when the load fs resistive and there 
is no feedback: 
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As a result of analyzing results which we have obtained it is possible to draw the following basic conclu- 
sions, 


1) For a resistive load the time constant of the amplifier increases with an increase in the impedance of 
the working circuit, in the coefficient of hard positive feedback y and in the coefficient of soft negative feed- 
back §; the time constant of the amplifier decreases with an increase in the impedance of the control circuit 
and the frequency. For an ideal magnetic circuit this time constant does not depend upon the cross-section of 
the magnetic circuit, 
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Fig. 10, 
Fig. 11. 


2) For a resistive load the ratio between the time constant of the amplifier and the power gain diminishes 
with an increase in the feedback factor and the frequency; for an ideal magnetic circuit and no soft feedback 
it does not depend upon the other parameters, but when soft negative feedback is present it increases with an 
increase in 6, C4, and R';. 


3) In the case where the block diagram of the system consists of two aperiodic sections an increase in the 
load time constant leads to a situation where the time constants of these sections approach each other; at the 
boundary of the transition from an aperiodic process to an oscillatory process they become equal, A further 
increase in the load time constant first leads to a decrease in the period of oscillation T, from an infinite value 
to a certain minimal value, and then the period of oscillations increases again, 


The quantity % which characterizes the damping time of the oscillatory process increases proportionally 
with an increase in the load time constant (Fig. 10). 


4) For a resistive load the gain of the integral section is directly proportional to the frequency of the supply 
line and inversely proportional to the load impedance; for an ideal magnetic conductor and no soft feedback it 
does not depend upon the other parameters. The presence of negative soft feedback diminishes the gain; the 
degree of this decrease is proportional to 6, cl, Rr, and v,, 


5) If the system is replaced by an oscillatory section, then the intensification of hard positive feedback 
leads to an increase in the period of oscillations T; when the attenuation time constant T, of the oscillatory 
section remains constant, 
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At the boundary of the transition from an oscillatory process to an aperiodic process we have T; —> o, 
and the block diagram can be represented by two aperiodic sections with identical time constants, 


A further intensification of feedback leads to an increase in the time constant of one section and a de - 
crease in the time constant of the other section. 


In the limit, for compensated feedback, one section becomes an integrating section, and the time constant 
of the other section becomes equal to the load time constant, 


6) For undercompensated feedback (Fig. 2,a) the block diagram of the magnetic amplifier consists of 


aperiodic sections (one for Ly = 0 and two for L;, 9), or it consists of an oscillatory section (see Table 1, 
Rows 1, 2 and 7), 


For compensated feedback (Fig. 2,b) the system contains one integral and one aperiodic section (for 
Ly # 0), or it contains only an integral section (for l, = 0)(Table 1, rows 4 and 5), 


For overcompensated feedback (Fig. 2, c) we have one unstable section and one aperiodic section, (for 
L Le 0), or just one unstable section (for Li = 0). 


The results cited above are verified by the fact that automatic control systems containing a magnetic 
amplifier which has undercompensated feedback (Fig. 2,a) have a static characteristic; when the magnetic 
amplifier has compensated feedback (Fig. 2, b) the system has a static characteristic, and finally, when the 
amplifier has overcompensated feedback the system has a characteristic with negative statism. 


1) The physical meaning of the appearance of the integral and unstable sections can be explained in the 
following manner, In the case of compensated feedback the constant ampere-turns which are created by the 
feedback windings are compensated by the ampere-turns of the ac windings; the current in the control winding 
must be equal to the zero (for an ideal magnetic circuit) or it must have a constant value that corresponds to 
the shifting of the characteristics b in Fig, 2 (for an actual magnetic circuit), 


When the voltage E, is applied to the control windings of the amplifier, the applied voltage must be com- 
pensated by an emf which is induced in the control winding (since no current can appear in this circuit), Here 
it is true that the emf in the control winding must remain constant over the entire duration of the transient 
response (in the working sector of the characteristic). 


The emf induced in the control windings is caused by a variation in the flux linkages of the control 
winding; this latter quantity is a function of the variation in the voltage across the ac windings [Formula (2), 
(35) and (39) ]. The variation in the voltage across the ac windings is in turn a consequence of the variation 
of the load current I,. 


Thus, in order to guarantee a constant value of emf induced in the control winding the output current of 
the amplifier (within the limits of the linear region) must increase at a constant rate (i,e., the case of an integral 
section must obtain), 


For overcompensated feedback the feedback winding creates more constant ampere -turns than alternating 
ampere-turns, and this difference increases to the degree that the output increases, 


In order to compensate the extra feedback ampere-turns a negative current must flow in the control 
winding because of the fact that the emf induced in the control winding exceeds the input voltage E,. 


Since the emf induced in the control winding must increase when the load current I, increases, it is 
natural that as the current I, increases its rate of increase also rises, The magnetic amplifier will thus operate 
in an unstable manner, 


5. Experimental Verification of the Results, 





In order to perform an experimental verification of the results which we obtained by using the proposed 
method, we computed the time constants of a magnetic amplifier with the following specifications; the mag- 


netic circuit consisted of 78% permalloy III-15 punchings with sheets 0.35 mm thick, The active cross-section 


of the saturable reactor was S$ = 2,85 cm’, 


W, = 350, W, = 50, f = 500 cps, Ly = 0, Ry = 16 ohm, R, = 14.5 ohm, Lz = 0; 0,0044 and 0.41 h, 
Ty = 0, 0.003 and 0,026 sec, respectively. 
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TABLE 2 








Quantity Units Values of the quantities 
t 
T, sec 0 0.003 0,028 
ky amp 
gauss cm 0.4 x 10°° 0.9 x 1073 0.9 x 1078 

am 
ky roe 0.35 x 1073 0.95 x 107° 0.95 x 1073 

a 
ks =" 160 160 160 
kg 0.95 0.85 0.85 
ks 1.0 1.0 1.0 
Ke 1.0 1.0 1.0 
Cy 1.0 1.0 1.0 
Ct, 1.0 1.3 1.3 























Fig. 12. Amplitude-phase characteristics of a magnetic amplifier 
for Ty = 9, T, = 0.003, %,* 0,028 sec; @) computed points, 
O) experimental points,* 








TABLE 3 

Quantities Units Values of the quantities 
Tr sec 0 0.003 0.028 
Ty sec - 0.0148 = 
T? sec ” 0.00268 - 
T3 sec 0.0177 - - 
2 radfec - - 36,7 
a 1fsec - - — 36.7 








*[The points (O, @) on the curves are in cycles/sec.] 
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The linearization coefficients ky, k,, k; and ky are determined according to the corresponding curves 
which are obtained for the specified magnetic material and for natural magnetization, The coefficients kg, 
Kg, &, and a, are determined from the circuit by direct computation, 


Table 2 shows the values of the indicated coefficients for the various values of the load time constant. 


On the basis of the data given in Table 2, the constants of the block diagram were computed for various 
values of the load time constant. The results of the computations are shown in Table 3, 


Figure 12 shows the amplitude-phase characteristics. 


As an example, Fig. 13 shows one of these oscillograms obtained for T; = 0,0075 sec, It is evident from 
this oscillogram that AI,. varies according to an almost sinusoidal law, This verifies the correctness of analyz- 
ing the magnetic amplifier as a system which is linear at small perturbations, It is evident from Fig. 12 that the 
experimental and computed points on the amplitude-phase characteristics of the magnetic amplifier agree suf- 


ficiently well; this indicates that the proposed method of computation is correct and that the assumptions we have 
made are fully applicable. 


APPENDIX 
The Relationship Between the Emf Induced in the Hard Feedback Windings and the 





AC Current During Transients 





The paper neglects the emf induced in the hard feedback winding in comparison to the voltage which 
appears in the working circuit. 


In order to show the validity of this assumption we shall determine the relationship between the emf 
AE,, induced in the feedback winding and the increments of voltage AU, _ across the ac winding of the ampli- 
fier when the emf in the control circuit varies step-wise by an amount AE;, The magnetization of the amplifier 
is assumed to be natural, and the load is assumed to be resistive, 


Figure 14 shows the curves for the variation of the corresponding quantities when the indicated conditions 
obtain. 


The increment of flux linkage with the feedback winding is 


AY, =A¥p(i—e * ), (1.1) 


fb 


where r is the time constant of the amplifier. On the other hand, 


dAY, 
ar, = ——z,= : (1,2) 
Let us substitute (1.1) into (1,2): 
— ' 
t 
oe ee At e (1.3) 
‘fb v : 
When t = 0 
AY. 
7 ae = 
i = ; (1.4) 


The voltage increment across the ac winding is 


AU, = 4fAT _¢) (1.5) 
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Fig. 13. Oscillogram of the curves for the control emf — Pep © eemewanmes t 
and the output current of the amplifier when sinusoidal _ " 
oscillations at a frequency of 6.25 cps are superimposed So 
upon the constant voltage Ey. 7 t 

4f,= Lu 
fb at 


where A¥__, is the increment in the amplitude of the 
flux linkage with the ac winding. 


On the basis of Equation (39) (for the condition .—— r 


W, = W;) it is possible to obtain the following result: G 








Fig. 14. Curves for the variation of the basic 
AY_,= AP ha: (1.6) quantities of the magnetic amplifier for a step- 
wise variation of E;. 


Solving Equations (1.4) - (1.6) simultaneously, we obtain 





“Efomax  _T (r=~-) 


5 (1.7) 


Since it is usually true that T< T, it follows that AEfp,.,, << AU,. For example, if we assume that 
T = 5ST, then AEfbmax is 5% of AU>. 


In conclusion the author considers it his pleasant duty to express his appreciation to A. G. losif‘lan and 
E. A. Meerovich for the valuable advice which they gave during the writing of this paper. 
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THE COMPUTATION OF NONLINEAR NETWORKS BY THE METHOD OF 
TRANSFORMATION (TRANSFIGURATION) AND A CERTAIN ERROR 
WHICH ARISES IN THE APPLICATION OF THIS METHOD 


P. A. Ionkin 


(Moscow) 


It is known that in order to compute linear circuits extensive use is made of transformation formulas for 
the purpose of transforming a passive or active multi-leg star into a polygon; extensive use is also made of Wye- 
Delta transformations, The utilization of these formulas makes it possible to transform the majority of branched 
linear networks to networks in which active and passive two-terminal networks are connected in series-parallel; 
the computation of such series-parallel networks is very simple. Such transformations and analogous ones (of 
which we shall speak below) are of still greater significance in the computation of networks containing non- 
linear elements. 


In a paper by V. E. Vartel'sky [1] a method was given by means of which the author asserts it is possible 
graphically to transform a Delta composed of nonlinear elements into an equivalent Wye in the general case, 


However, in examining the proposed graphical method of transformation we detected a large error in it, 
In fact, in order to determine the magnitudes of the resistances (the volt-ampere characteristics of the equiva- 
lent Wye; Fig. 1) according to the specified resistances (volt-ampere characteristics) of the nonlinear elements 
of the Delta (Fig. 2) the author derives the following equations: 


Rz (Ry + Ra) f + Rg(Ry + Re) , ¢ _ Ry (Ro + Ra) 
Roth,Fh,’ fot Re ao 


fot y= "e+ Rat ha’ Ry +Rat Re’ (1) 



































Fig. 1. Fig. 2. 
The error which the author [1] permitted consists of the fact that Equations (1) are valid only for linear 


circuits to which the principle of superposition can be applied. Only when the resistances of circuits shown in 
Figs. 1 and 2 are linear can the input resistances of the Wye and Delta across each pair of corresponding terminals 
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be set equal to one another. Therefore the reasoning of the author [1] concerning the solution of Equations (1) 


(Figs. 25 and 26 in [1]) and concerning the application of the results in the computation of branched networks by 
means of the transformation method are incorrect (Fig. 27 in (1}). 


Let us examine the application of one of the transformations proposed by the author of this paper [2] for 
computing nonlinear networks that contain emf and current sources. 


Star Connection 





Let us assume that the voltages Uy), Uy, and Uy,, and the emfs Ey, Ej, E, and E, (as well as the volt- 
ampere characteristics of all the nonlinear elements which are connected to the emf sources in the Delta net- 
work; see Fig. 3) are specified. It is required to find the currents Ij, I,, 1; and I,, On the basis of the compen- 
sation theorem we replace the voltage across the terminals of, for example, the first element by an alternating 
emf E‘, (1,) which opposes the current I, (Fig. 3) and is equal to the voltage r,(I,)I,. Then we connect an emf 
Ey(1y) = Eyo — Ey(1,) into every branch which is connected to the node 0 and establish the polarity of this emf 
so that current is directed away from this node (Fig. 4). As a result the currents in all of the branches will evi- 
dently remain unchanged, and the potential difference between 0 and 1 will be equal to zero, Here the unknown 
alternating emf E,(1,) is, as it were, "transferred" through the node 0 intoall of the other branches which are 
connected to this node [2], and the specified voltages Uy, and U,, will act at the terminals of these branches, 


For example, in order to determine the current I, we specify the values of this emf in accordance with 
the characteristic E,(1,) and find the currents I,, I, and I, for each value of E,(1,) according to the known 
voltages, U,(I,) = Uy. + E, + Ey (1y), Ug(1z ) = Ey —Ug3 —Ey(1,) and U,g(14) = Eg+ Uyg+ Ey(1,) by making use of 
the corresponding volt-ampere characteristics, Then we plot the two characteristics E,(1,+ I,—I,) and 1,(E,) 
(Fig. 5) on the same coordinate axes, At the point where these characteristics intersect the current I, of the 
first branch is equal to the algebraic sum of the currents I, + I,—I, in the three other branches, As a result the 
ordinate of the point a yields the current I, in the first branch, and the abscissa of the point yields the voltage 
across the terminals 1 and 0 of the first branch, After that the currents I,, I, and I, are determined from Fig. 
4 on the basis of Kirchoff's laws. The proposed method of computation can easily be applied to a star con- 
nection which has any other number of branches, 


Delta Connection 





Figure 6, a shows the connection of the nonlinear 
elements r4(I;), t2(1,) and r,(1,) and the sources of emf 
E, and E, into a Delta network, 


Let the currents I,, I, and I, be specified together 
with the emfs E, and E, and the volt-ampere character- 
istics of all the nonlinear elements, It is required to de- 
termine the currents I,, I, and I;. If the equivalent emf 
E,(1,) = 14(1y)I, of the first branch is transferred through 
the node a, then we obtain a parallel circuit (Fig. 6,b). 
In order to determine, for example, the current I, we 
specify the values of E,(I,) and graphically determine 
the currents I, and I, in accordance with the equations 
E,—t(I2 )Ip= —[E, + Ey (14) — 13 (Is) I) ) and I, = 
= 1,—-I,. Then, just as for the star connection, we plot 
the characteristics —E,(1,+ I, ) and 1,(E,) or Ey(Ip —1,) 
and 1,(E,), on one and the same coordinate axes. Since 

Fig. 3 the current I, = —(I, + I;) or I, = Ip —I,, it follows that 
the ordinates of the point of intersection of the charac- 
teristics (—E,(I, + 1,) and I, (Ey) or Ey (I, —1,) and 1, £) yields the current I,. After that it is easy to determine 
the currents I, and I, on the basis of Kirchoff's laws, 








Complete-Rectangle Connection 





Figure 11 shows the circuit of a complete rectangle in which the branches with the known currents 
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I,, I. 1, and Ig are connected to its four nodes, Let us assume that the values of the emfs E, and E, and the 
volt-ampere characteristics of the nonlinear moments are also known, It is required to find the currents Iy, Ip 
I, etc, in all of the branches containing nonlinear elements. 

















a 
-F i 
all 5 are. aN 


Fig. 4. Fig. 5. 





Fig. 7. 


In order to determine the unknown currents let 
us replace the voltages across the terminals of the first 
and second branches by the emfs E,(1,) and E,(1,); we 
then transfer these emfs through the nodes b and d 

Fig. 6. (respectively) into the other branches which are con- 

nected to these nodes, As a result we obtain the circuit 

in Fig. 8 which has the form of a parallel connection of four branches. Then, in accordance with the volt- 
ampere characteristic E,(1,), we assume a certain value of the emf E, and then (assuming that this value is 
constant) use graphical-analytical methods to determine the branch currents of the circuit in Fig. 8 for various 
values of the emf E,(1;) in the same manner as we did for the circuit in Fig. 6,b. Since I, = —1,+ I5+I, the 
intersection point of the curve E, (—I, + I5+ I, ) with the characteristic I,(E,) yields the current I,;, The value 
of the current I, = I, + Ig — 1, which we obtain under these conditions does not satisfy the specified character- 
istic E, (1) in the general case, Therefore we shall assume a new value of the emf E, and shall again (utilizing 
the circuit of Fig. 8) perform the same type of graphical analysis in order to find a new value of the current |. 
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Fig. 8, 


Performing a number of such computations, we shall obtain data for plotting the curve E,(1, ~I, —I}) 
whose point of intersection with the characteristic E,(1,) yields the unknown current I,. After that it is easy 
to determine the currents in the remaining branches of the circuit shown in Fig, 8, 


Therefore by performing a preliminary transformation of the specified circuit to a circuit which consists 
of a series-parallel connection of active and passive nonlinear two-terminal networks, it is possible to use 


graphical-analytical methods to compute a whole series of branched electrical networks containing nonlinear 
elements. 


In particular, in order to compute a bridge circuit with five nonlinear elements it is easy to obtain a net- 
work in the form of a mixed connection of two-terminal networks by means of transferring a specified external 
emf which is equal to voltage U through the node a or b and then shorting these nodes. 


Received March 5, 1956 
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